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PREFACE 


A  Lecture  Series,  directed  by  Professor  Kurt  Enkenhus,  was  held  in  January,  1970 
at  the  von  Karman  Institute,  Rhodc-St-Genese,  near  Brussels.  In  April,  1971  the  Fluid 
Dynamics  Pane!  of  AGARD  agreed  to  the  publication  of  these  lectures,  to  which  have 
been  added  subsequently  two  further  papers  ton  viscous  and  real-gas  effects),  which 
formed  part  of  a  VK!  Lecture  Series  entitled  High-altitude  Aspects  of  Lifting  Re-entry 
Vehicles,  held  in  May,  1971,  with  Dr  John  Wendt  as  Lecture  Scries  Director. 

The  resultant  set  of  papers  now  appears  in  two  volumes.  The  second  of  these  is 
concerned  entirely  with  propulsion,  and  has  already  been  published  as  ONERA  Note 
Technique  No.! 69  (“Propulsion  des  vehiculcs  hypersoniques".  1970):  acknowledgement 
is  due  to  ONERA,  France,  for  permission  to  reproduce  this  paper  in  its  original  form. 

Acknowledgement  is  also  due  to  several  of  the  lecturers  for  modifying  their 
original  manuscripts  in  order  to  make  them  more  suitable  for  publication  in  printed  form. 
The  AGARD  Fluid  Dynamics  Panel  member  responsible  for  review  of  the  original  materia! 
and  for  general  editing  of  the  publication  was  Dr  R.C.Pankhurst  (UK). 


PREFACE 


Un  cycle  de  conferences  a  dte  organise  en  Janvier  1970,  d  l’lnstitut  von  Karina.’  ue 
Rhode-Sainl-Cendse,  prds  de  Bruxelles,  sous  la  direction  du  Professeur  Kurt  Enkenhus. 

En  Avril  1971,  le  Groupc  de  Travail  de  Dynamique  des  Fluides,  de  1’AGARD,  appro’’. a 
officieliement  la  publication  de  ces  conferences,  auxquelies  furent  ajoutdes  ultfri' urement 
deux  communications  (sur  les  effets  de  la  viscosite  ct  des  gaz  rdels),  prdsent''.*  dans  le 
cadre  d  un  cycle  de  conferences  de  1'IVK  sur  “Les  aspects,  aux  altitude'  „ievdes,  des 
vdhicules  de  rentrde  portants",  qui  eut  lieu  en  mai  1971  sous  la  dire. non  du 
Dr  John  Wendt. 

Ces  exposds  font  1’objet  de  deux  volumes.  Le  second  est  entitlement  cons?. id  a 
la  propulsion  et  a  dejd  etd  publid  par  l’ONERA  en  tan:  que  Note  Technique  !<o.  169 
(“Propulsion  des  vdhicules  supersoniques”,  1970).  Nous  remercions  lWiiRA  (France) 
de  nous  avoir  permis  de  reproduce  cette  publication  sous  sa  forme  f\,gma!c. 

Nous  exprimons  dgalement  nos  rcmcrciements  aux  confd’anciers  qui  ont  modifid 
le  texte  original  de  leurs  exposes  afin  de  les  rendre  plus  ad^ptds  d  fimpression.  Le 
membre  du  Groupe  de  Travail  de  Dynamique  des  Fluid  ,s  de  1’AGARD,  rcsponsable 
de  la  rdvision  des  textes  originaux  et  de  leur  prdpar?'.«on  d  la  publication,  est  le 
Dr  R.C.Pankhurst  (Royaume  Uni). 
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GENERAL  INTRODUCTION 


The  purpose  of  the  Lecture  Series  on  “Aerodynamic  Problems  of  Hypersonic  Vehicles" 
h„:?  in  January  1970  was  to  review  current  progress  on  specific  areas  of  hypersonic 
vehicle  design.  Gome  general  conclusions  from  the  course  can  be  stated.  The  cost  of 
developing  hypeisonic  a’r-breaihing  propulsion  systems  is  so  high  that  the  design  of 
vehicles  using  hypersonic  ramjets  is  continually  being  postponed,  it  was  speculated 
that  the  next  development  we  were  likely  to  see  would  be  the  orbital  ferry,  a  two- 
stage  rocket-propelled  vehicle  with  recoverable  stages,  a  prediction  that  is  presently 
being  fulfilled  by  the  NaSA  Space  Shuttle.  The  aerodynamics  and  propulsion  of 
air-breathing  vehicles  are  so  closely  interrelated  that  no  progress  can  be  made  without 
considering  both  problems  simultaneously.  Interesting  lectures  on  vehicle  optimisation 
were  presented  in  which  a  generalised  approach  was  used  and  the  concept  of  the  wave- 
rider  was  thoroughly  discussed.  Heating  was  highlighted  as  one  of  the  most  important 
problem  areas  in  the  aerodynamic  design  of  hypersonic  vehicles.  Considerable  emphasis 
was  placed  on  the  need  to  develop  large  hypersonic  facilities  in  which  complete 
configurations  can  be  tested  and  on  the  desirability  of  conducting  free-flight  tests. 


Two  papers  tiiat  fall  within  the  general  subject  area  of  hypersonic  aerodynamics 
were  presented  at  anotiiei  VK1  course  held  in  May  1971.  They  treated  the  subjects 
of  viscous  interaction  and  non-equilibrium  real-gas  heat  transfer  respectively,  and  thus 
contributed  information  on  the  nigh-aitim-:1*:  aspects  of  high-speed  flight.  Methods 
for  treating  two-dimensional  viscous  flows  with  the  combined  effects  of  incidence, 
displacement,  and  bluntncss  were  reviewed  as  well  as  current  efforts  on  such  subjects 
as  finite- chord  and  finite- span  effects,  comer  flows,  and  delta  wings  at  incidence. 
Although  non-equilibrium  effects  have  only  a  smali  influence  on  forces  and  moments 
for  delta  planforms.  appreciable  departures  from  the  equilibrium  predictions  of  heat 
transfer  for  areas  removed  from  stagnation  regions  can  be  expected.  The  authors 
made  clear  the  point  that  although  high  altitude  effects  will  certainly  not  dominate 
the  design  philosophy  of  hypersonic  vehicles,  nevertheless,  our  understanding  of  flow 
phenomena  around  real  bodies  of  interest  in  this  regime  is  presently  in  a  very 
rudimentary  state. 

Sincere  thanks  are  expressed  to  the  lecturers  for  their  efforts  and  to  their  respective 
organizations  for  providing  them  with  the  encouragement  and  time  required  to  carry 
out  such  a  task,  and  to  Dr  R.C.Pankhurst  who  has  been  responsible  for  the  overall 
editing  of  these  volumes. 


Kurt  R.Enkenhus 
Lecture  Series  Director 
"Aerodynamic  Problems 
of  Hypersonic  Vehicles" 


John  F.Wcndt 
Lecture  Scries  Director 
“High  Altitude  Aspects  of 
Lifting  Re-entry  Vehicles" 


March  1972 
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LECTURE  I 


AERODYNAMICS  AT  MODERATE  HYPERSONIC  MACH  NUMIIERS* 


I’.L.Roe 

Royal  Aircraft  Establishment,  Hod ford.  England 


In  each  of  my  subsequent  lectures  I  shall  he  dealing  with  a  research  topic  in  the  theory  of  inviscid  hypersonic 
How.  In  this  introductory  talk  I  want  to  do  three  things.  I  want  to  define  what  I  mean  by  hypersonic.  I  want  to 
justify  the  interest  in  inviscid  How,  and  I  want  to  introduce  briefly  each  of  my  future  topics. 

Almost  everyone  has  their  own  definition  of  the  term  hypersonic.  If  we  were  to  conduct  something  like  a 
public  opinion  poll  amongst  those  present,  and  asked  everyone  to  name  a  Mad;  number  above  which  the  flow  of 
a  gas  should  properly  he  described  as  hypersonic  there  would  probably  be  a  majority  of  answers  round  about  five 
or  six,  but  it  would  be  quite  possible  for  someone  to  advocate,  and  defend,  numbers  as  small  as  three,  or  as  high 


I  shall,  therefore,  adopt  a  different  sort  of  definition.  A  good  working  rule  in  science  is  to  classify  together 
phenomena  which  can  be  understood  by  means  of  the  same  explanation,  and  by  "explanation"  we  usually  mean 
"theory".  Hypersonic  flow,  then.  Is  flow  which  needs  a  particular  sort  of  theory  to  describe  it,  and  I  must  describe 
the  sort  of  theory  that  I  have  in  mind,  because  I  shall  not  be  talking  about  rarefied  gases,  or  dissociation  effects, 
or  strong  viscous  interactions,  some  people  might  deny  that  I  was  talking  about  nypersonics  at  all.  Hut  it  does 
seem  necessary  both  as  a  basis  for  these  advanced  topics,  and  as  a  subject  in  its  own  right,  to  have  a  hypersonic 
flow  theory  which  treats  air  as  a  continuum  substance,  in  thermodynamic  equilibrium,  and  lacking  in  viscosity. 

This  is  the  sort  of  theory  I  shall  be  talking  about,  and  the  reason  why  I  describe  it  as  "hypersonic”  rather  than 
merely  “supersonic"  is  that  I  wish  to  concentrate  on  those  aspects  which  cannot  adequately  be  described  by  linear 
theory.  I  shall  be  concerned  with  Hows  where  the  perturbation  velocities  are  not  particularly  small,  and  in  which 
shock  waves  generate  strongly  rotational  flow  fields.  I  shall  assume,  however,  that  the  effects  of  viscosity  can  be 
represented  entirely  by  very  thin  boundary  layers,  and  by  shock  discontinuities. 

To  justify  anything  more  than  an  academic  interest  in  these  Hows.  I  must  show  that  there  could  exist  at  least 
one  sort  of  aircraft  to  which  such  flows  are  relevant,  and  so  I  shall  spend  some  time  considering  the  feasibility  of  a 
hypersonic  transport  aircraft.  I  have  in  mind  something  not  totally  different  from  a  contemporary  airliner;  some¬ 
thing  which  operates  from  conventional  airports  and  whose  main  purpose  is  to  carry  goods  and  people  over  the 
globe.  Such  a  vehicle  will  offer  a  service  to  society  and  a  profit  to  its  makers  only  if  it  fulfils  a  need.  The  most 
convincing  need  that  an  increase  of  speed  might  satisfy  is  not  simply  the  reduction  of  journey  times  on  existing 
routes,  but  (lie  opening  up  of  entirely  new  travel  prospects. 

In  all  the  history  of  travel  it  is  possible  to  observe  two  constants  which,  because  they  concern  human  nature, 
may  confidently  be  extrapolated  into  the  future.  One  of  these  is  the  significance  of  personal  contact  between 
people,  whether  trailers  or  politician:,  or  the  general  populace.  The  other  is  the  reluctance  of  most  people  to  under¬ 
take  frequently  journeys  winch  last  for  mo**  than  a  few  hours.  Regardless  of  how  any  of  us  personally  regards  the 
prospect  of  a  "global  village"  in  which  all  men  are  members  of  a  truly  international  society,  it  does  seem  very 
probable  that  this  is  the  eventual  destiny  that  a  peaceful  earth  must  tend  toward,  but  it  cannot  come  about  until 
all  major  cities  are  brought  within  a  few  hours  of  each  other. 

Let  us  look  briefly  at  some  of  the  consequences  which  extending  the  range  of  convenient  travel  might  have. 
Consider  some  particular  centre  of  population.  Ilow  many  journeys  will  its  inhabitants  wish  to  make  over  distances 
lying  between  R  and  R  t  dR?  The  region  that  can  be  reached  by  such  journeys  is  ring  shaped,  and  we  may 
suppose  that  the  number  of  journeys  people  will  wish  to  make  to  that  region  depends  in  some  way  on  the  number 
of  attractions  to  be  found  in  that  region.  For  example,  the  number  and  size  of  trading  centres,  political  capitals, 
anil  holiday  resorts,  or  perhaps  the  mineral  wealth  of  the  region.  If  we  suppose,  to  a  very  rough  approximation, 
that  the  total  "attractiveness"  of  the  region  is  proportional  simply  to  its  area,  then  for  a  spherical  earth  we  obtain 
the  formula 

Ar\ 

J(R)  -  sin[  — - ),  (  1,1  ) 

VV 

•  Since  the  original  lecture  material  was  written,  a  number  of  new  relevant  papers  have  been  published.  Some  of  these  are  listed  in 
the  Appendix  (page  ft-10),  with  brier  comments.  Also  included  are  a  lew  older  papers  that  have  only  recently  come  to  the  author's 
attention. 


whore 


J(R)  is  the  requirement  for  journeys  of  length  “roughly  equal  to  R”  i.e.  between  R  —  AR  and 
R  +  AR  where  AR  is  an  arbitrary  eonstant 

and 

RK  is  the  "global  range",  equal  to  half  the  earth’s  circumference. 

This  formula  is  used  to  plot  J  versus  R  in  Figure  I,  front  which  we  can  deduce  that  the  potentially  most 
heavily  used  transport  routes  would  be  those  which  run  about  one  quarter  of  the  way  around  the  globe  (a  distance 
of  about  6,200  statute  miles,  or  5.380  nautical  miles,  or  10,000  kilometres). 

An  alternative  approach  would  be  to  say  that  the  potential  travel  between  any  two  centres  is  proportional 
to  the  product  of  their  respective  populations.  Therefore  Naysmith  has  analysed  data  for  all  cities  having  current 
populations  greater  than  three  quarters  of  a  million.  For  every  pair  of  such  cities  he  obtained  the  distance 
between  them,  and  a  number  proportional  to  the  potential  travel  between  them.  Mis  results  are  given  in  histogram 
form  in  Figure  I.  They  depart  from  the  idealised  curve  for  two  reasons.  The  first  reason,  which  nothing  can  alter, 
is  that  the  earth's  land  masses  are  rather  irregularly  distributed.  The  second  reason  is  that  at  the  present  time,  some 
of  those  land  masses  are  much  more  highly  developed  than  others. The  “peak”  at  the  left-hand  side  of  the  graph 
represents  travel  within  the  already  developed  areas,  such  as  North  America  and  Western  Europe.  We  may  expect 
that  with  time  the  graph  will  approach  close  to  the  ideal,  but  already  the  conclusion  is  striking  enough;  there  is 
a  very  large  potential  market  for  travel  over  ranges  of  about  one  quarter  of  the  earth’s  circumference. 

The  same  results  are  plotted  in  cumulative  form  In  Figure  2, 

Now  I  remarked  earlier  that  travel  over  a  given  route  would  increase  greatly  as  soon  as  it  met  certain  standards 
of  convenience.  To  be  included  in  these  standards  are  things  like  surface  travel  and  airport  management,  which  are 
not  within  my  province.  Undoubtedly  they  raise  severe  problems,  but  these  do  not  look  insoluble.  One  very 
important  criterion  of  course,  is  simply  travel  time,  and  we  shall  take  it  that  the  task  of  the  aircraft  designer  is 
mainly  to  reduce  this  to  an  acceptable  level.  As  a  guess,  we  shall  take  two  hours  as  u  good  target  to  aim  at. 

What  sort  of  speed,  then,  do  we  need  to  cruise  at,  in  order  to  cover  about  5,500  n.m.  In  two  hours)  Accord¬ 
ing  to  estimates  given  in  Reference  2  the  answer  is  that  the  cruise  Mach  number  should  be  about  4.5.  The  aircralt 
would  be  required  to  carry  about  30 7c  of  its  take-off  weight  as  fuel,  and  able  to  carry  about  10%  as  payload. 

This,  then,  is  our  starting  point.  The  question  to  be  asked  is  how  we  set  about  designing  the  aerodynamic 
shape  of  a  cruise  vehicle  intended  to  operate  somewhere  in  the  Mach  number  range  between  three  and  seven 
(giving  us  a  generous  margin  for  error  on  either  side  of  4.5).  The  first  thing  to  be  noted  about  this  speed  range  Is 
that  it  is  too  fast  for  supersonic  linear  theory  to  be  valid,  and  too  slow  .or  Newtonian  theory.  Therefore,  either 
our  designs  must  rely  wholly  on  experiments,  which  will  certainly  be  very  wasteful  and  costly  without  theoretical 
guidance,  or  we  must  develop  new  theories. 

Let  us  first,  however,  try  to  be  more  specific  about  the  sort  of  aircraft  shapes  we  arc  interested  in.  We  have  to 
remember  that  even  if  the  aircraft  cruises  hypcrsonically,  it  must  remain  safe  and  economical  at  all  slower  speeds, 
down  to  the  take-off  and  landing  speeds.  To  minimise  the  problem*  associated  with  transonic  and  low  speed 
operation  it  will  be  advisable  to  make  the  layout  not  too  different  from  those  already  known  to  be  satisfactory. 
There  seem  to  be  three  main  alternatives: - 

1.  Conventional  take-off  and  landing,  using  more  or  less  straight  wings,  achieved  by  variable  geometry 

2.  Conventional  take-off  and  landing,  using  a  fixed  delta  wing,  and 

3.  Unconventional  take-off  and  landing,  e.g.  using  direct-lift  engines. 

Of  these  three,  the  second  appears  simplest  and  safest,  and  also  most  economical,  in  that  the  alternatives 
involve  severe  weight  penalties.  We  begin  to  think,  then,  in  terms  of  something  like  a  delta  wing. 

One  feature  that  seems  worth  introducing  into  the  design  right  from  the  beginning  is  an  integration  of  those 
parts  of  the  aircraft  which  provide  volume  and  propulsion3.  The  basic  idea  behind  this  can  be  gathered  from 

Figure  3.  Here  we  imagine  a  “two-dimensional  aircraft’’,  flying  at  zero  lift.  We  suppose  that  it  has  to  be  of  a 

specified  length,  / ,  and  to  enclose  a  specified  area,  A  ,  We  ask  how  small  the  wave  drag  can  be  made,  and  use 
linear  theory  to  compute  the  answer.  It  turns  out  to  depend  on  the  base  thickness,  hj,  and  is  a  minimum  when 
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the  section  profile  being  then  a  parabolic  arc  which  is  streamwise  at  the  base.  This  profile  has  only  one  quarter  ’#  1 

the  wave  drag  ol  the  profile  having  hh  »  0,  I 

In  itself  this  is  not  a  practical  solution,  because  of  the  large  “base  drag"  associated  with  the  extensive  wake 
behind  such  a  body,  but  this  disadvantage  can  be  avoided  as  follows. 

At  speeds  above  about  Maeh  two,  the  efficient  internal  design  of  jet  propulsion  units  requires  a  duct  whose 
cross-section  is  considerably  greater  at  exit  than  at  inlet.  Basically,  the  highly  compressed  air  needs  a  Idrge 
expanding  nozzle  to  receive  the  pressures  which  provide  the  muln  thrust  forces.  Squire3  quotes  area  ratios  of  2  or 
3  at  Mach  four.  Now  a  duct  of  these  proportions,  accommodated  in  an  externally  carried  nacelle,  would  have  a 
large  external  drag  (see  upper  parts  of  Figure  4).  However,  we  can  contrive  a  marriage  of  the  bluff-based  body 
with  the  expanding  nacelle,  such  that  we  retain  the  advantages  of  both  and  the  drawbacks  of  neither  (lower  part 
of  Figure  4).  By  comparison  with  the  layout  at  upper  left,  this  merged  configuration  has  lost  75%  of  the  body 
wave-drag,  and  all  of  its  external  nacelle  drag.  The  penalties  paid  for  this  are  a  small  loss  of  useful  volume,  and 
the  ingestion  into  the  intake  of  some  boundary-layer  air,  but  the  balance  is  overwhelmingly  favourable. 

Exactly  how  far  these  benefits  are  realised  on  three-dimensional  lifting  shapes  is  not  clear,  and  depends  on 
many  factors.  Squire3  estimated  that  at  Mach  four  an  integrated  layout  would  achieve  maximum  lift-drag  ratios 
about  1.5  higher  than  a  non-in tegrated  competitor,  and  all  the  subsequent  evidence  seems  to  suggest  that  this  is 
about  right. 

So  far  our  recipe  for  a  hypersonic  cruise  vehicle  reads  -  "a  delta  wing  with  integrated  propulsion  unit".  Next 
we  ask  what  sort  of  aspect  ratio  will  be  appropriate.  The  slender  wing  concept  out  of  which  Concorde  developed 
was  based  on  trying  to  restrict  the  aircraft  well  within  its  own  Mach  cone.  By  this  means  it  is  hoped  to  gain  three 
advantages. 

1.  The  disturbances  caused  in  the  air  should  be  relatively  small  i.e.  causing  only  small  energy  losses. 

2.  The  air  is  able  to  flow  round  the  leading  edge,  developing  local  suction  forces  which  reduce  the  drag. 

3.  The  leading  edge  flow  subsequently  rolls  up  into  separated  vortices,  which  induce  strong  lift  forces  by 
increasing  the  upper  surface  suctions. 

Now  at  high  supersonic  speeds,  suction  forces  contribute  relatively  little  to  the  overall  picture,  so  it  will  not 
be  worth  much  to  try  and  achieve  advantages  two  and  three.  Moreover,  as  Mach  number  rises,  the  Mach  cone 
shrinks  (Fig.5),  leaving  no  room  for  anything  but  an  extremely  fine  and  pointed  shape.  Thus  we  are  led  to  examine 
the  possibility  of  shapes  which  are  not  aerodynamieally  slender,  and  which  therefore  cause  strong  disturbances  to 
the  air, 

A  further  clarification  of  the  design  concept  can  be  achieved  at  this  stage  by  making  the  extreme  assumption 
that  these  strong  disturbances  are  so  strong  that  Newtonian  theory  can  be  used.  It  is  then  a  simple  matter,  as  we 
shall  see  in  Lecture  2,  to  find  the  wing  which  has  the  greatest  possible  lift-drag  ratio.  In  deriving  it,  we  make  only 
one  assumption,  that  all  wings  are  subject  to  a  friction  dray  proportional  to  their  wetted  area  times  a  known 
constant  (Cf).  Titus,  roughly, 

^•Dfriction  =  f  < 
where  Cf  is  of  the  order  of  0.001. 

The  optimum  wing  turns  out  to  have  a  perfectly  flat  undersurface.  By  making  the  upper  surface  streamwise 
we  can  provide  volume  with  no  loss  of  performance,  and  the  resulting  finite  base  area  is  available  for  integration 
into  the  propulsion  system  (see  Figure  61.  The  optimum  incidence  for  the  lower  surfaces  depends  on  the  assumed 
value  of  Cf  and  so  therefore  do  the  volume  and  base  area  of  the  configuration.  The  lift/drag  ratio  to  be  expected 
from  these  wings  is  shown  in  Figure  7,  plotted  as  a  function  of  Cf  . 

The  conclusion  to  be  drawn  from  this  seems  to  be  that  not  only  should  the  part  of  the  aircraft  that  provides 
volume  be  integrated  with  the  propulsion  system,  but  it  should  also  be  integrated  with  the  lifting  system.  However, 
before  we  give  our  complete  acceptance  to  this  principle,  we  should  try  to  find  out  what  the  penalties  are  for 
contravening  it.  To  do  this  we  devise  non-integrated  comparison  shapes,  which  provide,  at  each  value  of  Cf  .  the 
same  lift  and  volume  and  planform  area.  All  the  lift  is  supposed  to  come  from  a  thin  flat  wing,  and  all  the  volume 
from  a  non-lifting  "%-powcr"  body  of  revolution.  From  Figure  7  it  can  be  seen  that  the  non-integrated  configuration 
has  about  a  30%  lower  performance  than  the  Integrated  optimum. 

Figure  8  shows  the  sort  of  layout  that  we  have  arrived  at.  A  good  deal  of  relevant  information  and  discussion 
about  it  has  been  given  by  KOchemann4  (also  in  Reference  2).  Most  of  his  conclusions  have  been  unaltered  by  the 
passage  of  time,  and  much  of  what  I  have  to  say  In  the  next  few  minutes  will  merely  summarise  these.  The  one 
conclusion  that  does  require  modification  Is  that  generalised  design  methods  have  extended  the  applicability  of  the 
"waverider"  concept  to  lower  Mach  numbers  than  were  indicated  in  References  2  and  4. 


.  thc,n.co"Skler  !'ow  we  may  ab°»*  obtaining  more  detailed  design  information  To;  the  sort  of 
elude  deputed  in  Figure  8.  In  the  first  place,  for  the  sort  of  Much  numbers  we  are  considering,  invlscld.  ideal 
fj!*  calcu,a,lons  Wltb  separate  treatment  of  the  boundary  layer  will  be  quite  adequate.  However,  it  is  also  clifer 
that  calculations  using  the  full  non-linear  equations  of  inviscid  motion  with  arbitrary  boundary  conditions  are 
still  some  way  into  the  future.  Therefore  a  sensible  policy  lor  the  time  being  will  be  to  try  and  extract  as  much 
information  as  we  can  Ironi  inviscid  theories  which  are  in  various  ways  approximate. 

It  also  seems  legitimate  to  design  on  the  assumption  that  the  leading  edges  are  perfectly  sharp.  Such  an 
idealised  edge  would  soon  be  eroded  in  flight,  due  to  the  high  heating  rate  associated  with  large  shear  across  the 
initially  thin  boundary  layer,  but  the  blunting  needed  to  alleviate  the  effect  is  fairly  small  at  these  speeds,  a 
radius  of  much  less  than  an  inch  being  adequate  for  a  vehicle  whose  length  is,  say,  two  hundred  feet.  Therefore 
the  ellects  ol  bluntness  may  be  incorporated  as  small  corrections  at  a  late  stage  in  the  design  procedure. 

If  the  leading  edges  are  almost  sharp  then  for  non-slcndcr  shapes  the  shock  wave  will  be  almost  attached, 
and  for  most  purposes  the  upper  and  lower  surfaces  of  the  shape  will  be  aerodynamieally  independent.  Accord¬ 
ingly  they  may  be  designed  separately.  Of  the  two  the  lower  surface  is  by  far  the  more  important,  contributing 
about  80%  of  the  lift  or  even  more,  within  the  Mach  number  range  of  interest.  In  almost  everything  that  follows 
we  shall  concentrate  our  attention  on  the  lower  surface.  This  should  not  however,  be  taken  as  implying  that  the 
upper  surface  design  is  irrelevant.  Careful  attention  to  its  design,  and  the  proportion  of  lift  that  it  carries,  will 
certainly  lead  to  gains  in  performance  which  are  worth  having.  The  reason  for  not  saying  more  about  it  is  simply 
that  so  far  not  much  work  has  been  done  in  this  area. 


No  attempt  has  yet  been  made  to  work  out  the  full  consequences  of  the  integration  of  the  lifting  body  with 
the  propulsion  unit.  One  reason  for  this  is  that  the  ideal  prop  rtions  of  the  propulsion  unit  cannot  be  worked  out 
without  knowing  something  of  the  characteristics  of  the  engine  to  be  used,  the  speed  and  altitude  for  cruise  flight 
and  the  wing  loading.  In  the  absence  of  any  project  study  giving  this  sort  of  detail  we  can  nevertheless  proceed 
with  refinements  to  the  aerodynamic  design,  noting  simply  that  finite  base  areas  roughly  10%  of  the  planfornt 
area  can  be  accepted  and  replaced  by  exhaust  nozzle  area.  Of  course  we  should  also  try  to  ensure  that  this  base 
area  is  of  a  convenient  shape,  i.e.  concentrated  in  a  fairly  small  region  of  the  span. 

This  completes  my  definition  of  the  sort  of  shape  we  are  trying  to  design,  and  the  assumptions  and  simplif¬ 
ications  that  it  seems  reasonable  to  make. 


In  my  second  lecture  I  shall  describe  some  of  the  results  of  optimisation  theory,  as  applied  to  various 
problems  involving  non-linear  lifting  aerodynamics.  Such  results  are  generally  restricted  to  very  simplified  sub¬ 
problems  that  can  be  handled  analytically,  Because  of  their  simplicity,  however,  they  do  have  a  good  chance  of 
increasing  our  physical  insight  Into  the  more  complex  questions  that  we  would  really  like  to  answer. 


In  my  third  lecture  1  shall  treat  the  subject  of  "waveriders"  or  wings  designed  so  as  to  support  simple  wave 
systems  and  so  be  amenable  to  exact  (inviscid)  calculation.  I  want  to  show  how  the  geometry  of  the  wave 
systems  that  we  are  able  to  calculate  restricts  the  shapes  of  the  resulting  bodies,  but  also  I  shall  indicate  the 
means  so  far  found  to  create  "realistic”  shapes  within  these  restrictions,  I  shall  give  a  typical  example  of  a  shape 
that  combines  a  fair  degree  of  realism  with  good  calculated  performance.  Finully  I  shall  discuss  the  problems  that 
arise  when  we  try  to  calculate  the  flow  about  these  shapes  in  flight  conditions  for  which  they  arc  not  designed: 
this  gives  rise  to  rather  puzzling  questions  about  the  behaviour  of  three-dimensional  shock  waves. 


In  my  fourth  lecture  I  want  to  discuss  what  seems  to  me  one  of  the  most  promising  approximate  methods 
for  calculating  general  flows  in  this  speed  range,  thin  shock  layer  theory.  So  far  this  theory  has  only  been 
developed  for  conical  flow.  Despite  some  basic  mathematical  difficulties  which  arise  when  treating  attached 
shock  waves,  the  agreement  with  experiment  is  very  good,  I  shall  present  a  new  approach  to  this  theory,  which 
allows  several  very  simple  properties  of  the  flow  pattern  to  be  clearly  seen. 


In  my  fifth  lecture,  I  shall  discuss  an  offshoot  of  the  waverider  approach,  which  permits  a  discussion  of  the 
lilt  and  drag  forces  in  terms  of  momentum  changes  in  the  adjacent  flow. 

Lastly,  in  my  sixth  and  final  lecture,  I  shall  deal  with  the  changes  brought  about  by  direct  heat  addition  to 
the  How  about  a  lifting  body. 


All  these  subjects  are  at  quite  early  stages  of  their  development.  What  t  have  tried  to  do  is  to  give  some  idea 
of  the  current  research  status  in  them.  The  loose  ends  will  probably  be  very  apparent:  it  will  be  very  gratifying  if 
other  people  feel  able  to  take  them  up. 


yi 

i. 

Naysmith,  A. 

P 

s_ 

2. 

Kflchsmann,  D. 

p 

Weber,  J. 

ft 

ju 

3. 

Squire,  L.C. 

P 

4. 

Ktlchemann,  D. 

REFERENCES 

Population  Distribution  and  Air  Transport.  RAE  TR  69227,  5969. 

An  analysis  of  some  performance  aspects  of  various  types  of  aircraft  designed  to 
fly  over  different  ranges  at  different  speeds.  Progress  in  Aeronautical  Sciences,  Vol.9, 
Pergamon  Press,  1968. 

The  use  of  excess  engine  exit  area  over  Intake  area  to  reduce  zero-llf:  dreg  al  high 
supersonic  speeds.  Aero  Quarterly,  Vol.16,  3,  1965. 

Hypersonic  aircraft  and  their  aerodynamic  problems.  Progress  in  Aeronautical 
Sciences,  Vol.6,  Pergamon  Press,  1965. 


2-1 


t-v 

L 

I 


l.ECTURE  2 


OPTIMUM  SHAPES 


P.LRoe 

Royal  Aircraft  Establishment.  Bedford,  England 


k 

) 

i 

¥ 

t 


l 


In  this  lecture  I  want  to  review  the  progress  that  has  been  made  in  the  application  of  optimisation  methods  to 
hypersonic  wing  theory.  The  sort  of  wing  1  shall  consider  is  that  described  in  my  first  lecture,  sharp-edged  and  non- 
slendcr.  It  wilt  help  to  set  the  current  achievement  in  perspective  if  we  first  consider  tne  enormity  of  the  work 
involved  in  a  really  general  and  soundly-based  solution  to  the  problem. 

First  of  all  we  should  need  a  computet  programme  capable  of  calculating  the  inviscid  flow  past  a  general  three- 
dimensional  wing-like  shape.  For  this  programme  to  inspire  real  confidence,  it  would  have  to  be  based  on  the  com¬ 
plete  Euler  equations  of  inviscid  motion,  and  its  logical  structure  would  have  to  be  sophisticated  enough  to  take  account 
of  shock  waves  in  a  priori  unknown  locations,  possibly  embedded  in  the  flow  field  as  well  as  attached  to  the  leading 
edges. 

Quite  a  lot  of  simplifications  would  follow  if  we  could  assume  that  the  shock  wave  was  attached  everywhere,  so 
that  thf  upper  and  lower  surfaces  were  independent,  but  even  so.  any  such  calculations  seem  at  the  moment  a  rather 
remote  prospect.  The  most  that  has  been  achieved  to  date  is  a  pair  of  solutions  for  the  upper  and  lower  surfaces  of 
a  plane  delta  wing!'J  in  both  cases  the  solution  is  greatly  aided  by  the  conical  self-similarity  of  the  solution,  and  by 
knowledge  that  the  solution  near  the  leading  edge  is  of  rather  elementary  form,  being  identical  with  the  solution  foi 
a  yawed  wedge.  However,  even  in  these  uses,  there  are  difficulties.  The  success  of  Babaev’s  solution  (Fig.l)  for  the 
lower  surface  flow  depends  rather  strongly  on  being  able  to  make  an  intelligent  first  guess  at  the  unknown  shock  shape 
near  the  centre1,  which  would  be  less  easy  in  a  more  general  problem.  In  the  case  of  the  upper  surface  (Fig.2),  there 
has  been  controversy4,5  over  the  nature  of  the  embedded  shock  wave,  and  the  numerical  results  in  Reference  3  depend 
on  an  approximate,  even  if  numerically  accurate,  treatment  of  the  rotational  region.  Again,  both  the  nature  of  the 
solution  and  its  numerical  treatment,  would  be  more  difficult  to  establish  in  a  general  case. 

It  is  clear  that  we  cannot  hope  for  a  general  solution  for  some  years  to  come,  and  that  even  if  it  does  eventually 
arrive,  the  computer  time  necessary  to  compute  one  case  is  more  likely  to  be  measured  in  hours  than  minutes.  But 
just  one  case  would  only  be  a  very  small  part  of  an  optimization  procedure.  It  would  be  necessary  to  specify  the 
unknown  optimum  shape  by  a  large  number  of  parameters,  and  to  treat  all  these  as  independent  unknowns  in  some 
sort  of  me ’^dimensional  search  technique,  the  strategy  of  which  would  form  a  research  subject  in  itself.  And  even 
then  one  woura  only  have  solved  the  inviscid  problem. 

Set  against  these  considerations  the  achievements  I  am  about  to  describe  may  appear  rather  puny  and  insignifi¬ 
cant.  However,  we  can  take  courage  from  two  considerations,  in  the  first  place,  even  the  sort  of  programme  1  have 
been  describing,  allied  with,  a  really  good  three-dimensional  compressible  boundary  layer  analysis  would  fail  very  far 
shoit  of  acknowledging  the  complexity  of  ibnr.  of  5  practical  aircraft.  It  is  really  not  foreseeable  that  an  ’’optimised’’ 
calculated  snaps  could  do  anything  more  than  give  a  guide  to  the  designer.  Secondly,  it  is  only  a  guide  that  the 
designer  actually  wants  from  the  aerodynamicist.  He  would  really  be  a  little  embarrassed  to  be  offered  a  perfect 
aerodynamic  shape,  which  he  would  then  have  to  cam*  holes  in,  add  fairings  to,  and  so  on,  in  order  to  satisfy  such 
mundane  requirements  as  that  the  pilot  should  be  able  to  sec  where  he  is  going  or  that  people  have  somewhere 
convenient  to  get  in  and  out. 

The  real  purpose  of  optimisation  theory  can  only  be  to  provide  a  catalogue  of  good  shapes,  together  with  the 
assumptions  used  to  obtain  them,  and  some  sort  of  explanation  of  the  way  these  assumptions  are  reflected  in  the 
geometry  of  the  shapes.  This  catalogue  is  now  beginning  to  take  shape.  A  good  review  of  optimum  aerodynamic 
shapes,  with  a  basic  account  of  their  derivation  through  the  calculus  of  variations,  was  given  in  the  book  by  Miele6. 
However,  even  since  then,  there  have  been  several  important  contributions,  some  of  them  due-  to  Micle  himself  and 
his  associates. 

A  lot  of  these  have  made  us;  of  the  very  simplest  aerodynamic  theory  that  has  any  pretence  to  realism,  simple 
Newtonian  theory'-  It  seems  worthwhile,  therefore,  to  undertake  a  short  digression  to  examine  this  theory. 
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it  is  often  derived  by  something  very  like  tiie  original  method1.  The  fluid  ts  supposed  to  be  made  up  of  com¬ 
pletely  inelastic  particles,  which  therefore  do  not  rebound  on  collision  with  a  solid  body,  but  follow  on  rour-d  its 
surface  in  a  very'  thin  layer.  From  the  fact  that  the  flow  in  every  impinging  streamtube  would  thereby  have  its 
momentum  normal  to  the  surface  completely  destroyed,  it  is  an  easy  deduction  that  the  pressure  coefficient  at  ail 
forward-facing  points  of  the  body  is 

Cp  =  2  sin *0  ,  (2.1) 

where  8  is  the  local  inclination  of  the  surface  to  the  free  stream.  Sometimes  a  better  agreemen*  with  experiment 
can  be  achieved  by  “adjusting”  Equation  (2.1)  to  read 

Cp  =  k  sin5  £7  .  (2.2) 

where  k.  sometimes  called  the  “impact  coefficient”  is  chosen  to  secure  agreement  at,  for  example,  the  stagnation 
point. 

For  some  purposes  the  accuracy  obtained  from  Equation  (2.2)  is  good  enough  to  allow  its  use  as  a  prediction 
method,  but  generally  speaking  it  cannot  be  relied  on.  A  fairly  typical  comparison  with  experiment  is  shown  tit 
Figure  3,  taken  from  Reference  8.  The  figure  shows  values  of  a  “local  impact  coefficient",  defined  as  k  =  Cp/sin50, 
plotted  against  local  inclination  9,  for  several  points  on  a  cone-segment  body  at  various  angles  of  attack  in  a  super¬ 
sonic  flow  of  Mach  number  4.3.  For  large  values  of  9,  k  is  not  far  from  its  simple  Newtonian  value  of  2.0,  but 
obviously  no  constant  value  would  represent  these  results  satisfactorily. 

The  “unrealistic"  derivation  of  the  Newtonian  pressure  formula,  and  the  unreliability  of  its  predictions,  some¬ 
times  leads  people  to  suppose  that  there  can  be  little  value  in  its  use  for  optimization  exercises  and  little  confidence 
in  the  resulting  shapes.  THs  distrust,  however,  is  probably  not  wholly  justified,  for  Newtonian  theory  can  be  related 
rather  more  convincingly  .o  conventional  gasdynamic  analysis.  To  begin  with,  consider  the  expressions  for  (low 
deflection,  density,  and  pressure  coefficient  behind  an  oblique  shock  of  angle  0  in  an  ideal  yas,  flowing  w  ith  Mach 
number  M« 
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lf  the  gas  is  such  that  the  ratio  of  specific  heats,  7,  can  be  thought  of  as  close  to  unity,  these  equations  simplify 


thus 
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and  from  these  we  find  ‘hat,  as  the  Mach  number  becomes  very  iarge,  tan  6  tan  0,  p  -*  «>,  and  Cp  -*•  2  sm50.  Thus, 
in  the  double  limit  7  -»  1  and  M»  -*  »,  the  flow  behind  an  arbitrary  three-dimensional  shock  wave  becomes  very  dense 
and  follows  the  shock  wave  direction. 


Moreover,  the  pressure  just  behind  the  shock  takes  on  the  value  predicted  by  simple  Newtonian  theory.  It  is 
very  important,  however,  to  observe  that  we  have  not  justified  its  use  to  predict  pressures  on  the  body,  in  order  that 
the  fluid  inside  the  shock  layer  may  follow  a  curved  path  around  the  body  it  is  necessary  that  a  pressure  difference 
should  exist  across  the  layer.  Taking  this  into  account  gives  the  “centrifugal  correction"  due  to  Buscmann9, 
written10  in  terms  of  a  streamfunction  £  . 


„  .  ,  _  d(cos  (?)  jujf 

Cp  =  2  sin5(?  —  2 - ?  cos  9  d^ 

d\t' 


(2.9) 
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which  applies  both  tu  two-dimensional  bodies  fot  which  &  =  pa, l'«>y.  and  to  axi-symmctric  bodies  tor  which 
V  ~  jpoi^oer.  The  nature  of  the  collection  is  more  complicated  For  more  general  bodies,  because  the  paths 
followed  by  the  streamlines  are  less  3imple.  in  general  they  will  be  geodesics  of  the  body  surface10. 

The  decision  whether  or  ,<ot  to  incorporate  the  Busemann  correction  in  an  optimisation  study  is  not  particularly 
easy.  Although  it  docs  ensure  that  more  of  the  phv.-ics  of  the  real  flow  is  represented,  so  that  the  conclusions  a*  , 
more  likely  to  be  qualitatively  correct,  its  inclusion  does  not  usually  seern  to  improve  the  numerical  accuracy  of 
pressure  distributions"' ,1.  We  shall  see  these  tv/o  considerations  dearly  in  one  of  the  ensuing  examples. 

Before  proceeding  to  an  examination  of  shapes,  we  shall  take  a  brief  look  at  a  non-lifting  problem,  that  of  the 
slender  body  of  revolution  causing  least  drag  for  given  length  and  ba^c  area.  Tor  s!enier  axi-symmelric  bodies  the 
Newton-Busemann  pressure  lav/  can  be  simplified  to 

Cp  =  2r'1  +  Ait"  (2.10) 

where  A  ~  5  if  the  Busemann  correction  is  ;o  he  incorporated,  and  zero  if  it  is  to  be  neglected.  Suppose  for  the 
sake  of  simplicity,  that  we  only  consider  power-law  bodies,  whose  profile  is  given  by 

r  =  Cxn  (2.11) 


then  the  following  expression  is  easily  derived  for  the  drag  of  the  body 

CD  n3  +  i  An3  (n  —  I) 

CZ.Z  2n~— T 


(2.12) 


where  -ont  is  the  drag  of  the  cone  ( n  —  1  >  which  has  the  given  length  and  base  area.  Equation  (2.12)  has  its 
minimum  value  when  n  -  %  if  A  =  0  and  when  r.  =  l  if  A  =  1 . 

Now  the  reason  for  considering  this  particular  problem  is  that  it  seems  to  be  abou.  the  only  example  of  an 
optimisation  study  using  Newtonian  theory  for  which  comparative  experimental  data  exist’1  u.  These  are  shown  in 
Figure  4.  Although  there  is  some  scatter  amongst  the  experimental  results,  it  does  »eem  clear  (bearing  in  mind  that 
all  curves  must  pass  through  the  point  (1,1))  that  a  power  law  exponent  of  about  0.7  is  best.  This  is  an  example  of 
a  phenomenon  that  recurs  rather  frequently.  Quite  simple  aerodynamic  theories  predict  optimum  shapes  that  are 
closely  confirmed  by  more  accurate  treatments.  The  confirmation  by  experiment  is  rarer  because  the  experiments 
have  often  not  been  performed. 

Note  that  w c  have  only  considered  here  the  particular  variational  problem  for  which  we  have  experimental  data, 
namely,  selecting  the  optimum  member  of  the  class  of  power-law  bodies.  The  problem  of  finding  the  optimum  body 
without  restriction  on  its  form  is  fully  discussed  in  Reference  6,  where  it  is  shown,  using  caluilus  of  variations,  that 
the  optimum,  slender  body  of  revo.atiou  is  in  fa-t  a  3  power  body  according  to  simple  Newtonian  theory,  but  accord- 
.ng  to  ihe  Newton-Busemann  theory  is  has  a  more  complicated  form  consisting  of  a  J-power  forebody  for  60T  of  its 
length,  followed  by  a  “Free  layer"  in  which  the  centrifugal  term  exactly  cancels  the  impact  term  to  leave  no  pressure 
force  on  the  body  (Fig.5a).  For  such  a  body,  CD/Cr,  COns  =  0.577.  compared  with  0.667  for  the  best  (n  =  $)  “pure” 
power-law  body. 

The  Newton-Busemann  theory  predicts6, 10  an  even  greater  drag  reduction  (down  to  CD/CDconc  =  0.422)  for 
cowled  bodies  (Fig.5b).  However  I  know  of  little  that  has  been  done  to  see  how  far  these  additional  gains  are  truly 
realisable. 

We  now  pass  to  consideration  of  a  simple  lifting  problem,  to  find  the  wing  which  creates  least  drag  while  sup¬ 
porting  given  lift,  in  consequence  of  the  remarks  in  my  introductory  lecture  1  shall  consider  only  the  wing  lower 
surface  by  itself.  The  problem  as  stated  has  a  trivial  solution  in  inviscid  flow.  We  have  only  to  make  the  wing  area 
(A)  very  large,  and  the  angle  of  incidence  (6)  very  small,  in  such  a  way  that  the  lift  (proportional  to  A5)  keeps  its 
desired  value,  and  the  drag  (proportional  to  A5:)  will  become  as  small  as  we  please.  A  meaningful  problem  can 
only  be  got  by  imposing  some  additional  constraints.  Thus  we  might  suppose  that  theie  will  be  a  skin  friction  dreg 
directly  proportional  to  A,  or  that  the  surface  was  required  to  meet  certain  geometrical  conditions.  A  particularly 
simple  mathematical  treatment  can  be  given  if  we  take  the  following  set  of  conditions,  some  of  which  we  will  sub¬ 
sequently  see  do  not  affect  the  character  of  the  solution. 

1.  Both  the  lift  (L)  and  the  planform  area  (Ap)  of  the  wing  are  assumed  to  be  given. 

2.  The  pressure  is  a  function  of  the  local  surface  inclination  only. 

3.  There  is  no  skin  friction. 


The  second  assumption  is  common  to  various  theories.  These  include,  for  three-dimensional  calculations, 
simple  Newtonian  theory,  ta.igent-wedge  theory  or  tangent-cone  theory.  For  two-dimensional  calculations,  the 
list  extends  to  include  both  linearized  (Ackeret)  and  second-order  (Busemann)  theory.  In  all  these  cases  it  is 
assumed  that 


Cp  =  F(or), 


(2.13) 


where  F  and  its  First  derivative  F',  are  positive  for  0  <  cn  <  n/2.  1  shali  now  show  that  for  any  such  pressure  law 
the  wing  which  has  least  drag  under  the  stated  conditions  is  a  flat  piste.  The  simplest  proof  ci-.er.  here  in  rather 
skeuhy  form,  is  to  consider  such  a  wing,  and  show  that  any  small  departure  from  it  whu.n  does  not  alter  the  lift 
cannot  reduce  the-diag.  Thus,  we  consider  a  wing  for  which  a  is  given  by 


a  =  a0  +  eat  (x,y) , 


where  a0  is  a  constant,  a  an  arbitrary  functicn  of  order  unity  and  e  a  small  parameter.  The  lift  of  such  a  wing  is 
given  by 


i  -  II  F“» 


dAn 


which  by  Taylor’s  theorem  can  be  written 

—  -  //  F(o0)  dxdy  +  cF'(or„)  ff  a,(x,y)  dxdy  +  0(e3) 


and  since  we  wish  to  consider  only  perturbations  which  do  not  change  the  lift,  the  integral  of  a,  must  be  zero. 


Now,  if  a  small  element  of  the  wing  surface  has  a  vertical  projection  equal  to  dAp,  it  must  have  a  streamwi»e 
projection  greater  than  or  equal  to  dAp  tana,  and  so  we  can  write 


D  ff 

—  >  jj  F(a )  tan  a  dAp 

An 


q« 


which  becomes,  if  we  expand  both  terms  of  the  product  as  Taylor  series, 

—  >  JJ  (F(a0)  +  eF'(a0)O!,(x,y)) (tan  a0  +  e  sec3a0a,(x,y))  dxdy  +  0(e3)  . 


However,  we  have  just  seen  that  the  terms  in  e  do  not  contribute  to  the  integral,  and  so 


—  >  jj  F(a0)  tan  a0  dxdy  +  0(e3) . 
Ap 


(2.14) 


Therefore,  the  wing  having  least  drag  under  the  stated  conditions  is  the  one  for  which  the  equality  sign  holds  in 
Equation  (2.14),  and  this  is  only  so  for  a  flat  plate. 


Wc  have  derived  this  result  by  assuming  that  no  skin  friction  was  involved.  If  we  make  a  crude  allowance  for 
skin  friction  according  to  the  formula 


~  “  Ap  x  Cf 
q« 


with  Cf  a  constant,  the  triction  drag  has  the  same  value  for  all  wings  with  the  same  plar.form  area.  It  therefore  does 
ncu  affect  the  optimisation  process  just  considered.  The  proof  given  is  sufficient  to  show  that  a  flat  wing  is  optimum 
in  ;,ic  sense  of  having  the  greatest  lift-drag  ratio  when  any  combination  of  any  of  the  three  quantities,  lift,  nlsnform 
a, id  and  friction  coefficient  are  prescribed.  In  the  case  where  the  friction  coefficient  alone  is  given,  for  example, 
suppose  that  some  other  wing  were  bttter,  and  that  it  was  associated  with  area  A*  and  lift  L*.  It  wouid  follow 
that  this  was  also  the  wing  which  had  least  drag  when  A  was  prescribed  equal  to  A*,  and  L  equal  to  L*.  and  this 
would  contradict  what  we  have  just  shown.  Knowing  that  this  particular  optimum  wing  is  flat,  we  can  very  easily 
find  its  other  properties.  Let  its  surface  inclination  he  a*.  Then 


L  =  q„ApF(o*) 

D  =  qoo  Ap  (F(a*)  tan  a*  +  Cf) 


r.ii  ■  I. 


'vrsr'NJ  f->r*  ic r.  >*»>asv'&''*'  *-  * 


Maximising  L/D  leads  to 


,  dD  „  dL 
da  da 


F(a*)(F'(a*)  tan  a*  +  F(a*)  see5  a*)  =  (F(a*)  tan  a*  +  Cf)  F'(a*)  . 


_  F5(a*)  sec5  a* 
f  F'(a*) 


which  is  an  implicit  formula  for  a*. 


It  is  instructive  to  examine  the  form  taken  by  (2.15)  for  different  pressure  laws.  In  simple  Newtonian  theory 
F(a)  =  n  sin5 a,  and  Equation  (2.15)  gives 


Cf  =  $n  tan3a  . 


For  small  values  of  u,  one  can  translate  this  into  a  statement  that  t‘ne  friction  drag  should  be  roughly  one  half 
the  pressure  u.ag,  or  alternatively,  one  third  of  the  total  drag.  This  agrees  with  the  conclusion  reached  by  Mi  lels, 
ir.  an  investigation  of  thin  lifting  wings. 


If,  on  the  contrary,  we  were  to  suppose  a  linear  pressure  law 


F(c)  =  ka  , 


then  Equation  (2.15)  gives 


Cf  =  ka5  , 


which  says  that  the  friction  drag  should  be  equal  to  the  pressure  drag,  or  one  half  of  the  total  drag.  A  tangent-wedge 
or  tangent-cone  treatment  would  usually  yield  a  friction  somewhere  beiween  one  half  and  one  third. 


Let  us  now  summarize  the  results  of  our  examination  of  this  problem.  A  simple  flat  plate  turns  o  it  to  be  the 
best  lifting  surface  under  quite  a  variety  of  constraints  according  to  several  aerodynamic  theories,  although  these 
differ  rather  substantially  in  the  way  they  advise  the  drag  to  be  distributed  between  pressure  and  friction  forces. 


We  will  treat  the  same  lifting  problem  by  theories  which  do  not  assume  Cp  =  F(a).  The  simplest  such  theory 
is  the  Newton-Busemann  theory,  and  we  will  begin  with  that,  our  approach  being  taken  from  Reference  10.  The 
simplest  way  to  denve  expressions  for  the  lift  and  drag  is  to  consider  a  momentum  balance  using  the  control  volume 
of  Figure  6.  Since  the  flow  outside  and  inside  the  shock  layer  is  hypersonic  we  car.  neglect  all  pressure  terms  with 
respect  to  momentum  terms.  Let  the  momentum  carried  by  the  shock  layer  at  any  point  along  its  length  be  U«,P(x) 
and  let  the  momentum  carried  by  the  shock  layer  when  it  leaves  the  body  (with  inclination  a)  be  UooP,.  Then  the 
lift  (per  unit  depth)  can  easily  be  found  as 


L  =  UooP.  sin  a 


ami  the  pressure  drag 


D  =  PooUiy,  -  UooP,  cos  a 


Consider  for  the  moment  wings  with  fixed  values  of  x,,  y,  and  a.  Then  because  the  quantity  P,  serves  to  increase 
the  lift  and  reduce  the  drag  we  obviously  want  to  make  it  as  large  as  possible.  For  a.  body  shape  P  can  be  found  by 
considering  the  incremental  momentum  given  to  the  layer  by  each  entering  streamtube 


dP  =  pooUoo  cos  0  dy  , 


so  that 


Pi  =  PooU«  fy‘cos  0  dy 

•O 


and  the  problem  is  to  maximise  this  integral.  Because  the  length  of  thc  wing  is  fixed,  rhere  is  a  constraint, 


I  cot  0  dy,  =  x, 
Jo 


wgfmzaz  iztfmzmzsmf  m, 


and  since  both  integrands  involve  only  0  the  solution  must  be  6  0  =  constant  ~  a,  where  tan  c  -  y , /x , .  Therefore 

P(  =  PooU«,y,  cos  a  , 

so  that 


L  =  PooUJoy,  cos  a  sin  a  , 


D  =  PooULyi  (1  —  cos  a  cos  a) 
or,  in  terms  of  lift  coefficient  based  on  streamwise  chord  length 

CL  =  2  sin  a  sin  a  (2,16) 

CD  =  2  tan  a  —  2  sin  a  cos  o  .  (2.17) 

Now,  in  general,  the  minimum  value  of  CD  for  CL  fixed  does  not  involve  having  o  -  a.  In  fact,  it  turns  out 


that 


cos  o  =  cos  o; 


(2.18) 


i.e.,  a  >  a,  so  that  the  optimum  wing  has  a  small  corner  at  its  trailing  edge  (Fig.?).  We  can  imagine  ihat  in  a  more 
accurate  physical  picture  of  the  flow  this  might  appear  as  a  highly  loaded  flap,  narrow  compared  with  the  chord 
length,  but  wide  compared  with  the  shock  layer.  We  shall  return  to  this  point  l3ter,  but  if  we  grant  It  temporary 
acceptance,  we  can  find  the  properties  of  an  optimum  class  of  wings  from  Equations  (2. 16)  (2.13).  For  small 

values  of  a,  we  can  obtain 


y/3  a 


and 


CD  “  0.620  Cp  . 

For  a  wedge  aerofoil,  which  we  found  to  be  optimum  under  simple  Newtonian  theory. 


CL  “  lot1 
CD  “  2a3 


and  so 


1 


Cd  “  f  =  0.707  CP 


Therefore,  the  Newton-Busemann  theory  promises  to  improve  on  the  performance  of  simple  wedges  by  about 
12.3%.  To  see  whether  this  promise  is  fulfilled,  we  continue  examining  the  same  problem  with  more  realistic  methods. 


Pike15  has  investigated  the  performance  of  shapes  which  are  small  perturbations  of  plane  wedges  (Fig.8).  He 
considers  that  the  perturbation  has  both  a  direct  effect  (as  though  it  took  place  in  a  uniform  infinite  stream  at 
M  =  Mj)  and  an  indirect  effect  due  to  disturbances  reflected  back  from  the  shock  wave.  These  reflected  disturbances 
are  weakened  by  a  factor  2  each  time  they  encounter  the  shock  wave,  and  under  most  circumstances  it  is  numerically 
small16.  Assuming  that  the  shape  perturbations  are  of  order  6,  Pike  develops  an  expression  for  the  pressure  distribu¬ 
tion  in  which  the  direct  effects  are  represented  by  terms  of  order 


6,  6J,  63,  etc. 


the  effects  of  disturbances  reflected  once  from  the  shock  wave  by  terms  of  order 

X6,  X8S,  X63,  etc. 

the  effects  of  doubly  reflected  disturbances  by  terms  of  order 

Xl6,  XJ6J,  XJ53  , 


and  so  on.  He  then  assumes  that  X  and  6  are  numerically  of  the  same  order,  and  truncates  his  double  power  series 
after  the  second  order  terms.  Thus  his  expression  for  the  perturbation  pressure  consists  of  terms  in  8,  61,  and  X5. 
Applying  the  calculus  of  variation  to  this  expression,  he  finds  that  the  minimum  drag  surface  having  a  prescribed 
lift  coefficient  is  a  double  wedge  (Fig.9),  folded  in  such  a  way  that  disturbances  originating  at  the  fold  just  fail  to 
regain  the  wing  surface.  I  his  is  an  encouraging  similai  result  to  the  one  derived  from  the  Newton-Busemann  approxi¬ 
mation.  However,  the  numerical  magnitude  of  the  gains  turns  out  to  be  very  much  less.  Figure  10,  taken  from 


Pike’s  report,  shows  the  percentage  over  plane  wedges,  the  calculations  being  carried  out  for  7  =  1.4.  The  improvement 
in  almost  all  cases  shown  is  less  than  one  percent,  and  we  may  ask  why  there  should  be  this  discrepancy  with  the 
Newton-Busemann  result  of  over  twelve  percent.  To  settle  this  question  it  would  be  necessary  to  examine  Pike’s 
analysis  in  the  double  limit  Mm  7  -*■  1. 

A  direct  comparison  is  difficult,  however,  because  the  form  of  series  solution  used  by  Pike  fails  to  converge  as 
Moo  •*  °°,  even  though  it  converges  well  at  Moo  =10.  He  presents,  therefore,  an  alternative  analysis  based  on  hyper¬ 
sonic  small  disturbance  theory  (Moo  ~+  °°,  M006  ■*  °°,  5  «  1),  and  finds  the  percentage  drag  reduction  as  a  function 
of  7.  For  7  =  1.4,  this  works  out  at  0.95%,  which  is  still  very  small  As  7  decreases  towards  unity,  the  possible 
improvements  become  greater,  but  again  the  convergence  of  the  series  breaks  down  for  7  less  than  about  1.15.  This 
seems  principally  due  to  the  reflection  coefficient  X,  which  was  assumed  small,  becoming  numerically  larger. 

Indeed36,  as  7  -*  1  ,  7  -*■  —  1  .  A  direct  comparison  is,  therefore,  not  possible. 

It  is  also  worth  mentioning  a  rather  similar  study  by  Cole  ard  Arccsty11.  They  consider  only  the  hypersonic 
small  disturbance  theory  limit,  and  develop  series  expression  for  the  lift  and  drag  of  slightly  perturbed  wedges  in 
which  only  tenns  of  the  form  Xn5  are  retained.  They  show  that  perturbation  shapes  exist  for  which  ihe  lift-drag 
ratio  is  improved  whilst  the  lift  coefficient  remains  unaltered  but  because  they  retain  no  quadrature  terms  in  6,  the 
improvement  appears  to  be  a  linearly  increasing  function  of  5.  Under  the  arbitrary  geometric  constraint  that  the 
surface  shall  be  contained  between  the  lines  0o  +  e0o  they  find  the  optimum  shape  to  be  a  corrugated  “multi-wedge" 
as  shown  in  Figure  1 1,  although  they  also  show  that  this  is  only  fractionally  better,  by  a  factor  (1  +  |X|)/(1  -  1X|), 
than  the  double  wedge  advocated  by  Pike.  It  is  not  clear  how  their  conclusions  would  be  modified  by  the  incorporation 
of  terms  involving  65. 

For  practical  purposes,  at  least,  the  conclusion  is  clear.  The  best  two-dimensional  lifting  wing  is  very  close  to  a 
flat  plate  over  the  whole  range  of  supersonic  Mach  numbers.  There  is,  however,  considerable  theoretical  interest  in 
the  way  the  Newton-Busemann  theory  hints  at  the  nature  of  the  true  optimum  shape.  We  also  note  that  it  only 
became  possible  to  improve  on  th*  plane  wedge  when  we  used  an  aerodynamic  theory  which  allowed  .'or  the  inter 
ference  between  different  surface  elements. 

If  we  now  turn  to  the  corresponding  problem  in  three  dimensions,  we  may  expect  larger  interference  effects 
(because,  roughly  speaking,  the  pressure  waves  due  to  an  element  extend  from  it  along  oblique  Mach  lines  rather  than 
directly  downstream  of  it)  and  therefore,  probably,  larger  gains.  This  expectation  is  certainly  fulfilled  at  low  super¬ 
sonic  speeds.  There  is  an  extensive  literature  on  drag  minimisation  using  linear  theory.  Chapter  8  of  Reference  6 
is  devoted  to  this  subject  and  »onic  other  pertinent  references  are  listed  as  18  to  21.  The  amount  of  drag  reduction 
that  can  be  achieved  depends  on  the  wing  planform.  for  delta  wings  with  supersonic  leading  edges  Germain1*  lias 
shown  that  the  reduction  is  greatest  (about  11%)  when  the  edge  is  nearly  sonic,  and  decreases  to  zero  as  the  aspect 
ratio  increases  toward  infinity.  Cohen50  has  studied  the  shapes  of  such  optimum  wings,  insofar  as  they  can  be 
approximated  by  double  power  series.  Some  indication  of  the  accuracy  of  this  representation  is  that  when  the 
leading  edge  is  sonic,  six  terms  of  the  series  can  represent  a  wing  whose  drag  is  8.9%  less  than  the  fiat  plate,  and 
ten  terms  are  enough  to  reduce  the  drag  by  9.6%.  The  shape  of  the  optimum  surface  derived  from  a  six-term 
representation  of  a  wing  whose  sweep  angle  X  is  given  by  cot  X  =  1.2/0  is  shown  ir.  Figure  12. 

This  figure  reveals  the  mechanism  by  which  the  drag  reduction  takes  place.  The  incidence  is  highest  along  the 
centerline,  and  progressively  “washed-out”  toward  the  tips.  High  pressures  are  generated  in  the  central  region,  but 
spread  out  to  the  tip  region  where  the  small  surface  inclinations  allow  them  to  contribute  effectively  to  the  lift 
without  adding  greatly  to  the  drag.  This  is  the  typical  mechanism  of  favourable  interference,  and  one  whu  h  we  must 
expect  to  find  at  work  in  the  higher  speed  ranges  also. 

Attempts  to  exploit  the  concept  of  favourable  interference  have  led  to  the  study  of  many  configurations.  Some 
of  these  are  distinctly  unorthodox,  like  the  famous  Busemann  biplane55,  or  the  half-ring  wing51'54,  and  our  main 
theme.  From  a  practical  point  of  view,  attempts  to  exploit  the  inter-action  between  a  wing  and  a  central  fuselage 
are  more  attractive.  The  properties  of  interfering  systems  are  most  easily  studied  using  linear  theory  (for  example, 
see  Reference  25).  Reliable  calculations  of  non-linear  interference  effects  on  realistic  shapes  are  at  present  beyond 
us,  but  some  indication  of  the  way  that  interference  effects  change  with  flow  Math  number  can  be  got  from  studying 
certain  artificial  configurations,  which  accordingly  1  make  no  apology  for  considering  next. 

Consider  (Fig,  13a)  a  flat  plate  01  unlimited  extent,  aligned  parallel  with  a  uniform  supersonic  stream.  Let  there 
be  a  wedge,  with  its  apex  pointing  into  the  stream,  projecting  vertically  from  the  plate.  Initially,  we  suppose  this 
wedge  to  be  of  infinite  height.  According  to  linear  theory,  the  plate  experiences  a  uniform  pressure,  due  to  the 
wedge,  over  a  region  bounded  b"  two  parallel  lines  swept  at  the  Mach  angle.  Now.  let  the  projecting  wedge  be  cut 
off  at  a  finite  height,  so  that  its  leading  edge  terminates  at  the  point  A  (Fig.  13b).  The  Mach  cone  from  A  intersects 
the  plate  in  a  hyperbola,  asymptotic  to  the  leading  rays  of  the  interference  pressure  region.  The  area  between  this 
hyperbola  and  these  lays,  is  unaffected  by  removal  of  the  outer  part  of  the  wedge,  and  continues  to  experience  a 
uniform  pressure.  Moreover,  it  still  does  so  if  the  whole  of  the  rest  of  the  plate  is  removed,  and  a!!  the  wedge 
beyond  the  Mach  line  AE.  We  arc  left  with  a  configuration  which  is  a  sort  of  rudimentary  wing-body  combination. 

All  of  its  drag  derives  from  a  uniform  pressure  acting  on  the  wedge,  and  all  of  its  lift  from  the  same  pressure  acting 
on  the  “wing”.  Sine,  the  area  of  the  wing  is  in  principle  unlimited,  there  are  seemingly  no  theoretical  bounds  on 
the  lift-drag  ratios  that  can  be  obtained  in  this  way. 
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Theoretical  limits  on  the  efficiency  of  such  an  arrangement  can  or.iy  be  di.-i.overed  by  considering  the  non-linear 
features  of  the  flow.  Taking  these  into  account,  we  observe  that  the  front  of  the  interference  region  would  resily  be 
an  oblique  shock  wave,  and  the  rear  boundary  a  Mach  cone  of  the  (low  behind  the  shock  W3ve.  The  two  boundaries 
would  always  therefore  intersect  at  a  finite  distance,  and  the  lift-drag  ratios  are  therefor'  restricted. 

The  performance  of  such  a  configuration  is  easily  calculated  from  exact  shock  wave  theory,  end  finding  its  optimum 
’orm  can  be  reduced  to  a  purely  geometrical  problem56.  One  wishes,  in  fad,  to  draw  trailing  edges  on  the  wedge  and 
on  the  plate  which  terminate  the  configuration  in  such  a  way  that  the  ratio  of  wing  area  to  body  area  i«  maximised, 
and  no  pair  of  points  on  either  trailing  edge  are  joined  by  a  line  making  less  than  the  Mach  angle  with  the  local  fiow 
This  problem  is  solved  in  Reference  26,  if  the  Mach  cone  from  A  intersects  the  wing  leading  edge  at  Y,  then  the 
Mach  plane  through  the  straight  line  AT  intersects  the  wing  and  the  wedge  along  the  optimum  trailing  edge.  It  is 
then  shown  that  the  results  of  exact  calculations  on  configurations  designed  in  lhis  way  collapse  onto  a  single  dia¬ 
gram  (Fig.  145,  where  the  vertical  scale  is  the  reciprocal  of  the  “induced  drag  factor”,  and  the  horizontal  scale  a 
similarity  variable  deduced  from  a  smail  disturbance  analysis.  The  performances  of  optimised  interference  '■cn.igi.ra- 
tions  cluster  very  closely  about  a  single  curve,  and  the  performances  of  plane  (two-dimensional)  wedges  lie  within  a 
narrow  fan.  Over  the  range  of  Mach  numbers  considered,  the  interference  configuration  turns  out  to  be  better 
provided 
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In  Figure  15  this  criterion  is  used  to  illustrate  those  combinations  of  Mach  number  and  lift  coefficient  for  which 
one  or  other  method  for  generating  lift  is  preferable.  From  this  we  may  conclude  that  pure  aerodynamic  interference 
is  most  suited  to  flight  conditions  which  create  relatively  weak  disturbances. 

In  Reference  27,  however.  Pike  has  extended  this  analysis  to  show  that  for  any  combination  of  Mach  number 
and  lift  coefficient,  interference  effects  can  always  be  ir.  crporated  to  improve  lift-drag  ratios  beyond  the  wedge  value. 
His  demonstration  utilises  a  generalisation  of  the  simple  ester  wing.  In  the  usual  way  (Fig.  16)  we  draw  a  stream 
surface  behind  a  plane  shock  wave  retaining  for  simplicity  tS.  customary  V-shaped  leading  edge.  V'e  may  terminate 
the  wing  by  any  trailing  edge  that  is  not  subsonic.  Suppose  tb«t  thia  edge  i.->  not  now  symmetrical  about  the  ridge 
line,  and  consider  the  forces  which  will  act  on  the  wing.  The  pressure  is  constant  over  the  surface,  and  so  there  will 
be  a  lift  proportional  to  the  vortical  projected  area,  a  drag  proportional  to  the  streamwise  projected  area,  and  a  side- 
force  proportional  to  the  net  area  in  side  view.  The  lift  coefficient  (based  on  planform  area)  and  lift-drag  ratio  will 
be  the  same  as  those  of  the  two-dimensional  wedge  from  which  the  shape  is  derived. 

Now  let  the  configuration  be  rotated  about  the  free  stream  vector.  Nothing  will  happen  to  alter  the  forces, 
except  as  regards  to  the  direction  in  which  they  act.  The  f’rag  force  is  completely  unaltered,  but  the  forces  which 
we  previously  described  as  “lift"  and  “sideforce"  wili  rot.  .  with  the  configuration,  as  will  their  resultant.  which  we 
will  describe  as  the  "transverse  force".  If  we  wish  to  obtain  the  maximum  vertical  force,  we  must  rotate  the  con¬ 
figuration  un«il  the  transverse  force  is  vertical.  In  doing  so,  wc  do  not  alter  the  lift  coefficient,  because  the  surface 
is  always  act  d  on  by  the  same  constant  pressure,  neither  do  we  alter  the  drag  force,  but  wc  do  increase  the  lift 
force,  and  her.ce  the  lift-drag  ratio.  As  in  the  proious  paper  the  maximisation  of  the  effect  involves  only  geometrical 
considerations,  The  ratio  of  the  areas  of  rite  two  wing  facets  must  be  as  great  as  possible,  subject  to  the  constraint 
that  the  trailing  edge  is  fully  supersonic.  Again  the  optimum  trailing  edge  turns  out  to  lie  on  a  V.ach  plane. 

Pike57  has  calculated  the  maximum  percentage  improvement  for  various  Mach  numbers  and  lift  coefticients,  and 
finds  that  it  depends  only  on  the  similarity  variable  encountered  previously  (Fig.  17).  The  maximum  im¬ 

provements  arc  stPKing,  and  the  shapes  can  be  made  a  little  more  realistic  by  combining  them  in  pairs,  as  shown  in 
Figure  1 5.  Of  course,  they  arc  still  very  far  from  being  “aircraft  shapes"  but  they  do  provide  the  only  demonstration 
l  know  that  the  two-dimensional  wedge  is  not  an  optimum  lifting  surface  under  any  combination  of  lift  coefficient 
and  Mach  number. 


Both  of  these  last  two  configutations  feature  highly  swept  trailing  edges,  and  in  both  cases  the  trailing  edge  must 
be  swept  before  any  advantage  in  performance  is  achieved.  It  has  been  known  for  s  long  time  that  sweeping  the 
trailing  edge  of  a  plane  delta  wing  (converting  it  to  an  "arrow  wing")  is  a  simple  way  to  improve  its  performance. 
Some  calculations  using  linear  theory  taken  from  Reference  28  are  shown  in  Figure  19.  It  remains  unclear  just  how 
much  the  efficiency  of  Pike's  wings  is  due  to  "favourable  interference"  and  how  much  to  "planform  effect".  The 
two  effects  are  m  any  case  intecrelated.  If  we  concentrate  the  volume  of  a  configuration  toward  the  middle  in  the 
hope  that  it  wtii  have  a  favourable  effect  on  the  outboard  regions,  it  would  seem  necessary  to  make  these  outboard 
regions  as  extensive  as  possible. 

However,  these  highly  swept  configurations  do  suffer  from  practical  disadvantages  over  and  above  their  evident 
structural  defects.  Amongst  other  things  the  low  speed  aerodynamics  is  complicated  by  undesirable  behaviour  of 
the  separated  upper-surface  vortices  as  they  pass  over  the  swept  trailing  edge5’. 

Experimental  tests  of  shapes  incorporating  interference  concepts  have  often  been  disappointing.  Simple  configur¬ 
ations  consisting  of  half-cones  placed  underneath  fiat  delta  wings  were  first  suggested  by  Eggers  and  Syvcrtson59  (see 
Fig.  2)  and  have  been  the  subject  of  extensive  experimental  study  in  the  USA.  A  very  simple  criterion  for  determining 
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t.  ;  effectiveness  of  the  interference  concept  is  to  compere  the  set  of  performance  achieved  by  this  design  with  the 
performance  obtained  by  turning  it  upside  down.  Such  a  comparison,  due  to  Becker50 and  typical  '  others,  is  shown 
in  Figure  21.  The  fact  that  the  configurations  actually  work  better  upside  down  at  higher  Much  numbers  is  surprising 
at  first  sight,  but  a  number  of  reasons  for  it  can  be  found.  Becker  attributes  part  of  tht  decline  in  interference  benefits 
to  the  increasing  effects  of  viscous  interaction.,  as  Mach  nuinbei  rises,  and  also  uses  this  to  explain  the-  discrepancies 
between  results  at  identical  Mach  numbers.  However,  the  downward  trend  of  this  graph  with  increasing  Mach  number 
couid  be  explained  without  reference  to  viscosity.  !n  the  idealised  slucies  we  have  seen  that  the  benefits  of  inter¬ 
ference  fall  off  anyway  with  increasing  Mach  number,  becaust  of  .lie  smaller  areas  available  for  the  induced  overpressures 
to  act  on.  Moreover,  we  can  reasonably  assume  that  at  very  high  Mach  numbers  the  predictions  of  Newtonian  theory 
become  more  nearly  correct,  and  the  optimum  surface  becomes  more  closely  a  flat  plate. 


Therefore  we  may  expect  that  the  amount  of  interference  lift  that  one  should  optimally  include  in  a  design  will 
be  a  quite  strong  function  of  Mach  number.  It  seems  very  likely  that  in  the  half-cone  +  delta  design  the  amount  of 
interference  employed  is  appropriate  at  lower  speeds,  but  somewhat  overdone  at  very  high  speeds. 


We  have  already  noted  that  the  favourable  effect  of  cambering  a  delta  wing  can  be  regarded  as  a  kind  of  inter¬ 
ference.  and  we  cm  well  suppose  that  these  benefits  aLo  decline  with  increasing  Mach  number.  The  maximum  re¬ 
duction  in  induced  drag  factor  was,  we  saw,  1 1"  according  to  linear  theory,  on  a  source-leading-edge  delta,  and  less 
at  higher  aspect  ratios.  It  seems  safe  to  assume  that  the  greatest  reduction  is  associated  with  the  lowest  aspect  ratio 
because  a  given  high  mcider.ee  t.-gion  (say,  at  the  apex)  has  then  the  chance  to  influence  the  greatest  fraction  of  the 
lota  wmg  area.  Thus,  if  the  overall  properties  of  an  aircraft  are  fixed  by,  say,  low  speed  handling  criteria,  the  faster 
wc  try  to  fly  it,  the  less  chan*  e  interference  effects,  including  camber,  have  to  enhance  the  performance. 


However,  we  are  not  as  yet  in  a  position  to  answer  the  question,  at  what  combination  of  Mach  number  and  lift 
do  the  benefits  to  be  derived  tr..m  camber  become  negligible?  The  question  can  only  be  answered  with  real  confi¬ 
dence  after  tackling  optimisation  problems  almost  having  the  full  complexity  of  the  one  I  began  this  lecture  by- 
describing.  but  useful,  even  if  tentative,  answers  can  be  given  by  studying  the  "wav-cridcrs"  to  which  I  shall  refer  in 
a  later  lecture. 


So  far  I  have  been  dealing  with  the  optimisation  of  designs  where  only  the  lift  coefficient  was  givei  in  advance 
1  want  to  go  on  now  to  discuss  the  problem  where  volume  is  also  prescribed. 


A  very  simple  example  illustrating  some  features  of  the  problem  can  again  be  taken  from  the  iwc-dimensional 
case  (when  we  must  consider  wings  of  fixed  prefile  area).  1  or  additional  simplicity  we  can  consider  or.ly  wings  with 
sireamwiss  upper  surfaces  (Fig.22)  and  we  shall  neglect  base  drag. 


We  will  suppose  that  the  pressure  lew  has  the  form 

C  =  C  ^  +  C  f-y)2 
CP  Cl  dx  CMdxj  • 

which  includes  as  special  cases: 

(a)  Linear  theory 

C,  =  2/(3.  Cs  =  0  . 


(2.19) 


(b)  Busemann’s  second-order  theory 


C,  =  2/(3.  C,  = 


(M3  -  2)2  +  7M4 


2P4 


tc)  Newtonian  theory  for  slender  bodies 

C,  =  0,  Cj  =  2  . 

Then,  for  a  wing  having  fixed  (unit)  chord,  we  can  write 


CL  =  £  C.y’  +  C^y'3  dx 
CD  =  f’c.y'1  +  C:  y'3  dx 


*0 


and  (sec  Figure  22) 


A  =  [  ( !  —  x)y'  dx  . 

*n 


To  find  the  minimum  value  o*'CD  with  C(  and  A  gj^en.  is  equivalent  4  to  minimising  the  integral 


i’Fdx- 

where 

F  =  C,  yn  +  C, y'3  +  X, (C,  y’  -f  C, y*2)  +  X, ( 1  -  x)y' 
a 'd  )  X;  are  Lagrange  multipliers.  The  Euler  equation  saiisfied  by  the  optimum  contour  is  in  this  case 

3F 

—•  =  constant 

3y 

anti  the  transversably  condition,  appiieJ  a?  x  -  ! ,  shows  this  constant  to  be  aero.  Therefore  the  contour  is  described 
by  the  differentia!  equation 


2C,v'  t-  3CS y'5  +  \,(r,  +  2C:v')  +  X,(l  -  x)  «  0.  (2.20) 

In  the  special  case  of  linear  theory  (Cj  =  0)  Equation  (2.20)  reduces  to 
C,y'  +  X,C.  +  Xj(l  -  x)  =  0  , 

which  integrates  to  give 

y  =  -X, x  +  —■  {(1  —  x)J  -  i)  .  (2.2!) 

i 

That  is,  the  optimum  contour  is  parabolic,  with  X,  and  X5  determined  by  the  required  values  of  C  L  and  V. 

To  see  how  this  works  out  in  terms  of  actual  shapes,  we  can  note  that 

yd)  =  j‘  y'dx  «  ^ , 

Jp  C, 

i.c.,  all  wings  having  a  given  CL  pass  through  the  same  point  in  the  base  plane.  Of  these,  wc  already  know  that  the 
one.  with  the  least  drag  of  ail  is  the  wedge  (see  Figure  23).  Let  the  area  of  that  wedge  =  $y(l)  -  A*.  Suppose  we 
acvually  need  A  >  A*.  Then  we  can  see  that  the  best  way  of  adding  the  extra  area  is  by  means  of  a  corntr  para¬ 
bolic  curve.  Suppose  on  the  other  hand  that  our  requirements  for  A  were  not  as  great  as  A*.  The  best  policy  then 
would  be  to  use  the  wedge  section,  since  tins  has  less  drag  than  any  Other,  and  also  offers  without  penalty  a  bonus 
volume  over  and  above  our  needs. 

The  same  general  conclusions  hold  when  the  case  0  is  vonsidcred,  all  that  happens  is  that  the  detailed  shape 
of  the  section  is  altered.  The  shapes  can  still  be  found  analytically,  because  Equation  (2.20)  can  be  solved  for  y'  to 
give  something  of  the  form 

y'  -  a  +  (b  —  cx)1'3 

and  thus 

i 

y  =  ax  —  =  (b  —  cx)3/s  .  (2.22) 

where  a,  b,  c  depend  rather  cumbrously  on  C,,  C}  and  the  prescribed  values  of  Cpand  A.  Generally,  the  effect  of 
adding  the  non-linear  term  is  to  concentrate  the  volume  farther  aft. 

To  treat  even  the  two-dimensional  problem  with  an/  greater  accuracy  than  this  would  be  a  formidable  task.  It 
is  unlikely  that  ar.y  approximations  can  be  used  in  the  way  that  Pike  treated  the  volume-free  problem  described 
earlier,  because  the  optimum  shape  will  generahy  not  now  be  close  to  any  simple  shape  like  a  wedge.  Bartlett31  has 
computed  the  optimum  proportions  of  double  wedges  (see  Figure  24)  and  found  (hem  to  be  convex  in  all  cases 
considered. 

5f  we  go  on  to  consider  lifting  three-dimensional  wings  with  a  volume  constraint  wc  find,  so  far  as  I  know,  no 
published  work  based  on  anything  except  Newtonian  theory,  the  most  comprehensive  treatment  being  that  of 
Maikapor31.  He  considers  three-dimensional  wings  (Fig.25)  whose  lower  surfaces  are  defined  by 


Ml 


and  whose  upper  si.  faces  are  defined  by 

i.  =  Zj(x.y) . 

The  wing  has  a  completely  free  plauform  area,  and  is  subject  to  a  given  friction  coefficient.  The  pressure  is 
assfr  d  to  be  given  by 


C 


P 


The  wing  is  sought  which  has  the  greatesi  lift, drag  ratio  of  any  v  .ng  enclosing  a  given  volume.  Thus  the  lift 
coefficient  cannot  be  fixed  in  advance,  but  emerges  as  part  of  the  problem  solution. 

Maikapor  fuds  that  the  best  wings  are  symmetrical  about  an  incidence  plane,  and  that  the  upper  surface  is  always 
streamwise  at  the  trailing  edge.  The  actual  profile  shapes  are  3,’2  power  iaw,  of  the  same  form  as  Equation  (2.22).  it 
is  interesting  to  note  that  the  same  airfon  profile  also  turns  up  in  the  solution  to  the  slender,  three-dimensional  non 
lifting  wing  6  .  Maikapor32  also  g.»es  two  extreme  profile  shapes,  between  which  the  optimum  profiles  always  lie 
(Fig.26).  He  does  not.  however,  consider  the  optimum  shape  of  the  planform.  All  his  results  are  true  for  any  chosen 
shape,  but  do  not  give  rise  to  the  same  performance  in  each  case. 

1  know  of  no  work  in  which  lifting  three-dimensional  wings  arc  optimised  within  more  complex  constraints. 
Evidently  many  more  constraints  would  be  necessary  to  appuximate  all  the  considerations  that  an  aircraft  designer 
musv  take  into  account,  but  as  I  said  earlier,  it  is  questionable  to  what  extent  the  full  design  process  could  ever  come 
under  the  province  of  optimisation  theory  rather  tlu.n  empirical  judgement.  Of  ihe  constraints  which  I  have  not  dis¬ 
cussed.  probably  the  most  important  is  centre  oi  pressure  position.  This  mus»  be  made  to  coincide  wii,i  the  centre 
of  gravity,  if  the  aircraft  is  to  be  trimmed  for  level  flight,  and  the  centre  of  gravity  is,  within  limits,  fixed.  An  alternative 
attitude,  however,  is  to  optimize  the  aircraft  design  on  other  grounds,  ar.d  then  to  ask  whether,  with  the  centre  of 
pressure  in  the  resulting  position,  the  internal  design  of  the  aircrait  can  be  juggled  so  as  to  make  the  centre  of 
gravity  match  up. 

In  this  lecture  I  have  tried  to  give  an  outline  of  the  ways  m  which,  at  the  present  moment,  optimisation  theory 
can  help  to  define  shapes  for  hypersonic  transport  vehicles.  To  date,  it  has  only  been  possible  to  apply  the  theory 
using  rather  simple  aerodynamics,  such  as  linear  or  Newtonian  theories,  ai  any  rate  on  the  three-dimensional  case 
Nevertheless,  a  consistent  picture  begins  to  emerge  of  wild  a  good  integrated  aircraft  shape  should  look  like. 
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Fig.  19  Performance  of  arrowhead  wings,  according  to  linear  theory 
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All  the  methods  we  have  available  at  the  present  time  for  predicting  directly  the  hypersonic  behaviour  of  a 
given  shape  are  approximate  to  an  extent  that  precludes  full  confidence  in  the  deductions  we  can  make  from  them. 
It  is  useful  therefore  to  have  available  for  comparison  more  accurate  solutions  even  if  these  are  of  the  inverse  kind, 
where  wing  shapes  cannot  be  arbitrarily  chosen  in  advance.  Solutions  whose  accuracy  is  limited  only  by  the  need 
to  assume  a  perfect  gas  can  be  obtained  by  tracing  wing-like  streamsurfaces  in  calculated  flow  patterns  which  have 
some  simplifying  feature,  for  example,  they  may  be  two-dimensional  or  axisymmetric.  Because  it  is  not  the  shape 
of  the  wing  which  in  this  process  is  chosen  in  advance,  but  rather  the  wave  formation,  they  have  come  to  be 
known  as  “waveriders"  and  it  is  in  this  sense  that  I  shall  use  that  term. 

It  is  useful  to  list  what  we  may  hope  to  achieve  by  studying  waveriders. 

1.  We  can  use  them,  instead  of  expensive  experimental  data,  to  check  the  accuracy  of  approximate 
prediction  methods. 

2.  We  can  study  systematic  families  of  shapes  and  draw  general  conclusions  as  to  the  effects  of  aspect 
ratio,  contained  volume,  distribution  of  volume,  etc.,  on  performance  characteristics. 

3.  We  can  establish  levels  of  performance  which  will  serve  as  criteria  by  which  to  judge  the  excellence 
of  designs  achieved  by  other  methods. 

4.  Although  the  flow  about  a  waverider  in  its  design  condition  has  a  deceptive  simplicity,  the  flow  in 
conditions  just  slightly  “off-design'’  may  provide  a  point  of  entry  for  the  study  of  more  general  and 
more  complex  flows  about  wing-like  shapes. 


When  using  this  approach  to  consider  any  of  these  four  items,  we  must  constantly  keep  in  mind  two  reser¬ 
vations.  First,  that  the  shapes  we  consider,  although  varied,  are  still  in  some  sense  sptcial,  so  that  the  conclusions 
we  draw  may  only  have  a  restricted  validity.  Second,  that  the  value  of  the  study  w.ll  increase  insofar  as  we  are 
able  to  make  the  waverider  shapes  share  the  qualitative  features  of  practical  aircraft  designs. 


We  shall  begin,  then,  by  considering  some  very  simple  waveriders,  and  the  extent  to  which  their  shapes  may  or 
may  not  be  manipulated.  The  simplest  waverider  is  the  caret  wing  1  >J .  This  is  designed  by  starting  with  the  flow 
past  a  two-dimensional  wedge.  The  flow  pattern  associated  with  the  wedge  is,  of  course,  a  plane  shockwave  followed 
by  uniform  flow  parallel  to  the  wedge  surface  (Fig. la).  We  shall  perform  a  simple  thought-experiment  on  this  flow. 
In  imagination,  we  draw  a  pair  of  intersecting  straight  lines  lying  in  the  plane  of  the  shock,  and  visualise  the  stream- 
surface  which  stems  from  them.  It  consists  of  a  pair  of  intersecting  planes  (Fig. lb).  Suppose  now  that  we  construct 
a  very  thin  sheet  of  stiff  material,  having  exactly  the  shape  of  this  surface,  and  suppose  that  we  introduce  it  care¬ 
fully  into  the  flow  field,  from  behind  the  shockwave,  aligning  it  exactly  with  the  flow  direction.  In  a  frictionless 
fluid  we  can  do  this  without  causing  any  fl  iw  disturbance,  provided  the  sheet  does  not  protrude  through  the  shock 
surface.  If  the  sheet  is  positioned  so  that  its  leading  edge  lies  exactly  in  the  shock  surface,  we  can  divide  the  flow 
into  three  regions  (Fig. lb),  region  I  being  the  undisturbed  stream.  Now  it  may  be  noted  that  there  is  no  path  by 
which  an  acoustic  signal  can  pass  from  region  II  to  region  III.  A  strongly  compressive  signal  might  pass  if  it  were 
strong  enough  to  deform  the  shock  wave  outward  from  the  leading  edge  of  the  sheet,  but  an  expansion  wave  cannot 
make  the  journey  in  any  circumstances.  Suppose  now  that  the  wedge  with  which  we  began  is  slowly  worn  away  and 
disappears.  In  the  process,  the  part  of  the  shock  wave  separating  regions  I  and  II  will  weaken  and  vanish,  but  no 
news  of  the  event  can  reach  region  III,  so  that  the  original  flow  pattern  persists  there  unaltered. 


In  the  above  argument  I  have  tacitly  assumed  that  the  flow  pattern  extends  to  infinity  downstream,  but  it  can 
be  made  to  ’oply  vqually  well  to  finite  systems  if  the  sheet  is  supposed  to  terminate  in  a  trailing  edge  that  is  every¬ 
where  supersonic  with  respect  to  the  flow  behind  the  shock  wave.  Then  we  define  regions  1,  II,  and  III  with  similar 
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properties  to  the  above  except  that  now  region  ill  is  bounded  by  (Fig.  He)) 


(a)  the  shock  wave 

(b)  the  stream  surface 


(c)  the  downstream  Mach  envelope  from  the  trailing  edge. 

We  must  note  that  this  extension  is  not  valid  if  the  shock  wave  is  so  strong  as  to  cause  subsonic  flow  to 
exist,  for  then  there  is  no  surface  (c). 


By  such  an  argument  we  convince  ourselves  that  a  flow  pattern  consisting  of  a  plane  shock  wave  followed  by 
a  parallel  flow  can  exist  on  the  thin  sheet,  if  it  is  placed  in  isolation  in  a  uniform  stream  of  the  right  Mach 
number  (Fig. Id).  The  basic  waverider  hypothesis  is  that  this  flow  pattern  is  the  unique  solution  for  this  shape 
under  design  conditions  of  Mach  number  and  incidence.  This  is  a  very  reasonable  hypothesis  and  wdl  supported 
by  all  the  experimental  evidence,  but  it  is  not  entirely  beyond  question,  as  we  shall  see  later  on. 

For  the  mon.ent,  however,  we  put  on  one  side  the  difficult  question  of  uniqueness,  and  accept  the  thought- 
experiment  a;  satisfactory.  The  surface  which  we  have  designed  bears  some  resemblance  to  a  rudimentary  wing. 
Being  infinitely  thin  it  is  not  very  practical,  but  we  can  remedy  this  by  adding  materia!  or.  the  upper  surface,  so 
long  as  we  do  not  add  so  much  that  we  detach  the  shock  wave,  and  spoil  the  designed  flow.  If  we  wish  to  have  a 
known  flow  everywhere,  we  can  most  easily  achieve  this  by  making  the  upper  surface  parallel  to  the  free  stream. 
The  result  is  the  simple  “caret  wing”  which  has  been  the  subject  of  many  experimental  studies3"7' 17 .  We  shall 
now  consider,  in  increasing  order  of  complexity,  some  possible  variants  on  the  theme. 

The  simplest  thing  to  vary  is  planform  shape.  Instead  of  drawing  simply  a  pair  of  straight  lines  or  the  shock 
surface  and  taking  these  to  represent  the  leading  edge,  we  could  choose  a  quite  arbitrary  curve,  whose  vertical 
projection  wouid  become  the  planform  of  the  wing. 

All  wings  so  designed  support  the  same  constant  pressure,  and  therefore  have  the  same  lift  coefficient  based 
on  planform  area.  Moreover,  they  all  have  the  same  lift-drag  ratio,  which  is  the  cotangent  of  the  angle  of  the  wedge, 
and  the  centre  of  pressure  always  coincides  with  the  centre  of  area. 


There  seems  no  reason  of  principle  why  the  shape  of  the  curve  should  be  restricted  in  any  way.  The  thought- 
experiment  described  above  seems  equally  valid  however  irregular  the  curve  may  be.  whether  it  is  topologically 
open  or  closed  or  even  reentrant,  but  of  course  the  wing  designer  is  only  interested  in  shapes  which  are.  in  some 
sense,  “natural".  However  the  fundamental  condition  that  the  leading  edge  shall  lie  in  the  plane  of  the  shock  wave 
is  rather  restrictive.  The  slope  of  this  plane  is  fixed  by  the  basic  design  requirements  of  Mach  number  and  lift 
coefficient,  according  to  the  formula 

.  •  .  2Cl 

sin  0  - , ,  ■  n  n 

a.  1 1  v  1  > 


(7  +  1 ) 


Any  curve  drawn  in  this  plane  has  a  similar  appearance  whether  viewed  from  in  front  or  on  top  (Fig. 2)  the 
two  projections  being  affine  transformations  of  each  other.  In  aerodynamic  parlance  this  means  that  if  part  of  the 
leading  edge  is  highly  swept,  it  must  also  be  very  anhedralLJ  and  if  the  wing  has  overall  a  low  aspect  ratio  it  must 
also  have  strong  anhedral.  and  hence  a  large  ratio  of  wetted  area  to  planform  area,  and  therefore,  also  a  large 
friction  drag.  For  simple  wings  of  this  type  there  u  then  of  necessity  a  relationship  between  aspect  ratio  and  fnction 
drag.  This  puts  '  .em  at  a  disadvantage  compared  with  less  special  shapes  if  th  re  is  a  design  requirement  for  either 

(a)  low  cruise  Mach  number 

(b)  high  iift  coefficient 

(c)  or  relatively  low  aspect  ratio. 


In  particular,  it  appears  .hat  caret  wings  are  much  less  efficient  than  slender  wings  over  the  Mach  number 
range  three  to  five  where  both  might  be  considered.  However,  this  disadvantage  is  typical  of  caret  wings  only,  and 
not  of  waveriders  as  a  class,  as  we  shall  see. 


Summarising  jo  far.  we  have  seen  that  when  designing  waveriders  using  the  flow  past  a  two-dimensional  wedge, 
we  have  an  unlimited  choice  of  planform  area,  but  little  opportunity  to  utilise  this  choice  advantageously. 

The  next  idea  we  might  try  is  to  alter  the  details  of  the  flow  field.  Let  us  suppose  that  instead  of  a  plane 
wedge  we  begin  with  some  other  two-dimensional  shape.  Again  this  can  in  principle  be  a«  general  as  we  please 
but  there  is  probably  little  point  in  studying  shapes  which  are  anything  other  than  simple  and  smooth.  For 
example,  we  can  choose  to  start  with  the  flow  over  a  smooth  convex  wedge  (Fig.3).  Such  flows  can  be  calculated 
by  the  method  of  characteristics8  ,  and  generally  the  streamline  curvature  will  be  in  the  same  sense  as  that  of  the 
body,  so  that  any  waverider  shapes  that  we  develop  will  also  be  convex  (Fig.4). 
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This  is  a  very  useful  degree  of  freedom.  Disadvantages  of  the  caret  wing  are  that  its  lift  and  volume  are  both 
centred  too  far  aft  to  be  representative  of  practical  designs,  but  this  change  remedies  both  defects  simultaneously. 
Moreover,  the  lift/drag  ratio  of  the  shapes  is  no  longer  a  .^action  of  design  Mach  number  and  lift  coefficient  alore, 
we  can  in  principle  easily  investigate  a  family  of  shapes  to  find  what  sort  of  effects  a  redistribution  of  volume,  say, 
has  on  performance.  One  way  of  doing  this  is  to  fix  a  planform  shape  and  vary  the  shape  of  the  two-dimensional 
body  that  generates  the  flow  field. 

Pike  9  has  done  this  for  waveriders  of  delta  planform  and  given  hit  coefficient.  He  employs  a  similar  theory 
to  that  described  in  Lecture  2  for  calculation  of  the  flow  field.  That  is,  the  generating  body  is  supposed  to  be 
nearly  a  plane  wedge,  the  departures  from  this  wedge  being  of  order  6  .  Disturbances  reflected  from  the  shock 
wave  are  supposed  to  be  attenuated  by  a  factor  X  ,  ana  terms  of  order  6  ,  X6  ,  and  6J  are  accounted  for  in  the 
pressure  distribution.  He  finds,  as  one  might  expect,  that  the  optimum  generating  body  is  very  close  to  a  wedge, 
consisting  of  two  nearly  collinear  straight  sections  joined  by  a  curved  mid-section.  The  optimum  waverider  derivable 
from  two-dimensional  flow  fields  is  therefore  very  close  to  a  caret  wing. 

If  the  shape  is  also  required  to  enclose  a  given  volume  (assuming  always  the  same  upper  surface  shape)  the 
problem  is  more  complex,  and  not  easy  to  treat  by  any  realistic  non-linear  thtory.  In  unpublished  work,  Pike  has 
simplified  the  problem  by  considering  linearized  flow  fields,  and  finds  that,  for  wings  of  delta  planform,  the 
optimum  generating  body  has  a  quadratic  representation 

y(x)  =  axJ  +  bx  +  c  ,  (3.2) 

where  the  constants  depend  on  the  free  stream  conditions,  the  cons. rained  values  of  lift  and  volume,  and  on  the 
aspect  ratio.  Given  reasonably  “practical"  values  of  these  quantities,  the  shapes  turn  out  to  be  convex.  Fortunately 
therefore,  we  find  all  our  requirements  tending  in  the  same  direction. 

Nevertheless,  these  waveriders  based  on  two-dimensional  flows  do  still  suffer  from  the  basic  disadvantage  that 
the  leading  edges  must  lie  very  close  to  ihc  plane  defined  by  Eqn  (3.1 ).  Under  many  circumstances  they  will  be  very 
anhedralled,  and  so  be  subject  to  large  skin  friction  drags.  If  we  are  to  pursue  our  ambition  of  finding  configuration 
shapes  that  are  both  “good”  and  “realistic”,  we  shall  need  to  use  more  general  flow  fields. 

The  first  step  in  this  direction  was  taken  by  Janes10,  who  obtained  more  realistic  shapes  by  starting  from  the 
flow  past  an  unyawed  cone  (Fig.5).  This  at  once  produces  a  very  useful  change  in  the  geometry.  Suppose  that  we 
chocse  our  waverider  surface  (Fig.6)  by  taking  as  ou;  leading  edge  the  intersection  of  the  conical  shock  wave  with 
a  plane  surface.  The  leading  edge  will  then  be  a  hyperbola  lying  in  that  plane,  and  the  shock  w.ive  will  curve  well 
outside  the  plane,  as  it  does,  e.g.,  on  a  plane  delta  wing.  Waveriders  designed  in  this  way  are  much  flatter,  and 
therefore  have  less  friction  drag,  than  those  designed  from  two-dimensional  flows.  Three  such  shapes  have  been  tested 
experimentally11  to  confirm  this  extension  of  the  design  method. 

These  uses  of  the  simple  cone-flow  do,  however,  carry  their  own  disadvantages.  The  streamlines  of  the  flow  are 
all  concave  with  positive  pressure  gradients  along  them  and  so  any  waverider  surface  we  choose  will  have,  in  even 
more  exaggerated  form,  the  rearward  centres  of  volume  and  pressure  that  were  part  of  our  reason*  for  rejecting  the 
caret  wing.  Therefore,  we  have  to  generalise  yet  again  and  this  time  we  go  to  the  flows  about  arbitrary  bodies  of 
revolution.  Some  details  of  this  extension  are  given  in  Reference  12.  here  I  shall  partly  summarise  that  work,  and 
partly  describe  more  recent  developments. 

To  calculate  the  flow  past  bodies  of  revolution,  we  need  a  computer  programme  based  on  the  method  of 
characteristics  or  an  equivalent.  Such  a  programme  can  be  greatly  simplified  if  the  body  nose  is  initially  a  cone, 
because  tabulated  cone  flow  solutions  can  then  be  used  to  start  the  programme  off.  Otherwise,  if  the  body  is 
initially  curved,  the  programme  must  take  special  measures  to  circumvent  a  singularity  in  the  equations  at  the  apex. 
The  shapes  shown  in  Reference  12  were  vomputed  using  an  existing  flow  fie  id  programme  which  assumed  a  conical 
nose,  but  this  turned  out  to  be  rather  restrictive.  We  wish  in  fact  to  make  the  initial  curvature  of  the  innermost 
streamlines  as  strong  as  possible,  so  as  to  concentrate  the  volume  of  the  resulting  waveriders  in  a  convenient  and 
efficient  way. 

A  fresh  programme  was  therefore  written,  but  so  a*  not  to  be  troubled  by  the  singularity  on  the  axis  (which, 
after  all,  we  do  not  need  to  include  in  the  chosen  part  of  the  flow  field)  we  ha.e  considered  axisymmetric  bodies 
with  an  annuLr  hole  (Figs.7-8).  Such  bodies  normally  present  no  special  computational  difficulties.  This  programme 
is  part  of  a  suite  written  by  Moore  and  Pike  at  R.A.E.  Bedford,  which  calculates  axisymmetric  flow  fields,  traces 
the  stream  surfaces  within  them,  and  evaluates  their  performance  when  considered  as  waveriders. 

Typical  results  from  these  programmes  are  shown  in  Figure  9.  A  section  of  the  flow  field  used  is  shown  at  the 
top,  and  then  there  follows  a  three-view  drawing  of  a  waverider  taken  from  it.  The  planform  was  chosen  to  be  a 
delta  of  semi-span  to  length  ratio  0.35.  In  the  side  view  the  leading  edge  is  represented  by  a  solid  curve,  and  the 
centre-line  by  a  dotted  curve.  It  will  be  observed  that  the  wing  lower  surface  is  quite  fiat. 
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At  its  design  Mach  number  of  4.0  the  lift  coefficient  of  the  lower  surface  is  0.05  /1  and  ’he  drag  coefficient 
is  0.00543  if  skin  friction  is  supposed  zero.  The  lift/drag  ratio  is  then  about  10.5.  If  we  assume  that  the  drag 
coefficient  is  increased  due  to  skin  friction  by  an  amoun* 

(lower  surface  wetted  area)  x  Cf 
(planfoim  area) 

then  the  lift/drag  ratio  will  be  reduced  as  shown  in  Figure  9(c).  This  performance  curve  is  very  close  indeed  to 
what  one  gets  from  a  two-dimensional  wedge  producing  the  same  lift  at  *he  same  Mach  number,  and  subject  to 
the  same  Cf .  It  is  rather  better  than  one  could  get  from  a  caret  wing,  and  that  fact,  combined  with  the  more 
plausible  shape  and  convenient  camber  of  the  shape  in  Figure  9,  can  be  taken  as  ju'tify.ng  the  additional  work 
invo'  ed  in  computing  these  generalised  waveriders. 

So  far  no  account  has  been  taken  of  the  possibility  that  the  upper  surface  might  be  anything  but  streamwise. 
It  will  of  course  not  often  be  the  case  that  a  streamwise  upper  surface  is  best.  Broadly  speaking,  it  will  be 
advisable,  whenever  we  require  a  large  lift  coefficient,  to  make  the  upper  surface  also  contribute  to  the  lift.  On 
the  oiher  hand,  if  the  need  is  for  a  large  volume,  we  can  get  some  of  this  by  “building  up”  the  upper  side,  so 
that  it  too  becomes  a  compression  surface. 

In  either  case,  it  is  possible  to  define  the  contours  of  the  upper  surface  also  by  means  of  the  streamline 
tracing  technique,  and  so  preserve  everywhere  the  calculable  nature  of  the  flow.  In  what  follows  I  shall  give  an 
account  of  the  process  to  be  followed  if  an  expansion  flow  is  desired. 

Figure  10  shows  the  simplest  possibility,  as  first  suggested  by  Flower13.  The  flow  field  employed  is  a  simple 
Prandll-Meyer  expansion,  shown  in  perspective  in  Figure  10(a).  Figures  10(b)  and  10(c)  show  how  a  stream  surface 
can  be  taken  from  the  flow.  In  this  case,  if  the  surface  of  Figure  10(c)  were  to  be  placed  in  isolation  in  the 
“design"  stream  conditions,  its  leeward  side  would  experience  simply  the  Prandtl-Meyer  flow  pattern.  T*  e 
geometric  shortcomings  of  this  shape  are,  however,  similar  to  those  of  compression  surfaces  based  on  wedge  flow. 
The  leading  edge  of  the  expansion  surface  must  lie  in  a  Mach  plane,  whose  inclination  is 


M 

•• 

If  the  edge  is  to  be  swept  back,  it  must  also  be  dihedralled  (the  edge  of  a  wedge  flow  wing  had  to  be 
anhedralled)  and  so  again  subject  to  high  friction  losses.  Therefore,  it  seems  again  that  we  have  to  reject  two- 
dimensional  flows  as  a  basis  for  design.  It  should  be  remembered,  though,  that  waverider  shapes  based  on  two- 
dimensional  flow  might  in  some  circumstances  be  fruitful  subjects  for  study.  As  one  example,  they  may  provide 
simple  cases  for  developing  an  understanding  of  shock  wave  behaviour,  we  return  to  this  point  later.  As  another, 
they  may  offer  simple  calculable  environments  in  which  to  study  the  development  of  three-dimensional  boundary 
layers14  . 

However,  returning  to  cur  efforts  to  design  a  suitable  shape  for  the  upper  surface,  we  try  again  to  generalise 
our  approach.  More  general  two-dimensional  flows  will  not  solve  the  problem,  we  turn  therefore  once  more  to 
axisymmetric  flow.  Figure  1 1  shows  the  flow  over  the  tapering  end  of  a  body  of  a  revolution,  whose  ferebody  we 
can  suppose  to  be  semi-infinite  and  parallel.  Stream  surfaces  from  such  a  flow  can  be  found  which  are  relatively 
flat  (Fig. 1 2)  and  can  be  used  in  conjunction  with  designed  lower  surfaces  so  as  to  form  complete  configurations13-15 

The  most  promising  technique,  however,  employs  an  ingenious  idea  due  to  Pike16  (see  Figure  13).  Two 
axisymmetric  expansion  flows  are  supposed  to  be  piaced  side  by  side  in  such  a  way  that  their  Mach  cones  inter 
sect.  For  the  moment,  we  ignore  the  region  of  their  mutual  interaction.  We  draw  a  stream  surface  which  starts 
upstream  ot  the  expansion  regions  and  is  initially  parallel  to  the  main  flow.  As  soon  as  it  enters  either  expansion 
region  it  curves  inward.  We  overcome  the  interaction  of  the  two  fields  by  placing  a  vertical  fin  surface  between 
them.  If  the  overall  geometry  is  correctly  chosen  13 - 16  ,  it  is  possible  to  make  the  sides  of  the  fin  surface  also 
conform  to  stream  surfaces  of  the  two  flows. 

The  particular  advantage  of  this  method  lies  in  the  fact  that  volume  is  selectively  removed  from  the  mid 
senn-span  positions,  and  left  untouched  near  the  centre  (see  Figure  13(b)).  Thus  the  resulting  base  shape  approx¬ 
imates  quite  closely  to  the  shape  shown  as  our  design  aim  in  Figure  8  of  Lecture  1. 

Now  almost  everything  1  have  said  up  to  this  point  has  had  to  do  with  the  geometrical  process,  with  trying 
to  achieve  the  most  general  and  realistic  configurations.  The  problem  of  maximising  performance  is  partially 
treated  in  Lecture  5.  in  addition  to  the  methods  described  there  one  may  also  try  to  apply  the  lessons  learnt  >n 
Lecture  2  (convex  streamlines,  incidence  washed  out  toward  the  tips).  There  remains  the  question  of  the  K  aur 
of  these  shapes  "off-design". 
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If  a  waverider  shape  operates  at  conditions  far  removed  from  its  design  point,  then  it  loses  all  of  its  special 
properties,  and  becomes  f  Mn  the  point  of  view  of  computation  no  different  from  any  arbitrary  sharp  edged 
shape.  But  at  conditions  only  just  removed  from  the  design  point  it  may  be  possible  to  solve  the  flew  by  small 
perturbation  techniques.  One  such  technique  has  been  worked  out  by  Pike,  and  will  be  published  shortly 


The  other  relationship  between  design  and  off-design  co.nd’tions  is  that  we  mast  recover  the  design  solution 
as  a  special  case  of  a  more  general  calculation  procedure.  Let  us  then  tentatively  outline  such  a  procedure  for 
the  shock  attached  case  and  see  whether  it  will  meet  that  basic  test.  We  will  suppose  that  either  some  three- 
otmcnsional  characteristics  technique  or  other  finite  difference  scheme  is  available  to  deal  with  the  main  part  of 
the  disturbed  flow.  On  the  wing  surface  there  will  be  a  boundary  condition  of  tangential  flow,  and  at  the  outer 
edge  of  the  flow  we  shall  have  to  satisfy  the  oblique  shock  relationships.  On  the  line  where  these  two  surfaces 
meet  (i.e.,  the  leading  edge;  we  must  satisfy  both  conditions.  The  free  stream  flow  must  there  be  turned  parallel 
to  the  surface  by  the  attached  shock  wave. 


So  it  would  seem  that  we  can  already  make  n  start  on  the  solution  by  calculating  the  flow  just  at  the  leading 
edge  and  this  should  provide  part  of  the  boundary  conditions  for  the  remaining  calculations.  There  are  various 
ways  of  computing  the  flow  at  a  swept  edge,  the  simplest  and  best  known  being  the  following.  We  consider  a 
region  of  the  leading  edge  which  is  so  small  that  we  can  think  of  it  as  straight,  and  of  the  local  surface  and  shock 
wave  as  planar.  The  problem  then  is  equivalent  to  finding  the  flow  over  a  yawed  wedge  (Fig.  14).  To  do  this,  we 
construct  a  plane  which  is  normal  to  the  leading  edge  and  resolve  the  incident  flow  into  a  component  '  mg  the 
edge,  and  a  component  in  the  plane.  This  latter  component  we  show  as  Mn  .  We  can  argue  that  in  inviscid  flow 
the  other  component  has  no  effect,  since  the  wedge  could  be  translated  parallel  to  itself  without  changing  the 
flow.  The  problem  reduces  therefore  to  solving  for  a  stream  of  Mach  number  Mn  ,  deflected  through  an  angle  5n 


The  angle  0n  ,  which  determines  the  local  position  of  the  shock  wave,  then  follows  from  the  shock  cubic 


a  sin60„  +  b  sir.40n  +  c  sin  l6n  +  d  =  0, 


a  =  M'n 


b  =  M4  {  (7+1)  sin2 6  -  1}  -  2M* 
c  =  { (7+ 1  )3  sir.2  6  }  +  M„  {(7+1)  sin2  8+  2)  +  1 


d  =  -1. 


This  is  just  the  ordinary  two-dimensional  shock  cunic  with  ,  replaced  by  Mn,t>n,6n.  In  general  we 

know  that  there  will  be  either  two,  one  or  no  thermodynamically  permissible  solutions. 


If  there  are  no  solutions  we  must  suppose  that  our  hypothesis  of  an  attached  shock  wave  is  contradicted,  and 
that  the  shock  is  in  fact  detached. 


If  there  is  only  one  solution  then  we  suppose  the  shock  is  about  to  de»ach. 


If  there  are  two  solutions,  we  may,  by  analogy  with  the  two-dimensional  case,  call  them  “weak”  and  “strong” 
or  perhaps  more  precisely,  to  show  how  they  are  derived,  the  "weak  normal”  and  the  "strong  normal”  solutions. 
We  define  the  "weak  normal”  solution  as  the  one  which  lies  closer  to  the  surface,  and  we  may  observe  that  of  the 
two  it  has  the  smaller  pressure  rise  and  causes  the  less  energy  degradation  (entropy  rise).  It  will  be  very  natural  to 
take  this  “weak  normal”  solution  as  our  leading  edge  boundary  condition. 


Unfortunately,  a  very  simple  example  is  enough  to  show  that  there  are  difficulties.  Figure  lo  shows  a  family 
of  caret  wmgs  all  derived  from  the  same  wedge  flow.  The  differ  only  in  aspect  ratio.  Now  as  the  aspect  ratio  gets 
very  high,  the  corresponding  wing  is  identical  with  the  original  wedge,  and  in  that  case  the  shock  wave  is  evidently 
“weak  normal”.  In  the  other  limit,  as  the  aspect  ratio  gets  very  low,  each  facet  of  the  wing  becomes  only 
negligibly  inclined  to  the  incident  stream.  And  yet  we  believe,  from  the  thought-experiment  described  at  the 
beginning,  that  the  wing  still  supports  the  same  finite  pressure  rise  across  the  leading  edge  sho'k  wave.  A  little 
reflection  should  convince  the  reader  that  the  shock  wave  in  this  case  is  of  the  "strong  norma!"  type. 


If  we- now  tmagme  the  shock  wave  being  steadily  reduced  from  infinity  to  zero,  there  will  be  a  changeover 
from  “weak  normal”  to  “strong  normal"  shock  waves.  For  any  particular  case  there  is  no  difficulty  in  calculating 
numerically  where  this  point  is.  All  wt.  need  to  note  here  is  that  there  docs  exist  a  class  of  wing  for  which  the 
computation  scheme  we  outlined  above  breaks  down,  and  that  for  wings  of  this  class  the  flow,  with  its  attendant 
“strong  norma!”  shock  waves,  is  found  experimentally6,17. 
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The  interesting  question  now  is  this.  Are  these  cases  that  we  have  discovered  “freaks"  brought  about  by  our 
particular  waverider  technique,  or  do  they  have  a  mo-e  general  relevance?  We  shall  begin  our  attack  on  this 
problem  by  considering  the  flow  regimes  which  may  occur  on  a  given  delta  wing  as  its  test  conditions  are  varied. 

In  Figure  16  we  present  diagrammatically  some  of  the  things  we  think  we  know.  The  axes  (M„,  a)  represent 
particular  test  conditions  with  a  being  the  incidence  of  the  ridge  line.  (We  do  not  here  consider  yaw  effects.) 
Suppose  that  for  all  (M„,aj  we  calculate  the  position  of  the  weak  normal  shock  wave,  relative  to  the  plane  of  the 
leading  edges.  For  ..ome  values,  the  shock  will  lie  below  the  plane,  and  for  others  above  it.  Foi  a  particular  set  of 
values  (ST  in  Figure  16a)  the  shock  lies  in  the  plane.  The  curve  ST  is  the  same  curve  that  one  would  calculate 
from  two-dimensional  theory  and  for  high  aspect  ratio  wings  extends  to  M„  =  °°.It  is  the  so-called  “design  curve" 
of  the  caret  wing  (see,  e.g.,  Reference  2).  The  other  significant  curve  on  the  figure  is  the  one  along  which  the  weak 
arid  strong  normal  solutions  coincide  (PR)  and  above  which  no  solution  exists.  For  each  region  defined  by  these 
curves  a  small  sketch  is  drawn,  showing  the  typical  positions  of  the  two  solutions.  There  seems  no  reason  to 
suppose  that  the  weak  normal  solution  does  not  hold  everywhere. 

The  picture  becomes  more  complex  as  the  aspect  ratio  is  reduced.  The  curve  defining  conditions  for  which 
the  weak  normal  shock  lies  across  the  leading  edges  shortens  to  the  finite  length  SQ,  and  a  new  curve  QT  appears, 
defining  conditions  for  which  the  strong  normal  shock  replaces  it  as  the  design  solution.  The  two  curves  run 
smoothly  into  each  other.  The  "detachment  cuive"  PR  shifts  round  somewhat  so  as  to  touch  the  design  curve  at 
Q.  In  Figure  16b  we  have  reason  to  believe  that  the  “strong  normal"  solution  holds  along  QT.  Let  us  suppose 
•hat  it  continues  to  hold  in  some  neighbourhood  of  QT. 

If  this  is  the  case,  we  can  imagine  an  experiment  in  which  the  wing,  originally  at  a  design  point  on  QT,  has 
the  oncoming  Mach  number  altered  whilst  the  angle  of  incidence  is  kept  constan..  One  can  easily  convince  one¬ 
self  that  the  resolved  leading  edge  deflection  angle  (6n  in  Figure  14)  is  also  held  constant,  whereas  Mn  varies  in 
proportion  to  M„  .  Then  as  the  stream  Mach  number  is  reduced,  say,  M„  is  reduced  also.  Therefore  0n  is 
reduced  (we  are  considering  strong  solutions  which  do  have  this  property)  and  the  shock  moves  inward  closer  to 
the  body.  Conversely  as  the  Mach  number  is  increased,  the  shock  wave  moves  outward.  This  is  certainly  contrary 
to  one’s  expectations,  it  is  also  contrary  to  the  results  of  preliminary  attempts  at  a  perturbation  flow  field  analysis, 
and  moreover  contrary  to  experimental  evidence1'’  . 

The  paradox  can  be  resolved  in  more  than  one  way.  I  indicate  in  Figure  17  the  cr.e  which  seems  simplest 
and  mc.t  natural  to  me.  It  is  known  that  the  flow  patterns  correspond  lg  to  conditions  inside  SQT  may  contain 
powerful  embedded  shock  waves'’  .  A  consistent  picture  can  be  formed  which  assumes  that  the  strength  of  these 
shocks  increases  with  increasing  incidence,  and  that  they  simultaneously  move  outward,  finally  reaching  the 
leadmg  edge  when  the  incidence  crosses  QT.  At  that  stage  they  join  up  to  occupy  exactly  tne  plane  of  the  leading 
edges.  With  still  furthei  increase  of  incidence,  the  whole  shock  system  detaches,  so  that  the  real  detachment  iinc 
is  PQT. 

1  must  emphasize  however,  that  the  whole  of  this  last  paragraph  is  so  far  purely  conjectural,  and  not  yet 
confirmed  by  really  careful  experimental  measurements. 

If  these  conjectures  prove  to  be  correct,  we  will  have  shown  that  although  “strong  normal"  shock  waves  do 
exist  on  caret  wings,  they  happen  only  for  conditions  that  are  very  rare  (mathematically  speaking)  and  so  it  might 
seem  that  in  our  proposed  calculation  method  we  could  safely  neglect  them  after  all.  However,  when  we  go  on  to 
non-corical  shapes,  the  situation  looks  very  unclear. 

Consider  a  waverider  surface  with  i  strongly  curved  leading  edge  generated  from  a  wedge  flow  as  in  Figure  18. 
We  can  easily  arrange  for  part  of  the  shock  wave  to  be  “weak  normal"  and  for  the  other  part  to  be  strong  norma!" 
If  a  wing  were  formed  from  sue  a  surface  and  placed  in  a  stream  at  its  design  condition,  what  would  now  happen? 
For  every  point  on  the  leading  edge  5n  will  stay  the  same,  and  M„  will  decrease.  It  may  be  appropriate  to  leave 
the  consequences  of  this  as  “an  exerc.se  for  the  reader”.  The  problem  is  certainly  not  tr;vi.-!.  and  seems  to  have 
more  than  one  possible  solution. 

It  may  be  mentioned  in  passing  that  these  "n.ixed"  leading  edge  shock  waves  are  the  rclc  rather  than  the 
exception  so  far  as  “axisymmetric"  waveriaers  are  concerned  (Fig.  19).  Nevertheless,  Pike11  found  no  very 
remarkable  off-design  behaviour  in  his  experimental  tests  of  cone-flow  waveriders.  His  tests,  were,  however,  con¬ 
ducted  before  the  present  approach  was  formulated,  and  no  particular  effort  was  made  to  look  for  the  relevant 
phenomena. 

The  final  topic  I  want  to  di  _uss  in  relation  to  the  waverider  piogrammc  is  some  special  solutions  that  can  be 
found  for  caret  wings  of  rather  extreme  geometry  in  rather  far  off  lesign  conditions1*  .  One  such  solution,  formed 
from  a  pattern  of  four  intersecting  shock  waves  separating  regions  of  uniform  flow  is  shown  in  Figure  20  The 
pressure  distribution  across  the  span  of  the  wing  is  shaped  like  a  top  hat.  The  flow  pattern  occurs  only  if  the 
angle  between  the  facets  is  less  than  90°.  This  flow  pattern  is  men'ioned  not  because  of  ar>  practical  application 
that  it  may  have,  but  because  of  an  interesting  questior  of  general  principle  that  emerges  from  it.  It  turns  out  '*  . 
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that  under  certain  very  extreme  geometrical  conditions  (the  apex  angle  of  the  facets  has  to  be  greater  than  about 
30°,  and  the  angle  between  them  less  than  about  5°)  there  can  be  non-uniqueness  in  the  solution  for  the  flow 
over  a  caret  surface.  Figure  21  shows  two  curves  in  an  (M„,a)  plot.  On  one  curve  the  “wing”  can  support  a  plane 
shock  wave,  and  on  the  other  it  can  support  the  special  flow  shown  in  Figure  20.  For  the  extreme  geometries 
described  above,  the  two  curves  cross  ,s ,  and  at  that  point  either  flow  is  possible. 

A  close  examination  reveals  that  at  points  on  the  desig,.  curve  shown  by  the  dotted  line,  the  flow  behind  the 
single  shock  wave  is  subsonic.  Therefore  the  “waverider  thought  experiment"  is  not  valid,  and  we  do  not  necessarily 
believe  in  the  single-shock  solution*.  Nevertheless,  both  solutions  do  satisfy  exactly  the  Euler  equations  and  all  the 
boundary  conditions,  and  it  would  be  a  clever  computer  that  could  choose  between  them. 

In  a  later  lecture  (Lecture  5),  1  shall  take  up  the  subject  of  waveriders  again,  and  I  shall  deal  there  with  the 
question  of  how  to  select  a  flow  field  !  kely  to  yield  efficient  waveriders.  What  I  hope  to  have  shown  at  this  stage 
is  that  the  waverid.r  concept  offers  a  considerable  flexibility  in  the  choice  of  shape,  and  that  provided  this 
flexibility  is  taken  full  advantage  cf,  shapes  can  be  obtained  which  have  many  features  of  realistic  design  sketches, 
and  also  offer  high  performance  levels.  I  hope  also  to  have  shown  that  the  study  of  such  shapes  arising  from  their 
design  conditions  plunges  us  at  once  into  intriguing  problems  of  basic  fluid  mechanics  that  may  turn  out  to  be  of 
very  general  significance. 
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LECTURE  4 

THIN  SHOCK-LAYER  THEORY 

IM.Roc 

Royal  Aircraft  Establishment.  Bedford.  England 


At  the  present  moment  the  theory  of  thin  shock-layers  as  applied  to  wing-like  shapes  seems  to  he  in  a  state 
offering  considerable  interest  both  to  the  mathematician  and  to  the  aerodynamicist.  Its  interest  to  the  aero¬ 
dynamical  lies  in  the  fact  that  in  many  circumstances  it  yields  highly  accurate  answers  to  significant  problems,  and 
its  interest  to  the  mathematician  in  the  fact  that  such  accuracy  seems  highly  unlikely  at  an  a  priori  examination. 

In  this  lecture  I  shall  outline  the  development  of  the  subject  and  its  present  status,  and  I  hope  I  shall  be  able  to 
indicate  some  directions  for  future  research. 

I  he  theory  is  essentially  a  first  order  correction  its  simple  Newtonian  theory,  and  it  will  be  convenient  to 
start  by  discussing  that  I  have  already  aid  something  about  Newtonian  How  in  Lecture  2.  but  it  is  necessary  now 
to  expand  those  remarks  a  little.  We  noted  there  that  in  the  double  limit  M„—  <»  ,  7  —  I  .  the  How  behind  a 
given  shock  wave  became  infinitely  dense  and  the  initial  deflection  of  a  streamline  crossing  the  shock  became 
identical  to  the  local  inclination  of  the  shock  itself.  This  leads  us  to  consider  a  model  of  the  How  in  which  the 
shock  wave  and  the  body  surface  almost  coincide  and  all  the  captured  air  llows  in  a  very  thin  layer  between  them. 

Even  in  this  limit,  however,  the  flow  in  the  layer  exhibits  features  which  are  recognisable  as  degenetale  eases 
of  real  gas  How  patterns.  The  key  observation  is  that  a  layer  of  infinitely  dense  fluid  cannot  be  accelerated  by 
merely  finite  pressure  gradients.  Since  the  streamlines  follow  the  (generally  curved  I  body  surface,  they  do  have 
curvature  normal  to  the  surface,  and  the  necessary  infinite  pressure  gradients  arc  supplied,  in  Husemann’s  model, 
by  finite  pressure  changes  across  the  infinitesimal  thickness  of  the  layer.  However,  for  smooth  body  shapes  the 
pressure  distribution  is  also  smooth,  so  that  pressure  gradients  in  the  surface  are  finite  everywhere.  We  conclude 
that  the  streamlines  have  no  curvature  in  the  surface.  In  geometrical  terms,  this  implies  that  they  follow  the  surface 
geodesics,  or  paths  of  shortest  distance.  The  tracing  out  of  these  paths,  for  a  general  body  shape,  is  a  nun-trivial 
problem  in  differential  geometry,  but  given  the  geodesics,  the  aerodynamics  is  simple.  We  observe  that  each  stream¬ 
line.  when  it  strikes  the  body,  takes  an  initial  direction  in  Ihe  surface  such  that  the  actual  turning  angle  is  minimised 
("path  of  steepest  descent"  or  "fall  line”).  Thereafter  it  follows  that  geodesic  which  passes  through  the  initial 
point  in  that  direction. 

For  many  body  shapes  this  approach  yields  a  consistent  and  satisfactory  picture  of  the  flow  structure,  but  for 
certain  body  shapes  anomalies  appear.  These  do  not  necessarily  detract  from  the  usefulness  of  the  approach;  rather 
they  may  enhance  it.  Haves  and  I’rohstein1  have  written  "...  the  anomalies  of  Newtonian  theory  are  not  to  be 
avoided,  but  rather  sought  out.  in  order  to  discover  phenomena  which  may  be  important  in  hypersonic  How  but 
which  have  no  counterparts  in  Hows  at  more  moderate  speeds.  In  addition,  the  methods  developed  in  Newtonian 
theory  suggest  analogous  methods  in  more  realistic  theories".  It  will  very  likely  be  profitable  to  take  a  similar 
attitude  toward  the  thin-shock-layer  approximation. 

Applications  of  this  theory  to  wing-like  shapes  have  so  far  been  restricted  either  to  conical  wings”’1 ,  or  to 
wings  at  very  high  incidence'’.  Ihe  former  application  appears  the  more  promising,  and  It  is  this  one  that  we  shall 
consider  here. 

Let  us  briefly  consider  the  How  past  a  conical  wing  in  the  Newtonian  approximation.  Since  the  wing  is  conical, 
its  surface  is  “developable",  i.e..  can  he  unrolled  without  stretching  to  yield  a  flat  surface.  The  geodesics  (streamlines) 
of  a  conical  wing  are  therefore  straight  lines  in  the  developed  surface.  If  we  look  at  a  true  view  (Fig.  1(a))  of  this 
developed  surface,  we  see  that  a  streamline  arriving  at  the  surface  takes  some  initial  direction  that  depends  on  the 
local  geometry,  and  subsequently  follows  this  same  direction,  umleviatingly,  The  rays  through  the  wing  apexO  can 
be  divided  into  two  classes  lying  to  the  right  or  to  the  left  of  the  ray  which  is  parallel  to  Ihe  given  streamline,  Only 
rays  in  the  outboard  class  are  crossed  by  the  streamline.  We  mention  this  property  because  it  is  an  unrealistic 
feature  which  persists  into  our  higher  approximation.  Generally,  we  would  expect  a  streamline  to  continue  cutting 
across  rays  until  it  arrived  at  one  where  the  pressure  was  at  a  minimum.  For  the  case  of  a  Hat  delta  wing,  this 
would  be  at  the  centreline  (Fig.  1(h)). 
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A  more  serious  anomaly  occurs  if  the  initial  Jcflcction  directs  the  streamline  toward  the  centreline.  This 
happens  if  the  wing  is  anhcdrallcd,  and  the  simple  theory  then  predicts  that  the  streamline  continues  straight  across 
onto  the  other  half  of  the  wing  (Fig.  1(c)),  which  it  cannot  do  without  colliding  with  its  "opposite  number".  The 
situation  can  be  resolved  within  the  Newtonian  approximation  by  remembering  that  the  Mach  number  inside  the 
layer,  as  well  as  in  the  free  stream,  is  infinite.  Thus  a  consistent  explanation  is  given  by  supposing  that  the  left  and 
right-hand  flows  collide  on  the  centreline,  and  are  turned  parallel  to  it.  to  form  a  narrow  strcamtuU  within  whi.lt 
the  density  is  “infinitely  squared".  Such  a  streamtube  is  termed  a  Newtonian  shock  line1.  An  analogous  pheno¬ 
menon  occurs  in  the  higher  approximation  and  its  resolution  there  is  not  yet  clear. 

Having  seen  that  an  intelligible  and  interesting  theory  can  be  constructed  on  the  assumption  that  the  shock 
layer  is  of  infinitesimal  thickness,  it  is  natural  to  go  on  and  see  what  results  from  assuming  it  to  be  merely  very 
thin.  This  is  the  theory  that  we  are  about  to  study.  As  a  numerical  measure  ol  how  thick  the  shock  layer  is  likely 
to  be  in  a  given  problem,  we  may  take  the  density  ratio  across  some  typical  p.irt  of  the  shock  wave,  and  denote 
this  by  e  =  Poo/Ps  •  where 


e 


7  ~  1 
7+  I 


2 

+ - * 

(7  1 ) M^sin2  o 


(4.1) 


for  a  perfect  gas,  with  a  the  local  shock  inclination  angle.  Since  the  shock  layer  is  anyway  supposed  to  be  thin, 
we  may  take  as  a  typical  value  of  o  the  actual  incidence  of  the  surface,  a  .  so  that  our  basic  assumption  for  a 
perfect  gas  is  going  to  be  that 


7+1  (7  b  DM2, sin2 a 


is  a  numerically  small  quantity.  At  first  sight  '.his  is  unpromising,  because  we  can  see  that  e  will  never  be  less 
than  (7—  1  )/(7  +  1)  and  for  air  this  quantity  is  one-sixth.  Substantially  smaller  values  of  e  occur  if  the  shock 
wave  produces  changes  in  the  molecular  structure  of  the  gas.  so  that  liquations  (4.1 )  and  (4.2)  no  longer  apply, 
and  we  might  expect  the  theory  to  be  more  applicable  in  such  cases  llowcvei.  numerical  calculations  reported  111 
References  6  and  7  show  very  useful  agreement  with  experiment  at  very  moderate  incidence  and  Mach  numbers, 
even  when  the  allegedly  “small"  parameter  e  is  of  order  unity  (see  Figure  2). 

Before  embarking  on  the  mathematical  analysis  we  must  choose  a  coordinate  system.  This  choice  is  discussed 
in  Reference  1.  For  .1  general  investigation  it  would  be  convenient  to  adopt  flexible  coordinates  adapted  to  the 
geometry  of  the  shape  being  studied.  For  example,  if  the  problem  were  to  calculate  the  flow  past  the  conical  body 
shown  in  Figure  3.  the  coordinate  system  drawn  there  might  be  convenient,  compounded  of  normals  to  the  body 
surface  and  curves  orthogonal  to  them.  Alternatively,  if  the  problem  were  to  compute  the  How  behind  a  given  shock 
wave,  a  coordinate  system  based  on  that  might  be  preferable.  Such  generated  coordinates  are  employed  in 
References  1,  4  and  5. 


Here,  however,  so  as  to  simplify  the  algebra  as  much  as  possible,  we  employ  straightforward  cartesian  coordinates. 
We  may  note  that  these  would  in  any  case  be  appropriate  provided  thai  either  the  body  or  the  shock  docs  not  deviate 
too  far  from  a  plane,  and  that  for  lifting  wings  this  will  probably  be  the  case. 

Following  Messiter2,  we  begin  the  analysis  by  defining  right-handed  cartesian  coordinates  (x.y./l  oriented  with 
respect  to  some  “mean  plane”  of  the  wing  under  consideration  (Fig.4(a)).  and  define  corresponding  velocity  com¬ 
ponents  to  be  (u.v.w).  If  we  agree  to  call  the  fluid  density  p  and  the  static  pressure  I’  .  then  we  have  tne  following 
equations  of  motion: 

Continuity  'l 


(pu)x  +  <pv)y  +  (pw),  =  0. 


x-momentum 


y-momentum 


z-momentum 


Entropy 


11  Uv  +  v  by  +  w  u,  +  —  f’x  =  0  . 

■  p 


U  Vjj  +  V  Vy  +  WVj  +  —  Py  =  0  . 


u  we  +  v  vvv  +  w  Wj  +  —  Pi  -  A 
y  P 


(4.3) 
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and  these  shock  relationships 

1 

0  =  (-v$ys„  -  vs  --  Uys_  sin  a)i  +  (usys_  -  wsys_  -  Uys.cosa)j_+ 

+  (us  +  vsys_  —  U  cos  a  +  Uys_  sin  a)k  .  (4.5) 


In  these  equations: 

1.  Suffix  (  )s  denotes  conditions  just  behind  the  shock, 

Other  suffices  denote  partial  differentiation, 

3.  U  is  the  free  stream  velocity, 

4.  a  is  the  incidence  of  the  reference  plane, 

5.  i_,  j_,  k  are  unit  vectors  in  the  (x.y.z)  directions, 

6.  y  =  ys(x,z)  is  the  equation  of  the  shock  wave, 

7.  n  is  a  unit  vector  normal  to  the  shock  wave,  directed  into  the  free  stream, 

8.  c  =  tjoo’n  is  the  component  of  the  free  stream  velocity  normal  to  the  shock  wave. 


Now  we  set  out  to  simplify  these  equations  on  the  assumption  that  the  shock  layer  is  thin.  To  begin  with,  we 
need  a  ‘stretched”  coordinate  system  that  will  be  described  by  quantities  of  order  unity.  The  choice  for  the  x  and 
y  coordinates  is  fairly  obvious  (Fig.4(b));  we  take  our  stretched  (starred)  variables  to  be 

x*  =  x  I 


y* 


—  ‘  I 


(4.6) 


The  choice  of  a  z-transformation  is  less  obvious,  but  it  is  he'pful  to  note  that  interesting  problems  of  flow 
structure,  such  as  shock  detachment,  occur  on  wings  whose  aspect  ratio  is  of  the  same  order  »» the  Mach  angle  in 
the  shock  layer,  and  this  angle  can  easily  be  shown  to  be  0(e,/J) .  Provisionally,  then  we  set 


7. 


e 1/2  tan  a 


(4.’) 


where  the  factor  tan  a  is  introduced  to  simplify  tne  later  algebra. 


Next  we  need  to  estimate  the  orders  of  magnitude  of  the  independent  variables.  This  can  be  dene  by  consider¬ 
ing  the  known  r<Mution  for  attached  flow  at  a  swept  leading  edg.,  and  assuming  that  all  flow  quantities  have  the 
same  order  of  magnitude  elss.v. here  that  they  have  there.  The  details  are  given  in  Reference  2,  here  we  will  note 
only  the  resulting  scalings: 


—  =  cos  a  +  e(r.n2  or/cos  a)u  +  ... 


v 

—  =  e  sin  a  v  +  ... 
U 


w 

—  =  f,,5sin  a  w  +  ... 
U 


p  - 

— —  =  sin2  a  +  e  sin2  a  p  +  ... 
Poo'J2 


—  =  e  —  — - -  e(2u  +  w2)  —  e2(  1  +  p)  +  ... 

P  2 


\ 


(4.8) 
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The  last  of  these  equations  is  not  independent,  but  is  a  consequence  of  the  previous  four  and  of  the  couservaiior 
of  total  enthalpy.  The  quantities  u  ,  v  ,  w  ,  and  p  which  appear  in  Equations  (4.8)  are  all  of  order  unity  and 
represent  corrections  to  the  Newtonian  solution.  The  equations  that  they  'bey  can  be  found  by  substituting  (4  6). 
(4.7)  and  (4.8)  into  the  equations  of  motion  and  the  shock  relationships.  The  result  is 

Continuity  n 

Vy*  +  wz«  =  0  . 

x-momentum 


ux«  +  vuy»  +  wuz»  =  0  . 


y -momentum 


(4.9) 


z -momentum 


vx«  +  Wy»  +  wvz«  =  —  Py*  . 


wx«  +  vwy*  +  wwz*  =  0  . 


Shock  relationships 


us  =  “3y?/3x* 

vs  =  (3yJ/3x*)  -  (3y*/3z*)5  -  1 
ws  =  ~3yJ/3z* 


(4.10) 


ps  =  ^ayf/ax^-Oy'/dz*)1  -  1  .  j 

In  all  these  equations  the  relative  error  is  of  order  e  .  We  may  note  that  the  equations  are  now  not  only  much 
shorter,  but  also  quite  drastically  changed  in  form.  We  have  lost  one  of  the  original  five  equations  of  motion  by 
making  use  of  the  explicit  solution  for  p  ,  but  even  more  importantly,  we  have  lost  much  of  the  coupling  between 
the  remaining  four.  The  equations  of  continuity  and  z-momentum  contain  only  v  and  w  as  independent  variables, 
and  can  therefore  be  solved  wi,;:out  reference  to  the  others.  Then  the  x-  and  y-momentum  equations  can  be  solved 
for  u  and  p  respectively. 

Moreover,  these  equations  imply  several  very  simple  properties  of  the  flow.  In  Equations  (4  9)  the  x-momentum 
equation  can  be  interpreted  as  a  statement  that  u  remains  constant  aiong  streamlines,  and  the  z-momentum  equation 
implies  that  w  also  has  this  property.  Turning  back  to  Equations  (4.8)  we  see  from  the  last  of  these  that  if  u  and 
w  are  both  preserved  along  streamlines,  then  so  are  the  leading  terms  in  the  expression  for  density.  Thus  along  any 
given  streamtube,  both  density  and  x-wise  velocity  are  constant  to  firs;  order,  and  it  follows  from  continuity  that  all 
sections  of  a  streamtube,  cut  by  planes  x  =  constant  ,  have  the  same  area.  This  last  result  can  aiso  be  established 
as  a  geometrical  consequence  of  the  simplified  continuity  equation. 

For  the  remainder  of  this  lecture,  we  shall  consider  only  conical  flows,  ui.it  is,  if  we  introduce  conical  coordinates 

y  y  */x*  1 

>  (4.1!) 

7.  -  ZK/Z*  ,  J 

we  will  consider  flows  in  which  u  ,  v  ,  w  ,  and  p  depend  only  on  y  and  z  .  If  we  recast  the  equations  of  motion 
so  that  y  an<»  z  are  tne  independent  variables,  we  obta>r. 

vy  +  w,  -  0  ] 

i 

(V  -  y)Uy  +  (w  -  ?)uz  -  0  ] 

l>  (4.1?) 

(V-yiVy  +  (W  <=•  "Py  j 

(v  —  y)Wy  4- (w  -ztw,  =  ■  3  .  j 

The  shock  wave  is  completely  described  by  an  cquat  on  of  the  form  y  ~  y^zi  and  the  shock  relationships  then 

beCGmc 
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•^f 


<V«  = 


Ps  = 


~y.  +  zy.' 

ys  -  *yi  -  y?  -  > 

-y; 

2ys  -  2zy;  -  y^2  -  i  .  ] 


(4.13) 


Equations  (4.12)  and  (4.13)  together  constitute  Messiter’s  very  simple  formulation  of  the  conical  thin  shock 
layer  problem,  and  since  his  original  paper2  have  supplied  the  basis  for  work  by  Hida3,  Squire6,1,  and  Woods8.  The 
discussion  to  be  given  here  is  based  partly  on  these  papers,  and  partly  on  my  owr  work,  so  far  not  published. 

First  of  all  we  look  at  the  mathematical  structure  of  these  approximate  equations  of  motion  and  compare  it 
with  the  structure  of  the  full  Equations  (4.3).  The  full  equations  can  be  thought  of  as  four  independent  equations 
for  three  unknown  velocity  components  and  one  unknown  pressure,  with  density  and  entropy  eliminated  by  means 
of  the  energy  equations  and  the  equation  of  state.  In  a  conical  coordinate  system  involving  just  two  independent 
variables  the  characteristic  directions  of  the  set  can  be  sought. 

For  a  set  of  equations  involving  four  unknowns  there  will  be  in  general  four  characteristic  directions  through 
every  point10.  The  equation  which  gives  these  directions  for  the  case  of  rotational  conical  supersonic  flow  has 
generally  either  two  or  four  real  roots  Two  of  these  roots  are  coincident,  and  correspond  to  the  streamline  direction. 
The  other  two  are  inclined  to  this  direction  at  ar.  angle  corresponding  to  the  Mach  angle  of  the  cross-flow",  and 
disappear  when  this  c-oss-fiow  becomes  subsonic,  i.e.,  when  the  velocity  component  normal  to  the  lay  through  the 
apex  becomes  less  than  the  local  speed  of  sound.  When  this  happens  there  arc  no  longer  enough  characteristic- 
equations  to  solve  for  all  the  unknown  quantities,  and  the  equations  are  essentially  elliptic  in  character.  These 
different  regimes  are  illustrated  in  Figure  5. 

Now  let  us  lcok  at  the  structure  of  the  approximate  Equations  (4.12).  As  already  remarked,  the  first  and  last 
of  these  equations  can  be  solved  independently  of  the  others,  and  their  behaviour  determines  that  of  the  whole 
system.  Effectively  we  are  now  dealing  with  two  equations  in  two  unknowns,  and  therefore  there  can  be  no  more 
than  two  characteristic  directions.  In  fact,  there  are  always  just  twc.  which  can  easily  be  found  to  be 


dy 

V  —  y 

dz 

w  —  z 

► 

(4.14) 

and 

dz  = 

0  . 

fhe  first  of  these  (see  Figure  6)  is  the  streamline  direction,  and  therefore  corresponds  to  a  feature  of  the  full 
equations.  The  second  is  an  unrealistic  feature,  which  implies  that  disturbances  can  be  transmitted  instantaneously 
across  the  shock  layer.  Since  both  sets  of  characteristics  exist  everywhere,  the  flow  has  everywhere  a  hyperbolic 
character,  which  is  another  unrealistic  feature.  However,  when  we  solve  these  equations  we  shall  see  that  vestigial 
traces  of  the  elliptic  region  do  in  fact  remain.  On  reflection,  this  seems  a  fairly  satisfactory  state  of  affairs,  for  wc 
clearly  cannot  expect  the  full  structure  of  a  system  having  four  characteristic  directions  to  be  represented  by  an 
approximation  which  has  only  two. 

In  Reference  2  the  following  method  is  adopted  to  solve  Equations  (4.12)  3iul  (4,13).  By  taking  account  of 
the  differential  equations  for  v  and  w  ,  the  shock  relationships  and  the  boundary  conditions  on  the  body  (which 
we  have  not  yet  mentioned)  a  rather  complex  integral  relationship  is  set  up  between  the  shape  of  the  shock  ys(z) 
and  the  shape  of  the  body  yt,(z) .  The  equation  is  in  fact 


=  y’  + 


1 


yb  =  ys 


+  r 


A  4  7-  4  lyjirt  +  si2 

where  J  is  the  solution  of  the  equation 

-yi(?)  =  ^  ■ 


(4.15) 


In  cases  where  ys(z)  is  known  (inverse  problems)  Equation  (4.155  yields  the  unknown  body  shape  by  straight¬ 
forward  quadrature.  In  cases  where  yt>(7.)  is  known,  the  solution  of  (4. IS)  to  find  y;(z)  is  not  straightforward; 
it  seems  best  to  transform  it  into  a  differential  equation2,6  which  can  be  treated  numerically.  This  process,  or  a 
similar  one,  has  been  the  basis  for  the  work  in  References  1-7.  In  Reference  S  a  different,  and  a  very  much  simpler 
approach  was  taken,  but  limited  to  a  special  class  of  solutions.  The  differc.itial  equations  were  considered  by  them¬ 
selves,  independently  of  the  boundary  conditions  on  shock  wave  or  body,  a.ul  solutions  o(  "simpie  wave”  type,  that 
is,  having  constant  properties  along  the  “streamline"  characteristics,  were  discovered.  It  was  found  that  shock  waves 
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compatible  wiili  these  solutions  were  straight  or  parabolic,  and  that  solutions  satisfying  the  boundary  conditions 
for  a  flat  delta  wing  with  an  attached  shock  could  be  built  up  if  the  shock  wave  were  supposed  to  :onsist  of  straight 
segments. 

We  fohow  here  a  process  which  may  be  thought  cf  as  a  generalisation  of  this  last  scheme.  We  repeat  here  the 
two  equations  which  have  to  be  solved  for  v  and  w  within  the  flow  field: 


3v  3w 

—  ■>. - -  0 

dy  3z 


3w  3w 

(v  —  y)  —  +  (w  —  z)  —  =  0  . 
3y  3z 


(4.16) 


(4.17) 


We  may  note  that  once  we  have  solved  these  equations  to  obtain  v  and  w  everywhere,  we  can  draw  in  the 
streamlines  by  following  the  differentia!  equation  for  their  slope 


ay 

dz 


y  -  y 

w  —  z 


(4.18) 


Thus,  (4.16)  and  (4.17)  in  effect  give  the  streamlines  of  the  flow.  We  may  ask  whether  there  are  any  properties 
of  the  streamlines  which  can  be  deduced  from  them  directly.  The  following  short  piece  of  algebra  provides  an 
affirmative  answer  to  this  question. 

Consider  two  streamlines  lying  very  close  to  each  other  (Fig.7(a)).  Each  will  be  associated,  as  we  have  seen, 
with  a  particular,  constant,  value  of  w  .  Let  these  values  be  w  and  w  +  dw  .  Let  the  streamline  shapes  be 
v  =  y(z)  and  y  =  y(z)  t  A(z)  ,  where  A(z)  is  the  small  vertical  distance  between  them.  If  we  want  to  know 
how  rapidly  the  lines  ere  converging  we  can  look  at  the  quantity 

j_dA 
A  dz 

It  is  easy  to  show  that  this  is  equal  to  the  vertical  rate  of  change  of  streamline  slope  3S/3y  ,  where 
S  =  (v  —  y)/(w  —  z) .  Now  we  car.  find  3S/3y  from  Equation  (4. 18),  and  the  result  is 


3S 

Oy 


i  (w  —  z)  (3v/3y  —  1 ) 

A  dz 


(v  —  y)  3w/3y 


(w  -  z)s 

The  right-hand  side  can  be  simplified  by  use  of  Equations  (4.16)  and  (4.17)  and  we  get 

1 


_L  dA 
A  dz 


(W  ”  7.1 


(4.19) 


(4.20) 


Now,  since  w  is  constant  along  streamlines  we  can  regard  (4.20)  as  an  ordinary  differential  equation,  valid 
along  any  streamline,  so  long  as  w  is  given  the  appropriate  constant  value.  The  integral  of  this  equation  is  simply 


A  ~  const  x  (w  —  z)  . 


(4.21) 


- ) 


Thus,  any  two  narrowly  separated  streamlines  approach  each  other  linearly  with  z  and  intersect  when  z  has 
the  value  w  . 

From  this  theorem  many  equally  simple  consequences  follow.  First,  wc  may  observe  that  in  generai  any  two 
streamlines  must  be  separated  from  each  other  by  a  linearly  varying  vertical  distance,  because  the  sum  of  any  number 
of  linear  functions  is  itself  a  linear  function  tFig.7(b)).  This  holds  only  if  ail  the  intervening  streamlub  are  con¬ 
tinuous,  i.e.,  none  of  them  comes  to  a  stop  in  the  region  considered.  That  is  to  say,  if  any  one  streamtube  can  be 
expressed  by 


y  =  f(z)  +  Az  +  B  . 


(4.22) 
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On  differentiating  this,  we  get 
dy 

—  =  f(z)  +  A  , 
dz 

so  that  any  two  streamlines  differ  in  slope  by  a  constant  amount.  A  further  differentiation  produces 

dJy 


(4.23) 


dz5 


=  f"(z)  ■ 


(4  24) 


Therefore,  all  streamlines  which  cross  a  given  z-section  have  the  same  second  derivative.  In  particular,  if  one 
of  them  has  an  inflexion  point,  they  all  have. 

The  fundamental  property  (4.21)  also  allows  us  immediately  to  sketch  in  the  various  patterns  which  a  set  of 
stteamlines  can  form.  These  patterns  are  shown  in  Figure  8.  On  the  left  are  patterns  formed  by  streamlines  running 
toward  the  plane  of  symmetry  (w  <  z),  and  on  the  right  patterns  formed  by  streamlines  running  away  from  the 
plane  of  symmetry  (w  >  z).  The  top  picture  shows  streamlines  which  each  have  the  same  value  of  w  ,  and  which 
therefore  (Eqn  (4.21))  all  meet  in  the  same  point.  Immediately  below  this  we  show  the  case  (b)  where  w  increases 
smoothly  and  ir.onotonically  from  top  to  bottom  of  the  bundle.  Below  this  again  we  show  the  similar  case  (c) 
with  w  decreasing.  In  both  cases  the  locus  of  intersection  points  forms  a  smooth  envelope  to  the  family  of 
streamlines. 

By  combining  patterns  (b)  and  (c)  we  can  form  patterns  in  which  w  reaches  cither  a  maximum  value  (case  (d)) 
or  a  minimum  value  (case  (e)).  In  these  cases  the  envelope  curve  may  be  either  simple  or  cusped.  Finally,  in  (0 
and  (g)  we  show  cases  where  w  is  discontinuous.  The  essential  feature  of  these  patterns  is  that  there  is  a  dividing 
streamline  which  is  intersected  by  its  neighbour  from  above  and  its  neighbour  from  below  at  widely  different  points. 


It  is  not  at  all  difficult  to  imagine  more  complicated  patterns  involving  more  complicated  behaviour  of  w  . 
very  interesting  question  is  the  extent  to  which  these  patterns  correspond  to  features  of  more  accurate  solutions. 


One 


The  other  interesting  point  to  emerge  from  these  patterns  is  the  question  of  the  boundary  condition  to  be  applied 
on  the  body.  Since  the  body  is  a  solid  surface  it  must,  in  a  conical  view,  be  either  a  streamline  or  an  envelope  of 
streamlines,  or,  as  we  shall  sec  later,  partly  the  one  and  partly  the  other.  Where  the  body  surface  is  a  streamline, 
the  boundary  condition  to  be  applied  is  dw/dz  =  0  ,  where  it  is  an  envelope  curve,  the  boundary  condition  is 
w  =  z  .  This  ambiguity  is  a  source  of  difficulty,  the  correct  boundary  condition  is  not  known  a  priori  everywhere 
on  a  given  body. 

So  far  everything  we  have  said  follows  from  a  consideration  of  the  differential  equations  alone.  The  shock 
relationships  enter  into  the  solution  in  such  a  way  as  to  determine  both  constants  in  the  equation 

A  =  const  x  (w  —  z)  . 

Let  the  shock  wave  be  given  by  the  equation  y  =  ys(z) .  Let  a  pair  of  closely  adjacent  streamlines  intersect 
this  curve  at  point  z  =  ?  ,  z  =  £  +  df  (Fig.9). 

Then,  from  the  third  of  the  shock  relationships  (4.13)  we  sec  that  the  value  of  w  on  these  streamlines  is 

w  =  -y;(f)  (4.25) 

and  thus  that  they  intersect  where 

z  =  -yj(?)  .  (4.20) 

which  point  may,  of  course,  be  either  inboard  or  outboard  of  z  =  f  . 

The  initial  slope  of  the  streamlines  is  given  by  the  general  expression  for  streamline  slope  (4.14)  which  just 
behind  the  shock  takes  on  the  vaiue 


w,  -  z. 


which,  on  insertion  of  the  shock  relationships  becomes 

1 


Ss  “  vitf)  *  ~r. 


(4.27) 
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From  this,  the  initial  spacing  between  the  streamlines  follows  at  once;  it  is  equal  to  df  times  the  difference 
between  the  slopes  of  the  shock  wave  and  the  streamlines  (Fig.9)  and  is  therefore 


s  y'&)  +  f 

Using  this  result,  one  can  calculate  very  simply  the  area  enclosed  between  these  two  streamlines, 

Le.,  JA  dz  =  dA  . 

Since  A  is  a  linear  function  of  z  ,  this  area  is  just  one  half  of  the  maximum  value  of  A  ,  which  is  As  ,  times  the 
horizontal  extent  of  the  area,  which  is  f  —  w(f) ,  or  £  +  y^f) .  From  Equation  (4.28)  it  follows  that 

dA  =  id?  •  (4.29) 

So  far  in  our  study  of  the  approximate  equations  we  have  made  no  use  of  the  concepts  of  conically  subsonic 
or  conically  supersonic  flow.  The  structure  of  the  solution  has  not  in  ’olved  such  ideas,  nor  should  we  expect  it  to, 
as  the  approximate  equations  of  motion  involve  no  characteristic  velocity.  Nevertheless,  conically  sub-  and  supersonic 
regions  of  the  flow  can  be  identified,  and  turn  out  to  be  of  importance.  To  find  them,  we  need  the  speed  of  sound 
ir.  the  shock  layer:  it  can  easily  be  shown  that  this  is 

a  =  e^1  U  sin  a  +  G(eJ/s )  .  (4.30) 

The  fiow  will  be  conically  sub-  or  supersonic  according  to  whether  this  quantity  is  greater  or  less  than  the 
velocity  component  normal  to  the  ray.  This  component  is  cin  U  sina|w  —  z|  and  so  the  flow  is  conically  supersonic 
if 

iw  —  zl  >  1 


and  conicallv  subsonic  if 


;w  —  zl  <  1 


Although  these  conditions  seem  irrelevant  to  the  differential  equations,  they  turn  up,  rather  surprisingly,  in  the 
shock  wave  relationships.  To  begin  with,  we  repeat  here  the  equations  for  streamline  slope  just  behind  the  shock 


-  y'&)  + 


yi(f)  +  $ 


in  this  equation,  suppose  that  we  are  given  S5  -  C  (say),  when  f  ~  ft ,  in  other  words  we  are  solving  for 
yj  at  a  given  leading  edge.  Equation  (4.27)  then  becomes  a  quadrature  for  yj ,  but  it  is  more  convenient  to  work 
with  the  value  of  w(=  — y,  =  w0  (say))  as  the  unknown,  and  oven  more  so  to  work  with  (S2  —  w0).  Accordingly 
we  rewrite  Equation  (4.27)  as 


C  +  SI  -  (12  —  w0 )  + 


(S2  —  w0) 


A  little  consideration  of  this  equation  shows  that  it  has  no  solution  unless  (C  +  .Q)  >  2  ;  if  this  is  not  the 
case  we  must  assume  the  shock  wave  to  be  detached.  If  there  is  an  attached  shock,  Equation  (4.31)  shows  that 
there  are  two  solutions  for  (fl  —  w0),  one  the  reciprocal  of  the  other.  The  on?  for  which  (J2  —  w0)  >  1  gives 
conically  supersonic  flow,  and  the  one  for  which  (S2  — w0)  <  !  gives  conically  subsonic  flow.  There  is.  pleasingly, 
a  close  correspondence  between  these  two  solutions  and  the  "weak"  and  "strong”  solutions  of  exact  shock  wave 
theory. 

The  subsomc/supersonic  distinction  turns  up  again  if  we  calculate  the  streamline  “curvature”  (more  properly 
the  second  derivative  dJ  y/dzJ ).  It  will  be  recalled  that  this  is  constant  on  lines  of  constant  z.  We  may  expect 
therefore,  that  it  can  be  expressed  solely  in  terms  of  shock  wave  properties  at  a  given  z-station.  This  is,  in  fact,  the 
case  and  the  calculation  proceeds  as  under  (sec  Figure  10). 

The  required  curvature  can  be  written  as 


Sj  —  s3 


Ai, 


yiv  .rarrm 


Now  from  Equations  (4.19)  and  (4.20) 


S.  -  S,  =  - - - - 

y  (?)  +  ? 


and  by  differentiating  Equation  (4.27)  along  the  shock  wave  we  get 


s  -s  -  y»(n -  2+ML 
1  1  s  f  t?  +  y;(?)ii 

Putting  all  these  together  with  Equation  (4.28)  yields  the  desired  result 

<4W 

Now  the  factor  in  curly  br.  :kets  is  positive  if  the  flow  immediately  behind  the  shock  wave  is  conically  super¬ 
sonic,  in  that  case  the  shock  and  the  streamlines  will  have  curvatures  of  the  same  sign  (Fig.  11).  If  the  flow  behind 
the  shock  wave  is  conically  subsonic,  the  factor  in  curly  brackets  is  negative,  and  the  streamlines  curve  in  the  opposite 
direction  to  the  shock  wave. 

If  the  flow  behind  the  shock  is  conically  sonic,  the  factor  is  zero,  and  therefore  either  the  streamline  curvature 
is  zero,  or  the  shock  wave  curvature  is  infinite.  This  latter  possibility  has  been  suggested  by  Messiter  as  providing 
an  appropriate  boundary  condition  for  the  leading  edge  of  a  wing  with  a  detached  shock;  the  outflow  is  conically 
sonic  (see  Figure  1 2)  and  the  shock  curvature  infinite.  The  analogy  thereby  suggested  between  flow  round  a  leading 
edge,  and  choked  flow  in  a  nozzle  may  be  worth  following  up. 

One  final  simple  property  of  the  solution  will  be  noted  here,  an  expression  that  allows  the  pressure  distribution 
to  be  found  when  the  above  results  have  been  used  to  obtain  the  streamline  pattern  The  streamline  curvature  can 
be  written  in  two  alternative  forms: 

dJy  as  as 

— f  =  —  +  S  —  .  (4.33) 

dz3  3z  3y 

If  we  expand  the  right-hand  side  using  Equation  (4,18)  and  then  simplify  according  to  the  equations  of  motion 
(4. 1 2),  the  result  is 

d3y  3p/3y 

—  » - — -  .  (4.34) 

dz3  (w  —  z)3 

This  shows  that  the  streamline  curvature  is  related  to  the  vertical  pressure  gradient  alone. 

We  now  apply  some  of  the  results  given  above.  As  I  have  already  mentioned,  the  “inverse  problem”  of  finding 
the  flow  field  and  body  shape  associated  with  a  given  shock  wave  is  almost  trivial.  There  are  two  possible  ways, 
and  it  is  not  difficult  to  prove  their  equivalence.  One  of  these  is  to  use  the  quadrature  formula  given  by  Messiter3 , 


?,z)  =  ys(z)  -  J 


z  w(s)  —  z 
[  w(s)  s) 3 


where  y(?,z)  is  the  ordinate  of  a  streamline  that  has  crossed  the  shock  at  a  spanwise  station  ?  and  subsequently 
travelled  to  a  spanwise  station  z  . 

A  much  quicker,  if  slightly  less  accurate,  alternative  is  a  graphical  method.  The  shock  wave  shape  is  drawn  as 
in  Figure  13,  together  with  the  beginning  of  one  streamline,  assumed  straight  (Fig.  13(a)).  Then  we  move  a  little 
outboard,  and  draw  in  the  next  streamline,  also  straight  until  it  comes  under  the  first  one  Then  we  draw  in  the 
rest  of  the  second  streamline,  assuming  that  its  separation  from  the  first  one  is  a  linear  function  of  z  ,  zero  when 
z  =  $(w,  +  Wj) ,  i.c.,  the  average  value  of  w  for  the  two  streamlines.  Subsequent  streamlines  follow  in  the  same 
way. 

The  inner  region  is  difficult  to  draw  in  this  way  because  the  streamlines  arc  almost  vertical.  It  can  cither  be 
treated  analytical’y,  or  else  the  body  shape,  pressures,  etc.,  can  be  faired  in  "by  eye". 
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figure  14  shows  the  flow  behind  the  shock  wave, 

z2 

Vs  =  1  -  “  .  (4.36) 

drawn  in  this  way.  The  "body”  consists  of  an  inner  region  HI  which  is  an  envelope  of  streamlines,  and  an  outer 
one  IJ  which  is  identical  with  a  particular  streamline.  The  “source  point”  is  marked  on  the  shock  wave.  Note 
that,  as  predicted,  all  the  streamlines  inflect  as  they  pass  below  this  point.  Also  marked  are  the  points  at  which  the 
sonic  condition  is  reached  on  each  streamline,  although  as  already  observed  this  has  no  particular  significance  in  the 
solution. 

A  “feel’  for  the  way  these  thin-shock-layer  solutions  behave  can  be  developed  by  drawing  large  numbers  of 
inverse  solutions.  The  possibilities  are  enormous,  but  the  interested  reader  can  easily  draw  up  his  own  catalogue. 
Only  a  few  examples  will  be  given  here. 

If  we  modify  the  above  shock  shape  by  making  it  straight  outboard  of  z  =  1.8  ,  we  get  the  pattern  shown  in 
Figure  IS.  The  streamlines  flowing  from  the  straight  portion  all  have  the  same  value  of  w  and  therefore  form  a 
centred  fan,  which  causes  the  body  shape  to  be  kinked. 

The  total  area  occupied  by  the  flow  pattern  originating  between  z  =  f ,  and  z  =  is  therefore  just 
i(?i  -?2)  ■  It  follows  that  for  flows  with  attached  shock  waves  (see  Figures  14-15)  the  average  thickness  of  the 
shock  layer  across  the  span  is  one  half. 

Another  possibility  which  turns  out  to  be  of  importance  is  that  the  shock  wave  may  have  a  discontinuity  in 
slope  (Fig.  16).  These  discontinuities  are  needed  to  satisfy  certain  problems,  although  their  significance  is  not 
altogether  clear.  What  is  clear,  however,  is  that  the  shock  on  both  sides  of  the  discontinuity  should  give  rise  to  the 
same  streamline  slope.  When  this  happens  we  shall  provisionally  use  the  term  “permissible  discontinuity”.  If  the 
streamline  slopes  on  either  side  of  the  discontinuity  are  (y'),  and  (y's)2  ,  then  the  condition  for  a  permissible 
discontinuity  is  (from  Equation  (4.27)) 


(y;>,  + 


(y;),  +  f 


=  <yj>*  + 


i 


(y;>*  +  f 


If  we  discard  the  trivial  solutions  (yj)2  =  (yj),  ,  this  simplifies  to 

KyJ),  +fl((y;)2  +  ?)  -  1  . 


(4.37) 


From  this  we  see  that  there  is  a  transition  between  supersonic  ana  subsonic  flow  across  the  discontinuity.  In 
Figure  16  an  example  is  shown  where  subsonic  flow  outboard  of  the  discontinuity  changes  to  supersonic  inboard. 
The  body  surface  is  ridged  and  it  is  possible  to  think  of  the  discontinuity  as  representing  a  sudden  expansion 
associated  with  this  ridge.  The  streamline  RS  must  be  an  approximate  representation  of  a  region  of  intense  shear. 

Two  examples  of  flows  with  detached  shock  waves  arc  shown  in  Figure  1 7. 

We  now  have  enough  results  to  be  able  to  tackle  the  direct  problem  (body  given).  We  begin  by  discussing  the 
case  of  a  detached  shock  wave.  Provided  it  can  be  assumed  that  the  flow  pattern  is  of  one  of  the  types  shown  in 
Figure  17,  i.c.,  the  body  is  everywhere  an  envelope  of  streamlines,  the  integral  which  connects  the  shock  and  body 
shapes  (4.15)  is  the  same  everywhere,  and  can  be  transformed2  6  into  a  second  order  ordinary  differential  equation 
for  th  unknown  shock  shape,  which  has  to  meet  just  two  boundary  conditions.  By  symmetry  we  have 

yj(0)  =  0  (4.38) 

and  at  the  wing  tip,  where  z  =  £2  , 

y’s(Sl)  =  -(l+£2)  (4.39) 

(from  the  discussion  following  (4.29)). 

At  the  wing  tip  we  also  have  that  y'%‘(n)  is  singular  like  (z  -  ft)-1'2  ,  but  this  can  be  deduced  from  (<!  29) 
and  (4.36)  and  is  therefore  not  an  independent  condition. 

Some  solutions  for  normal  force  on  a  flat  delta  wing  were  given  by  Mcssiter2 ,  who  gave  no  details  of  his 
numerical  method.  Subsequently,  Hida1  developed  a  method  applicable  to  wings  of  more  general  cross-section, 
assuming  that  both  the  shock  and  body  shapes  could  be  expressed  by  simple  power  scries  in  r. .  Squire6  compared 
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Hida's  solutions  with  experimental  pressure  distributions,  and.  found  that  although  they  compared  well  for  flat  wings, 
the  agreement  was  not  good  for  diamond  cross-sections,  and  was  not  improved  by  taking  more  terms  of  the  series. 
This  is  not  very  surprising,  for  no  scries  representation  could  be  expected  to  converge  well  near  the  leading  edge 
where  yj'  is  singular.  Squire  also  found,  however,  that  a  full  numerical  solution  of  the  differential  equation  did 
give  results  that  agreed  very  well  with  experiment  (see  Figure  2).  There  seems  to  be  no  difficulty  of  principle  about 
extending  this  solution  to  general  smooth  cross-section  shapes,  and  this  particular  aspect  of  the  problem  can  now 
probably  be  regarded  as  fully  solved. 

When  we  come  to  wings  with  attached  shock  waves  we  encounter  a  fundamental  difficulty.  If  we  assume  for 
the  moment  thafthe  problem  again  reduces  to  a  second  order  ordinary  differential  equation,  we  find  that  the 
problem  appears  to  be  overconstrained,  because  we  have  to  satisfy  three  boundary  conditions,  viz. 


At  the  centreline: 


At  the  wing  tip: 


Also  at  the  wing  tip 


y;(0)  =  0  . 
ys(^)  =  ye(n)  • 

yi(«)  =  -*«n  +  c)  ±i(ft-C)J  -4)w)  , 


which  is  a  consequence  of  (4.28).  and  quite  independent  of  (4.41). 

A  mathematical  purist  would  probably  abandon  the  problem  at  this  stage,  claiming  that  our  approximation  i 
were  so  crude  as  to  preclude  a  solution.  However,  ‘  solutions”  have  been  obtained,  by  using  one  of  two  artifice 
Hayes  and  Probstein1  and  Woods8  have  proposed  discontinuous  solutions  analogous  to  the  one  shown  in  Figure  6. 
The  solutions  that  they  each  propose  are,  however,  quite  different.  Squire1  has  waived  the  body  boundary  condition 
over  part  of  the  span,  and  has  thereby  obtained  flows  over  wings  that  are  close  to  plane  deltas.  In  what  follows  we 
shall  reexamine  the  flow  over  a  plane  delta  wing  using  the  simple  results  derived  earlier,  and  note  how  these  three 
treatments  differ. 

At  the  wing  tip,  we  have,  setting  C  =  0  in  Equation  (4.42), 

y;(fl)  =  -i(ft±(ftJ-4)'*}  .  (4.43) 

It  seems  that  the  minus  sign  corresponding  to  the  weak  solution  is  to  be  taken  in  all  practical  cases.  Note  also 
that  an  attached  shock  w.ve  is  only  possible  if  ft  >  2  .  As  an  example  we  may  take  ft  =  2.5  ,  in  which  case 

y;c.5)  =  -i  . 

Then  the  streamline  originating  at  this  point  is  associated  with  a  value  of  w(=  w0,  say)  given  by  w0  =  $  and 
extends  inward  as  far  as  i  —  $  .  This  streamline  must  represent  the  body  surface  over  the  range  |  <  z  <  ,  and 

must  therefore  be  straight.  But  we  have  seen  that  ail  streamlines  at  a  given  z-station  have  the  same  curvature. 
Therefore,  all  streamlines  in  the  flow  arc  straight  for  }  <  z  <  2$  . 

Now  streamline  curvature  and  shock  curvature  are  related  by  Equation  (4.32),  and  setting  streamline  curvature 
equal  to  zero  in  this  equation  gives 


ir  +  y;<r>p 


which  admits  the  alternative  solutions 


y"(f)  =  0  . 

y'S)  +  f  =  *  1 


Thus  the  shock  wave  can  be  cither  straight,  with  arbitrary  inclination,  or  else  parabolic,  of  the  form 

ys(f)  =  A-i(l-f)2  -  (4.4S: 

Now  except  for  the  special  case  ft  =  2  ,  Equation  (4.42)  cannot  match  the  requirement  on  y's  at  £  =  ft  ; 
wc  conclude  that  the  shock  must  be  initially  straight,  with  slope  chosen  to  match  the  tip  boundary  condition.  We 
can  therefore  start  to  draw  in  the  flow  pattern  (Fig.  18(a)).  It  is  easy  to  show  that  this  straight  section  docs  not 
extend  al!  the  way  in  to  z  =  $  .  (Even  if  the  centre-section  of  the  shock  were  horizontal,  the  average  thickness 
of  the  layer  would  come  out  greater  than  ns  known  value  of  one  half.)  Therefore,  the  shock  wave  must  change 
shape  somewhere  within  {  <  z  <  2$  but  it  must  still  satisfy  (4.44).  It  can  change  Jiscontinuously  to  another 
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straight  section,  if  the  compatibility  condicion  (4.37)  is  met.  However,  if  we  look  at  the  “exact"  solutions  due  to 
Babaev12’13  of  the  full  equations,  it  seems  preferable  to  make  a  smooth  transition  if  possible.  Therefore,  we  join 
the  straight  portion  onto  the  parabolic  solution  (4.45),  which  can  be  done  only  at  the  single  point  z  -  1  +  w0 
(=  1$  in  our  example)  that  is  to  say  at  the  sonic  point.  We  can  now  draw  in  a  second  stage  in  the  construction  of 
the  flow  pattern  (Fig.  18(b))  The  streamlines  which  cross  the  parabolic  section  can  be  drawn  inboard  of  z  =  \  by 
using  the  condition  that  they  envelope  onto  the  wing  surface.  It  will  be  found  that  to  do  this  they  must  turn 
discontinuously  at  z  =  i  . 

Now  the  shock  wave  cannot  follow  the  parabolic  arc  for  long,  since  this  arc  curves  downward  inboard  of  z  =  1  . 
But  the  streamlines  are  straight  for  z  >  1  .  Therefore  yet  another  solution  to  (4.44)  is  required.  It  C3n  only  be 
another  straight  section,  and  if  it  joins  the  parabola  at  a  “transition  point”  z  =  z*  ,  its  slope  must  be  — (z*  —  1)  . 

We  can  now  construct  a  th  rd  stage  of  the  flow  pattern  (Fig.  18(c)),  which,  in  a  continuous  solution,  must  hold  right 
in  to  the  point  z  =  {  . 

It  is  when  we  try  to  cross  z  =  4  that  we  have  to  admit  a  discontinuity.  We  have  noted  that  the  streamline 
curvature  is  singular  there,  and  according  to  Equation  (4.32)  the  shock  curvature  will  also  be  singular  unless 
li  +  yj(i)l  =  ±  1  .  That  is  to  say  y‘s(i)  must  be  (which  is  obviously  wrong)  or  —  1$.  But  we  know  that  its 
slope  is  actually  (1  —  z*),  and  so  z*  must  equal  2$  (which  is  also  absurd).  Therefore  the  shock  wave,  despite  all 
efforts  to  keep  it  smooth,  must  be  discontinuous  here  at  least,  if  the  discontinuity  is  accepted,  the  solution  can  be 
continued.  We  shall  not  give  details  here,  but  the  process  involves  choosing  z*  by  trial  and  error  so  as  to  meet 
the  boundary  condition  y^O)  =  0  .  An  infinity  of  further  discontinuities  are  encountered  between  z  =  \  and 
z  =  0  (see  Figure  18(d)).  A  similar  solution  is  described  qualitatively  in  Reference  1,  but  no  numerical  results 
seem  to  have  been  worked  out. 


An  alternative  procedure,  much  simpler  computationally,  and  no  more  objectionable  mathematically,  is  that 
adopted  by  Woods8.  He  has  proposed  a  solution  in  which  the  shock  wave  is  composed  en»irely  of  straight  line 
segments.  The  first  break  occurs  just  inboard  of  the  sonic  point  and  the  first  step  in  the  numerical  solution  is  to 
make  a  guess  at  its  position.  The  slope  of  the  second  section  is  found  from  Equatior  (4.37)  and  this  section  is 
assumed  to  continue  to  z  =  w0  (Fig.  19(b)).  The  streamlines  entering  through  the  second  section  arc  supposed  I 
turn  discontinuously  at  z  =  w0  ,  and  since  they  are  all  associated  with  the  same  value  of  w  they  converge  to  a 
single  known  point  on  the  wing  (E). 


Another  straight  section  of  shock  wave  DF  is  then  determined  by  the  condition  that  the  streamline  through  D 
has  slope  DE  .  This  pattern  is  supposed  to  repeat  indefinitely.  By  numerical  experiment  Woods8  found  that  there 
was  a  unique  choice  of  position  for  the  fas,t  break  that  caused  the  pattern  to  "converge”  to  the  centrelines. 

The  third  variant  is  due  to  Squire7 ,  who  requires  the  shock  wave  to  be  smooth,  and  to  achieve  this  relaxes  the 
boundary  condition  over  part  of  the  body.  Near  the  wing  tip  (Fig, 20(a))  Squire  adopts  the  same  solution  as  Hayes 
and  Probstein,  i.e.,  a  straight  section  AY  and  a  parabolic  section  YS  .  By  the  general  theory  of  characteristics 
this  determines  the  body  shape  from  A  into  N  .  Near  the  centreline,  lie  assumes  that  all  streamlines  through  a 
smooth  section  RS  of  the  shock  wave  envelope  onto  the  body  in  a  region  PQ  ,  and  in  ettect  solves  the  integral 
Equation  (4.15)  to  obtain  the  shape  of  RS  ,  given  that  PQ  is  flat.  The  solutions  to  this  problem  form  a  one 
parameter  family  and  Squire  selects  the  one  which  matches  smoothly  at  some  point  with  the  outboard  solution. 

With  the  entire  shock  wave  .ow  determined,  the  full  flow  field  can  be  found  by  inverse  means  as  discussed  earlier. 
The  shape  of  the  body  between  Q  and  N  ha.  not  been  specified  in  the  solution,  and  docs  not  generally  have  the 
desired  flat  shape.  However,  the  errors  seem  to  be  quite  small. 

Which  of  these  solutions  is  “best”  remains  so  far  an  unanswered  question.  As  far  as  the  predicted  pressure 
distribution  is  concerned,  there  seems  little  difference  between  Squire’s  and  Woods’  solutions,  despite  their  very 
different  natures  (Fig.21).  As  already  mentioned,  there  appear  to  be  no  numerical  examples  of  Hayes  and  Probstein’s 
solution.  In  computational  effort,  Woods’  solution  requires  rather  less  work  than  Squire’s  and  both  considerably 
less  than  Hayes  and  Probstein.  However,  if  wing  shapes,  more  general  in  cross-section  than  the  flat  delta,  arc  to  be 
considered,  it  is  fairly  clear  how  to  extend  the  Hayes  and  Probstein  treatment,  but  not  clear  how  to  extend  the 
other  two  (although  they  will  cope  with  wings  of  diamond  and  caret  section7'8 ). 

These  criteria  are  essentially  practical  in  nature.  A  more  fundamental  criterion  would  be  to  ask,  which  solution 
forms  the  best  basis  for  proceeding  to  higher  approximations  (in  which  we  might  hope  that  the  anomalous  features 
would  disappear)?  This  question  would  probably  be  a  good  starting  point  for  a  future  research  project.  Certainly, 
we  shall  not  attempt  to  answer  it  here,  but  we  shall  briefly  discuss  one  important  “higher  approximation". 

This  is  simply  the  matter  of  giving  “uniform  validity”  to  the  present  approximation,  a  question  which  has  been 
treated  in  References  1,  4,  and  5.  To  see  how  the  problem  arises,  we  must  go  back  to  the  spanwise  momentum 
equation,  which  we  write  below  in  conical,  dimensional  coordinates, 

1 

(v  —  uy)Wy  +  (w  —  u^/Wy  — - Pj  .  (4.46) 

1  0 
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This  can  also  be  written 

dw  1 

(w  -  uz)  —  = - %  , 

dz  P 


(4.47) 


where  the  ditferentiation  on  the  left-hand  side  is  carried  out  along  streamline  projections.  Now  let  us  reintroduce 
the  dimensionless  quantities,  defined  by  (4.8)  and  (4.1 1)  which  we  have  been  using  so  tar;  then 


[w  --  z  -i-  0(e)] 


dw 

—  +  0(e) 
dz 


■-epz  +  0(eJ)  . 


(4.48) 


low  hitherto  we  have  neglected  the  right  hand-side  of  this  equation,  on  the  grounds  that  it  is  “smaller”  than 
the  left-hand  side.  But  this  is  not  a  consistent  approximation,  because  at  the  terminal  points  of  streamlines  we 
have  encountered  the  condition  w  =  7  ,  which  would  make  the  two  sides  of  (4.48)  of  the  same  magnitude.  We 
may  consider,  then,  the  alternative  equation 


dw 

(w-z)—-  =  -epz  . 
dz 


(4.49) 


Over  most  of  the  How  field  the  inclusion  of  the  extra  term  has  negligible  effect,  but  near  the  terminal  points 
it  obviously  produces  greater  realism.  For  example,  Equation  (4.49)  states  that  a  streamline  can  only  terminate 
(w  =  z)  provided  the  lateral  pressure  gradient  is  zero.  For  a  more  fundamental  derivation,  see  Reference  1 .  Now 
Equation  (4  49)  proves  surprisingly  difficult  to  solve  analytically  (see  References  1,  4,  5).  The  straightforward 
attempt  to  expand  w  as  a  series 

w  =  w0(z)  +  ew,(z)  +  eJWj(z)  etc. 

fails  to  converge.  To  illustrate,  suppose  in  a  particular  example  we  had  pz  =  const  =  1  ,  so  that 

dw 

(w-z)  —  =  -e  . 
dz 


Substituting  the  above  expansion  wc  get 

(w0  —  z  +  ew,  +  eJWj  +  ...)(w{,  +  ew',  +  eJwz)  =  —  e  . 

Evidently,  the  first  approximation  is 

w0  =  constant  =  W  (say) 
or  w0  ~  z  . 

For  the  next  approximation 

w,wj,  +  w',(w0  -  z)  =  -1 

and  the  solution  to  this  is 


either 

w',(W-z)  =  -1 

i.e. 

w,  =  const  +  !og(W  —  z) 

(A) 

or 

(B) 

These  two  solutions  are  shown  in  Figure  22,  together  with  the  exact  solution,  which  can  be  found  in  this 
simple  case  to  be 


(A)  | 

(B)  J 


(4.50) 


w  «  const  +  e  log(w  —  z  +  e)  ,  (4.52) 

with  the  constants  in  (4.5!  A)  and  (^.52)  both  chosen  to  make  the  solution  pass  through  z=  2  ,  w  =  1  . 

Evidently  the  approximation  scheme  breaks  down  near  z  =  W  due  to  the  discontinuous  nature  of  the  first 
approximation.  Methods  are  available14  to  deal  with  this  sort  of  thing,  and  have  been  tried  in  the  present  case. 
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Specifically,  the  method  of  matched  asymptotic  expansions  has  been  employed  in  Reference  4, 
Lighthill-Kuo  technique  of  “coordinate  straining"  in  References  4  and  5. 


and  the  Poincare- 


From  these  studies  it  emerges  that  the  problem  is  essentially  one  involving  three  layers,  one  in  which  w  is 
nearly  constant  along  a  streamline  (the  “outer  layer",  with  which  the  earlier  parts  of  this  chapter  were  concerned), 
another  in  which  w  is  very  nearly  equal  to  z  ,  (the  inner  layer),  and  a  transitional  layer,  across  which  orders  of 
magnitude  change  abruptly.  Mathematically,  the  inner  and  outer  layers  are  distinguished  by 


dw 

i 

i 

(w-z)  =  0(1), 

--  =  0(e) 
dz 

(outer  layer) 

dw 

> 

< 

(w-z)  =  0(e)  , 

—  =  0(1) 
dz 

(inner  layer) 

An  illustration  of  these  layers  in  relation  to  the  streamline  pattern  is  shown  in  Figure  23.  To  estimate  how 
important  each  of  these  regions  is  in  the  overall  solution  we  may  wotk  out  the  area  which  a  given  “streamtube" 

(pair  of  streamlines)  takes  up  »n  each  layer.  I  find  myself  unable  to  give  a  short  proof  but  the  answer  is  known1*4. 

If  the  area  of  the  streamtube  in  the  outer  layer  is  taken  as  reference,  the  area  in  the  transitional  layer  >s  0(e2 ) 
times  this,  and  the  area  in  the  inner  layer  is  0(exp(— 1/e})  times  it.  Thus  the  inner  layer  would  almost  certainly 
be  swamped  by  the  boundary  layer  in  a  real  flow,  but  the  transitional  layer  could  well  be  significant. 

In  an  inverse  problem  it  would  be  quite  easy  to  work  out  solutions  incorporating  the  inner  and  transitional 
layers.  The  outer  layer  solution  is  found  as  described  earlier.  For  each  streamtube  the  pressure  is  found  as  a  function 
of  z  for  z  >  w  .  It  can  be  assumed  that  the  streamtube  continues  into  the  minimum  pressure  point,  as  an  infinitely 
thin  layer  (A  =  0)  making  infinitely  slow  progress  (w  =  z).  Then  we  have  a  first  approximation  to  pressure,  span- 
wise  velocity,  and  streamtube  height  (Fig.24).  Now  it  will  be  a  good  approximation  to  assume  that  p(z)  is  not 
much  altered  by  taking  the  two  inner  layers  into  account,  so  we  can  use  the  first  approximation  for  p  to  develop, 
via  Equation  (4.49)  a  second  approximation  for  w  .  Having  done  this  we  can  also  use  Equation  (4.49)  to  write 
Equation  (4.19)  as  a  uniformly  valid  equation  for  A  , 


I  — 

A  dy 


1  4-  dw/dz 
(w-z) 


(4.53) 


With  this  carried  out  for  all  streamtubes  in  the  flow,  the  streamline  pattern  can  be  redrawn,  and  new  pressures 
worfeed  out,  e.g.  from  (4.38).  The  cycle  can  be  repeated  as  often  as  may  be  worthwhile. 

Now,  it  is  very  likely  that  the  mathematical  status  of  the  outer  solution  for  the  direct  proolem  can  be  restored 
by  considering  the  inner  layers  in  this  way.  This  has  already  been  shown  to  be  the  case  in  a  very  similar  problem 
by  Cole  and  Brainerd9.  They  applied  the  thin-shock  layer  theory  of  Equations  (4.9)  and  (4.10)  to  the  two-dimensional 
flow  past  a  blunt  plaie,  and  obtained  the  basic  system 

ux  +  vy  -  0 

UVX  +  VUy  =  0  , 

with  shock  boundary  conditions 

V-  =  Xj 

us  =  1  +  xj2  . 

This  very  simple  system  is  not  capable  of  meeting  the  boundary  conditions  on  arbitrary  todies  directly,  but 
Cole  and  3rainerd  showed  that  it  would  do  so  indirectly,  if  a  single  inner  layer  were  interposed  between  the  body 
and  the  outer  solution  (Fig.2c>).  Thanks  to  the  very  simple  nature  of  their  outer  solution,  they  wre  aole  to  carry' 
out  analytically  processes  which  in  the  conical  case  probably  have  to  be  dcr.c  numerically. 

A.  useful  theoretical  answer  to  the  question,  which  of  the  three  available  outer  solutions  is  best,  c*v,uid  very 
likely  be,  “the  one  which  best  lends  itself  to  the  above  extensions”. 

Starting  from  the  two  basic  assumptions  of  a  thin  shock  layer  and  an  aspect  ratio  of  the  same  order  as  the 
Mach  angle  in  the  disturbed  flow,  we  have  seen  that  it  is  possible  to  develop  a  theory  remarkably  rich  in  simple 
results.  I  have  tried  so  show  that  this  simplicity  is  much  enhanced  by  treating  the  streamline  pattern  as  the  ma.n 
unknown.  This  simplicity  makes  it  possible  to  see  clearly  the  connections  between  existing  treatments,  and  gives 
confidence  *ha*  sigi  iicant  rcfinem.nts  can  probably  be  made  without  overwhelming  analytic  complexity.  Finaliy. 

I  have  indicated  one  form  vhur  these  refinements  might  take. 
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MOMENTUM  THEORY 
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The  subject  of  this  lecture  can  probably  best  be  approached  by  regarding  it  as  an  offshoot  of  the  “waverider” 
design  technique.  The  distinguishing  feature  of  that  approach  is  that  calculation  of  the  wave  system  and  flow  pattern 
precedes  the  selection  of  the  actual  lifting  shape.  Therefore  as  soon  as  the  shape  is  chosen,  we  already  have  in  hand 
all  the  necessary  information  to  find  the  aerodynam'c  forces  acting  on  it  by  means  of  a  momentum  balance.  By 
comparison  with  integrrtion  of  the  surface  pressures,  the  momentum  method  offers  some  computational  advantages. 
More  importantly,  however,  it  provides  a  fresh  and  stimulating  way  to  study  the  efficient  generation  of  aerodynamic 
lift. 


In  calcinating  a  momentum  balance,  the  first  step  is  always  to  choose  a  suitable  control  volume.  The  one  we 
employ  here  is  shown  in  Figure  1.  Separate,  independent“boxes”are  drawn  to  evaluate  the  force  contributions 
made  by  the  upper  and  lower  surfaces.  When  we  select  the  boundaries  for  these  boxes  ctrtair.  surfaces  suggest 
themselves  vei,  naturally.  Fairly  obviously  one  boundary  ought  to  be  the  wing  surface  being  considered,  the 
pressure  integral  over  tills  surface  is  the  thing  we  want  to  know,  and  the  momentum  flux  through  it  is  zero. 
Another  boundary  that  suggests  itself  is  the  upstream  limit  of  the  flow  disturbances  caused  by  the  surface  This 
may  be  a  shockwave  or  a  Mach  wave,  in  either  case  we  draw  the  boundary  just  on  the  upstream  side  of  it,  where 
the  flow  conditions  are  those  of  the  free  stream. 

The  choice  of  the  third  boundary  is  less  obvious.  Evidently  it  must  intersect  the  wing  surface  at  the  trailing 
edge.  Two  boundaries  which  meet  this  cond.  on  and  which  also  have  physical  significance  art  the  upstream  and 
downstream  characteristic  surfaces  through  the  trailing  edge.  At  the  present  stage  of  the  investigation,  however, 
no  advantage  has  been  found  in  their  use,  and  the  third  surface  has  been  chosen  purely  on  the  grourds  of  comput¬ 
ational  simplicity.  We  chose  the  rear  boundary  to  be  composed  entirely  of  vertical  generators,  so  that  no  pressure 
terms  appear  i-i  tiie  calculation  of  the  lift.  If  the  iiJiing  edge  is  unswept,  as  it  is  in  Figure  1,  and  as  it  often  will 
be  in  practice,  the  third  surface  becomes  a  plane  normal  to  the  free  stream. 

The  chosen  control  volume  is  redrawn  in  Figure  2.  This  shows  only  the  control  volume  for  the  tower  surface. 
Indeed  from  this  point  on  we  shall  consider  only  lower  surface  flows,  although  it  will  be  obvious  that  upper  surface 
flows  can  be  analysed  in  the  same  way.  Figure  2  also  shows  a  particular  streamtube  passing  through  the  control 
volume.  It  is  identified,  for  a  reason  which  will  appear  later,  by  the  plan  view  area  (dA())  of  the  curve  in  which 
it  intersects  the  upstream  boundary  (shockwave). 

Now  the  forces  acting  on  the  su;face*  can  be  obtained,  according  to  the  momentum  theorem,  by  integrating 
the  appropriate  components  of  prtssure  and  momentum  fliu  over  the  upstream  ..nd  downstream  boundaries,  and 
taking  the  difference.  Every  streamtube  that  enters  the  control  volume  through  the  upstream  boundary  leaves  it 
through  the  downstream  boundary.  It  contribu.es  therefore,  to  both  integrals.  The  differ  nee  between  these  two 
contributions  may  be  thought  of  as  its  contribution  to  the  force  on  the  surface. 

Let  the“con<ribu,ion”as  defined  above,  of  a  given  streamtube  to  the  lift  force  be 

(q°»  'J-V  x  fL 

where  qM  =  free  stream  dynamic  pressure, 

dAj.  =  small  area  defined  by  Figure  2, 


’'The  pressure  force  acting  on  a  closed  body  can  be  written  as  F  =  JJ  PE  dA.  where  n  is  the  mward  unit  normal  to  the  surface 
element  dA.  This  can  be  put  into  the  alternative  form  F  =  JJ  (p  ~  pr)n  dA,  where  pf  is  -ny  convenient  constant  reference 
pressure.  This  is  because  for  any  closed  body  JJ  n  dA  =  0.  If  we  try  to  lonadcr  any  pro  of  the  body  in  isolation,  c.g.  the  wing 
lower  surface,  then  JJ  n  dA  ^  0  and  the  value  chosen  for  pf  will  make  a  difference.  This  should  not  affect  the  validity  of  the 
answers  provided  we  subsequently  choose  the  same  pt  when  studying  the  other  surfaces.  Here,  however,  we  do  intend  only  to  study 
the  lower  surface,  which  is  the  most  important  lifting  element,  and  must  therefore  choose  a  pr  which  pves  the  most  useful  answers. 
Wt  have  taken  pf  =  p„  ,  so  that  F  =  jj  (p  —  p— )n  dA.  This  is  then  the  force  which  would  act  on  a  body  obtained  by  coupling 
the  given  lower  surface  with  a  streamwise  upper  surface,  if  base  drag  can  be  ncgjectcd. 


and  i'l  is  a  nondimensional  quantity  associated  with  that  streamtube  which  we  shall  call  its  “lift  function”. 

Similarly  we  suppose  the  same  streamtube  contributes  to  the  drag  force  by  an  amount 
(Qoo  x  dAp)  x  fD 

and  we  shall  call  fD  the  “drag  function" 

The  quantities  fj  and  fp  will  depend  on  the  state  of  the  flow  at  entry  and  at  exit.  The  algebraic  expressions 
for  them  have  been  found  in  Reference  1 .  For  the  special  case  where  the  trailing  edge  is  unswept  and  the  rear  control 
boundary  is  normal  to  the  stream  hese  expressions  are: 

fL  -  —  ^  (5.1) 

n  v_ 


i-2l  - 

V«  pvwvx 


In  these  expressions,  we  have  made  use  of  a  coordinate  system  (x,  y,  z)  as  shown  in  Figure  2.  The  shockwave, 
at  t,ie  point  wht  it  is  penetrated  by  the  streamtube,  has  direction  cosines  (/,  in,  n)  in  this  system,  so  that  the 
fraction  // n  which  appears  in  (5.i)  and  (5.2)  defines  the  ratio  of  the  streamtube  cross-section  area  before  it  meets 
the  shock  to  the  reference  area  dAp  .  Of  the  other  quantities  appearing  in  (5.5)  and  (5.2),  vx  and  vz  are  velocity 
components  in  the  n  and  z  directions,  p  is  the  static  pressure,  and  p  the  density,  all  evaluated  at  the  point 
where  the  streamtube  crosses  the  exit  plane.  Free  stream  pressure  is  denoted  by  p„,  ,  and  free  stream  velocity  by 


Now  the  total  lift  acting  on  the  wing  is  found  by  summing  the  contributions  from  all  the  captured  streamtubes. 
It  is  therefore 


=  JI», 


The  lift  coefficient,  based  on  planform  area,  defined  as 


becomes 


■L  ■  r-  H  <l  dAF 


and  evidently  we  shall  also  have 


'P 

c°  *  r  JJ  f°dV 


It  was  in  order  to  obtain  the  simple  “mean  value”  property  expressed  by  Eqns  (5.4)  and  (5.5)  that  dAp  was  chosen 
as  reference  area  in  defining  the  lift  and  drag  functions. 

We  shall  now  try  to  devise  some  applications  for  these  results. 

The  first  application  is  illustrated  in  Figure  4.  We  suppose  that  we  have  (somehow)  chosen  a  flow  field  which 
is  to  be  the  basis  of  a  wavender  design,  and  tnat  we  arc  now  trying  to  select  the  most  suitable  streamsurface  from 
it.  In  part  this  will  be  a  geometric  problem,  and  this  aspect  was  discussed  in  my  third  lecture.  Now,  however,  "'e 
are  concerned  only  with  the  lifting  efficiency.  Suppose  that  we  have  arbitrarily  chosen  some  particular  stream 
surface,  a.u  are  considering  the  possibility  of  slightly  altering  our  choice.  We  show  this  streamsurface,  intersecting 
the  shockwave  in  some  “leading  edge”  in  Figure  4. 

Let  us  consider  the  consequences  of  slightly  extending  the  leading  edge,  in  the  manner  shown  by  the  dot»ed 
!<ne.  The  planform  area  of  the  wing  increases  as  shown  in  the  upper  figure,  and  we  shall  cail  the  amount  of  the 
increase  dA  .  The  new  wing  also  "captures”  an  additional  small  streamtube  from  the  flow  field.  Let  the  lift 
function  of  this  streamtube  be  fL  and  its  drag  function  fD  .  Then  the  lift  of  the  wing  is  increased  by  an  amount 

q»fLdAp  • 
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We  can  also,  however,  because  of  Eqn  (5.4)  make  the  following  useful  qualitative  statement.  If  the  lift 
function  of  the  proposed  additional  streamtube  is  greater  than  the  lift  coefficient  of  the  original  wing,  then,  and 
only  then,  will  the  lift  coefficient  be  increased  by  the  modification.  Again  it  is  evident  that  a  similar  statement 
holds  true  with  regard  to  the  drag  coefficient. 

With  the  aid  of  these  results,  it  is  possible  to  establish  very  rapidly  the  potentialities  of  any  given  flow  field  as 
a  source  of  waverider  surfaces. 

The  flow  fielu  shown  in  Figure  4  is  drawn  as  axisymmetric;  this  is  not  of  course  a  necessary  condition  for  the 
validity  of  the  above  results,  which  hold  for  any  flow  field  (even  one  not  prescribed  in  advance).  However,  since 
axisymmetric  flows  are  at  the  moment  the  most  general  flows  conveniently  available  for  this  work,  it  >'s  of  interest 
to  investigate  their  special  properties  from  this  “momentum”  viewpoint. 

The  general  expressions  (5.1)  and  (5.2)  for  the  lift  and  drag  functions  simplify  somewhat,  in  an  axisymmetric 
flow  any  streamline  lies  entirely  in  a  plane  0  =  const,  .t  (Fig.  5),  and  the  element  of  shockwave  through  which  it 
enters  is  normal  to  that  plane.  Let  that  element  of  shockwave  be  inclined  at  an  angle  8  to  the  axis  of  symmetry. 
Then 

/  tan  8 

-  =  - -  .  (5.6) 

n  cos  4> 

Also  let  the  velocity  vector  of  that  streamline  in  the  exit  plane  have  magnitude  v  and  make  an  angle  6  with 
the  axis  of  symmetry,  then 


vx  =  v  cos  6 


vz  =  v  sin  6  cos  <j>  . 


(5.7) 

(5.8) 


Substituting  these  in  (5.1)  and  (5.2)  we  get 


f,  =  2  tan  8 


v  sin  S 


and 


r  = 


2  tan  0  !"  _  v  cos  5 

L  v~ 


cos  <i> 


.  (P  ~  Poo) 
pvv^  cos  6 


(5.9) 


(5.10) 


New  suppose  the  flow  field  is  described  in  a  cylindrical  coordinate  system  (x.  r,  <p) .  Then  we  can  see  that 
for  a  given  exit  plane  (x  =  1 ,  say)  the  quantities  p,  p,  v,  8,  8,  which  appear  in  (5.9)  and  (5.10)  depend  only 
on  one  variable,  for  instance  the  x -coordinate  at  which  the  streamline  crosses  the  shockwave  r  =  rs(x).  Thus  we 
have,  for  a  streamline  crossing  ihe  shockwave  at  (x.  v$(x),  b)  , 


fL(x,  <t>)  =  fL*(x) 


(5.11) 


fD(x,  <p)  =  fD*(x)/cos  <t>  . 


(5.12) 


The  very  simple  nature  of  the  dependence  on  <5  makes  it  possible  to  reduce  the  double  integrals  for  lift  and 
drag  to  single  integrals.  Consider  the  streamtube  which  on  entering  the  shockwave  is  bounded  by  lines  x  =  x,  , 
x  =  x,  +  dx  .  and  <t>  =  <5,  ,  <t>  =  b,  +  d<*>  ,  For  this  streamtube 


dAp  =  rs(x, )  cos  d<Jdx  . 

Now  insert  (5.11).  (5.12)  and  (5.13)  into  (5.4)  and  (5.5).  The  result  is 


(5.13) 


i  pxt  p+<;,L  * 

CL  =  —  fL  (x)rs(x)  cos  d^dx 

Ap  V.  <s. 


(5.14) 


and 


1  fxT  p+<lL  * 

CD  =  —  fD*(x)rs(x)  dbdx  . 

AP  JxN 


(5.15) 
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In  these  expressions 


und 

The  integration  with  respect 


xN  is  the  x-coordinate  of  the  wing  apex  , 
xT  is  the  x-coordinate  of  the  trailing  edge 
0j_(x)  is  the  (^-coordinate  of  the  leading  edge, 
to  6  is  immediate,  and  comes  out  as 


C,  - 


f 


y{x)  fL* (x)  dx 


Cn  = 


(T  r>“™”  [i 


rs(x)s‘n'*  fe))fD*(x)dx 


(5.16) 


(5.17) 


where  y(x)  is  the  local  wing  semi-span.  Analogous  formulae  have  been  derived  by  Jones  and  Woods1,  and  Cole 
and  Zien3 . 


Both  these  reports  treat  special  cases  of  axisymmetric  flow  fields.  Jones  and  Woods1  consider  only  flow  fields 
around  unyawed  circular  cones,  and  use  the  formulae  purely  for  their  computational  convenience.  Cole  and  Zien3 
consider  self-similar  flows  generated  by  power-law  axisymmetric  bodies  according  to  hypersonic  small-disturbance 
theory.  They  then  try  to  exploit  the  simole  form  of  the  expressions  to  find  a  family  of  optimum  shapes.  Part  of 
the  problem  which  they  consider  can  be  shown  using  our  notation.  We  use  Eqns  (5.16)  and  (5.17)  to  write  the 
actual  lift  and  drag  forces  on  a  surface  as 


L  fxT 

—  =  y(x)  f,  *(x»  dx 

*"QoO  J  Y 


(5.18) 


_D 

2q« 


-r 


r$(x)  sin’1 


y(x) 

rs(x) 


fD*(x)  dx 


(5.19) 


For  a  given  flow  fiela  and  a  given  value  of  xT  in  it.  fL*  ,  fD*  .  and  r$  may  be  regarded  as  given  functions 
of  x  .  We  may  choose  y(x)  .  the  function  which  defines  the  planform  shape,  so  as  to  optimise  some  criterion.  The 
problem  proposed  oy  Cole  and  Zien  is  given  L  and  xT  ,  minimise  D.  The  equation  for  y(x)  follows  at  once 
from  standard  results  in  the  calculus  of  variations;  it  is 


XJfD3 


where  X  is  a  Lagrange  multiplier. 


Eqn  (5.20 )  only  gives  sensible  results  if  (fb 
Zien3  show  that  the  "optimum”  wing  is  defined  by  y/r  =  constant. 


1D''fL) 


(5.20) 


is  a  decreasing  function  of  x  ,  in  the  contrary  case  Cole  and 


Eqn  (5.20)  is  undoubtedly  a  very  simple  result.  However,  it  treats  only  a  very  small  part  of  the  optimisation 
problem.  Tht  required  amount  of  lift  could  have  been  obtained  from  the  same  flow  field  terminated  at  a  different 
Xj  ,  or  from  a  quite  different  flow  field.  Cole  and  Zien  go  on  to  consider  some  of  these  further  choices,  but 
restrict  their  wonsid.-rations.  as  mentioned  earlier,  to  the  self-similar  flow  past  power-law  bodies.  They  consider 
bodies  defined  by  rb  =  rxn  with  a  fixed  exponent  n  ,  but  variaole  r  .  For  each  value  of  r  ,  one  particular 
choice  of  X  in  Eqn  (5.20)  gives  rise  to  the  desired  value  of  L  .  From  dmongst  the  family  of  “optimised”  wings 
so  obtained,  they  choose  the  value  of  r  which  minimises  D  .  They  express  their  results  in  terms  of  an  efficiency 
parameter  D/L4"3  (pM  U^1  )1'3  .  The  efficiency  parameter  takes  on  this  form  because  the  flow  fields  which  they 
use  in  fact  restrict  the  angle  of  attack  and  aspect  ratio  of  the  wings  to  be  of  the  same  order  of  magnitude.  It  has 
the  following  numerical  values: 


awwnmm; 
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n 

D/L4/i(p00  U002  ),/1 

0.50 

1.16 

0.65 

1.25 

0.75 

1.20 

1.0 

1.38 

1.5 

1.65 

3.0 

2.37 

6.0 

3.60 

10.0 

5.26 

It  will  be  seen  that  the  best  value  occurs  when  n  =  1/2  .  The  hypersonic  small-disturbance  tneory  is  not 
considered  valid  for  smaller  value  of  n .  It  is  interesting  to  note  that  for  plane  delta  wings  whose  angle  of  attack 
is  equal  <o  their  senn-apex  angle  this  efficiency  parameter  is  unity.  If  angle  of  attack  is  then  held  constant  while 
aspect  ratio  varies,  the  parameter  is  proportional  to  (aspect  ratio)*1'3  .  In  summary,  it  may  be  said  that  the  Cole 
and  Zien  approach  gives  results  of  rather  limited  significance,  but  might  well  be  capable  of  useful  extension. 

We  turn  now  to  a  rather  different  application  of  the  momentum  approach.  The  basic  idea  is  a  f.  miliar  one  in 
the  context  of  propulsion  aerodynamics.  There  the  generation  of  thrust  is  often  regarded  from  the  viewpoint  of 
momentum  and  pressure  changes  in  the  jet  or  slipstream.  One  works  out  the  ideal  flow  process  which  the  jet  should 
undergo,  and  then  considers  the  implications  of  this  for,  say,  the  shape  of  a  nozzle.  The  generation  of  aerodynamic 
lift  can  be  thought  of  in  the  same  way.  The  lift  and  drag  are  associated  with  certain  changes  of  velocity  ,ad  direction 
in  the  nearby  air,  and  it  is  equally  valid  to  regard  these  as  being  caused  by  the  presence  of  a  lifting  body,  or  to  regard 
tha  lift  and  drag  as  caused  by  the  changes  in  the  flow. 

If  wc  take  the  latter  view,  we  can  ask  what  chances  it  would  be  desirable  to  bring  about,  and  then  determine 
how  these  are  compatible  with  the  design  of  a  lifting  shape.  As  a  first  step  in  this  approach  we  shall  consider  the 
following  problem.  A  streemtube  forming  pari  of  the  flow  field  of  a  wever.der  wing  is  to  be  associated  with  a  given 
value  of  the  'ift  function  "  .  V"._,  flow  process  which  provides  this  will  minimise  the  drag  function  fD  ? 

For  simplicity  wc  shall  consider  only  the  flow  in  a  plane  of  symmetry  (y  =  0) .  Then  we  write  the 
expressions  for  fL  and  fD 


f 


L 


2  tan  0 
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fp  =  2  trn  0 
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For  the  time  being  we  consider  the  family  of  flow  processes  with  a  given  value  of  the  initial  shock  strength  0  . 
We  will  suppose  that  the  subsequent  flow  is  lsentropic,  because  it  „an  te  shown'  ti.at  in  the  contrary  case  the 
eificiency  can  only  be  loweied.  Then  tne  various  quantities  entering  into  the  lift  and  drag  functions  are  not  all 
independent;  we  have  in  fact 


p  =  p(v) 
p  =  p(v) 


and  if  we  aiso  write 


we  shall  h.  /e 


V  =  V  cos  fi 


v  =  v  sin  6 


f.  (\.  6)  =  2  tan  J 


v  sin  6 
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where 


fD:v.  5)  ~  2  tan  0  ]  I 
L 


k(v) 


P  ~  Pc. 
p(v)vvw 


v  cos  «  k(v) 
cos  6 


(5.24, 


(5  25) 


,St  BEsavcfeWiJfctg laci. 


5-6 


>;»W 


Now  by  systematically  varying  the  two  quantities  v  and  6  ,  we  can  generate  the  full  range  of  possible  pairs 
of  values  (fj_,  fD)  .  An  example  is  shown  in  Figure  6  for  the  special  case  of  flow  from  a  free  stream  at  Mach 
number  8.0  through  a  shockwave  inclined  at  25°.  The  general  features  of  the  diagram  are  similar  for  any  other  set 
of  conditions  (Mm,  6)  ,  in  particular  there  always  appears  an  envelope  which  bounds  the  curves  from  below.  This 
envelope  can  be  found  analytically,  for  the  condition  to  be  satisfied  on  it  is 


and  this  simplifies  to 


*Jl  _  21  £1  =  o 

3v  35  36  3v 


,  v  dk 
k(v)  tan2  6  =  —  +  v  —  . 

v„  dv 


(5.26) 


It  can  be  shown  further’  that  this  relationship  is  satisfied  for  all  6  by  a  value  v0  of  v  such  that 
k(v0)  =  0,  i.e.p  =  pM  .  The  envelope  cur'e  is  therefore  :ven  parametrically  by 


„  vn  sin  6 
f,  =  2  tan  9  -2 - 

L  V 


(5.271 


fD  =  7  tan  6 


1  - 


v-  cos  6 


(5.28) 


The  envelope  can  be  seen  to  be  a  circle  of  radius  2  tan  0  (v0iv„)  with  its  centre  at  the  point  (0,  2  tan  6)  . 

Pausing  to  assess  the  results  obtained  so  far  v/e  note  that  the  ideal  lifting  process  involves  returning  all  the 
“captured”  air  to  ambient  pressure,  which  evidently  cannot  be  accomplished  by  any  orthodox  lifting  surface.  (It 
is,  interestingly,  nearly  accomplished  by  Busemann’s  biplane).  The  lim>t  which  we  have  placed  on  hftinp  efficiency 
is  overoptmiistic,  because  we  have  neglected  a  most  .mportant  constraint  on  the  values  which  v  and  .  an  assume, 
namely  that  it  must  be  possible  to  find  them  paired  in  a  flow  field  which  is  physically  possible,  i.e.  satisnes  the 
equations  of  motion.  To  incorporate  this  constraint  even  within  a  restricted  family  of  lifting  surfaces,  such  as 
waveriders,  would  be  a  formidable  task,  considerably  more  difficult  than  anything  so  far  achieved*,  but  perhaps 
not  impossible.  What  our  partial  solution  does  demonstrate  is  the  existence  of  „  limit  which  cannot  be  passed,  and 


from  Figure  6  we  observt  that  the  closer  we  can  bring  v 
will  approach  to  this  limit. 


to  its  ideal  value,  v0  ,  the  closer  the  lifting  efficiency 


There  is  one  further  respect,  however,  in  which  the  ideal  flow  process  can  be  improved.  So  far  we  have  studied 
the  possible  processes  behind  shockwaves  of  given  strength.  If  now,  at  some  constant  free  stream  Mach  number,  we 
allow  the  shock  strength  to  vary,  we  obtain  a  family  of  limit  curves  (Fig.  7(a))  which  themselves  have  an  envelope, 
which  is  worked  out  analytically  in  Reference  1,  The  interesting  result  is  that  points  on  this  envelope  at  any  non¬ 
zero  value  of  f[_  correspond  to  non-zero  values  of  the  initial  shock  strength. 

This  comes  about  because  a  wing  of  given  planform  area  "captures”  a  greater  mass  flow  if  the  sho’k  system 
is  steeper.  This  gives  us  reason  to  suppose  that  the  finite  shock  system  necessarily  associated  with  non-siender 
lifting  shapes  is  not  wholly  disadvantageous. 

The  actual  lifting  efficiencies  achieved  by  the  ideal  processes  are  shown  in  Figure  7(b).  The  efficiency  >s 
measured  by  comparing  the  drag  function  of  the  ideal  process  with  the  drag  function  that  arises  when  a  similar 
lift  function  is  obtained  by  means  of  simple  defLcfior.  through  a  plane  shockwave.  In  other  words  we  are  compar¬ 
ing  the  “lift-drag  ratio”  of  the  ideal  process  with  the  “lift-drag  ratio”  of  a  plane  wedge.  Symbolically 


plane  shock 
(fjj)  ideal  process 


(at  same  fL) 


_  ^L^D^.p, 
p.s. 


(Wi.p 


(CL/CD)  wedge 


*For  an  interesting  discussion  of  an  analogous,  simple,  but  never!!,.'  .ss  taxing  problem,  the  desige  of  optimised  superso  nc  nozzles,  see 
the  a-''cles  by  Rr.o4  and  Guderley  and  Armitage5.  In  that  cas^,  a  "onc-Gimensional"  treatment  of  the  optimum  flow  process  is 
rciiurkably  successful,  and  leads  m  an  accurate  solution  of  the  axiaymrceltic  toblem. 
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From  Figure  7(b)  we  can  see  that  this  ratio  is  never  greater  than  2.0. 

It  has  been  demonstrated’  that  flow  processes  which  come  very  close  to  achieving  these  Fmiting  efficiencies 
are  in  fact  found  in  certain  circumstances.  The  example  quoted  there  was  the  flow  field  generated  at  =  3.0 
by  a  particular  ogival  body  of  revolution,  where  at  one  point  in  the  flow  17  was  equal  to  1.95  with  fL  =  0.020. 

In  our  subsequent  work  at  RAE  Bedford  on  waverider  design  we  have  tried  to  use  these  results  to  guide  our 
choice  of  flow  fields  and  surfaces.  One  thing  that  has  emerged  is  the  unwisdom  of  striving  to  achieve  very  high 
lifting  efficiency  over  a  relatively  small  part  of  the  flow.  It  always  seems  to  happen  that  the  overall  efficiency  is 
thereby  compromised.  Thus,  although  there  is  a  theoretical  interest  in  knowing  that  the  limits  exist,  their 
practical  importance  is  that  they  give  a  general  qualitative  recipe  for  the  efficient  production  of  lift.  They  show 
that  below  the  trailing  edge  of  a  lifting  wing  we  should  try  to  achieve  a  combination  cf  small  pressure  coefficients 
with  large  vertical  velocity  components,  and  that  we  need  not  worry  too  much  about  creating  shockwaves  of  finite 
strength,  provided  these  are  not  excessively  strong. 

It  is  interesting  to  compare  this  recipe  with  what  we  know  we  want  on  the  surface  of  the  wing  itself.  There 
we  would  like  to  see  large  pressure  coefficients,  coupled  with  small  surface  inclinations,  which  imply  email  vertical 
velocity  components,  in  fact  precisely  tne  opposite  mixture.  This  illustrates  the  way  in  which  the  two  approaches 
complement  each  other.  At  the  present  moment  neither  approach  is  capable  of  offering  a  complete  design  method, 
but  an  attempt  to  synthe”'-.  -.hr  ;  ,•<>  may  well  offer  eventually  the  most  complete  understanding  of  supersonic 
wing  design. 
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(or  Mach  wave) 


Fig.  2  A  stream  tube  passing  through  the  low;r  surface  control  volume 
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where  fL>  fD 


are  dimensionless  lift  and  drag  functions 
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where  lil,m,n]  are  direction  cosines  of  the  shock  surface  at 
point,  p,  p,  v  »  v?  are  flow  properties  at  the  exit  point. 

Fig.3  Definition  of  lift  and  drag  functions 
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For  an  axi symmetric  flow: - 
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where  0  is  the  shock  inclination  at  the  point  of  entry  of  the  streamtube. 
For  flow  without  embedded  shocks 

P  *  p(0,v) 

P  ■  P(6,v) 


If  we  write 


and 
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Mow,  in  an  axisymmetric  flow  v,  5  and  0  depend  only  on  the 
x-coordinate  of  the  entry  point,  and  so 

fL(x,$)  -  fL(x,0)  -  fL(x) 

fD(x,0)  f*(x) 

cos  ^  c08  ^ 

Inserting  these  in  the  formulae  for  and  we  can  obtain 
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Fig.5  Relationships  in  axisymmetric  (low 


LECTURE  6 


FLOWS  WITH  IIUAT  ADDITION 


ILL.  Roc 

Royal  Aircraft  Fstablishment.  Bedford.  Kngland 


It  is  always  interesting  to  speculate  about  the  simplest  method  oi  achieving  some  desired  aim,  the  machine  which 
accomplishes  its  end  with  the  minimum  of  moving  parts,  for  example.  Sometimes  we  can  see  in  principle  how  to 
arrange  a  very  simple  solution,  but  the  practical  difficulties  defeat  us,  so  that  the  idea  has  to  be  laid  aside  for  a  time, 
awaiting  new  techniques  or  new  inspiration.  The  turbine-propelled  motor  car  comes  perhaps  into  this  category. 

It  is  with  this  philosophy  in  mind  that  I  want  now  to  examine  the  propulsion  of  hypersonic  aircraft.  We  must 
begin  by  asking  exactly  what  it  is  that  we  are  trying  to  accomplish,  and  this  in  turn  leads  us  to  enquire  into  the 
fundamental  nature  of  aerodynamic  drag.  An  aircraft  which  is  gliding  without  power  loses  energy  at  a  rate  equal  to 
its  drag  times  its  velocity.  This  energy  cannot  disappear  from  the  universe:  it  must  be  absorbed  by  I  he  atmosphere, 
either  as  kinetic  energy  or  as  heat.  Shock  waves,  wakes,  and  trailing  vortices  all  contribute  to  the  process. 

Drag  therefore  involves  the  transfer  of  energy.  Generally,  it  also  involves  the  transfer  of  momentum.  Suppose 
the  aircraft  to  be  gliding  horizontally,  and  therefore  decelerating.  I  he  horizontal  momentum  lost  is  transferred  to 
the  atmosphere.  To  convert  this  decelerating  horizontal  glide  into  sustained,  steady,  level  flight,  we  must  supply 
the  atmosphere  with  a  compensating  source  of  momentum,  usually  the  slipstream  of  a  propeller,  or  the  exhaust  of 
a  jet  or  rocket. 

As  tar  as  the  atmosphere  is  concerned,  the  rate  at  which  it  receives  energy  is  probably  increased  by  this  new 
source  of  supply.  Since  the  aircraft  is  in  steady  flight  the  atmosphere’s  energy  is  now  being  entirely  supplied  from 
the  fuel,  therefore  the  problem  of  efficient  propulsion  is  basically  that  of  supplying  a  given  amount  of  momentum 
with  the  lowest  expenditure  of  energy.  If  the  propulsion  unit  provides  some  sort  of  jet  or  slipstream,  it  is  easy  to 
see  that  this  means  the  Jet  should  be  as  wide  as  possible. 

Now  to  obtain  a  wide  exhaust  from  a  jet  or  rocket  motor  means  a  large  nozzle,  which  would  be  heavy  and 
subject  to  large  friction  losses.  We  look  therefore  for  an  unconventional  solution,  and  in  keeping  with  our  ideas 
regarding  simplicity,  suppose  that  we  can  add  heat  directly  to  any  part  of  the  flow  field  we  wish.  To  make  our 
thinking  a  little  more  realistic,  we  can  imagine  that  we  do  this  by  injecting  fuel  into  the  airflow  upstream  of  tne 
chosen  point,  and  then  somehow  igniting  it. 

Very  little  is  yet  known  about  the  feasibility  of  adding  heat  like  this  in  a  controlled  manner,  before  getting 
loo  involved  in  the  practical  difficulties,  however,  it  seems  sensible  to  answer  the  question,  if  we, could  do  this, 
would  it  be  worthwhile?  Arc  the  rather  vague  arguments  in  favour  of  the  scheme  really  sound  or  are  there  limitations 
that  we  have  not  taken  into  account?  I  want  to  give  an  account  of  some  of  the  theoretical  difficulties  to  tie 
overcome  in  a  study  of  these  problems. 

Consider  first  a  uniform  stream  of  gas  (Fig.  I)  having  velocity  V  .  and  static  temperature  T  .  To  (his  gas  we 
add  a  quantity  of  heat  q12.  in  such  a  way  that  no  external  work  is  done,  and  as  a  result  we  suppose  that  the  gas 
acquires  velocity  V2  and  static  temperature  Tj.  Conservation  of  energy  states  that 

1  jvj  -  v?)  F  C(  IT,  -  T,  I  =  (|)2  .  (0.1) 

which  is  to  say  that  the  heat  may  be  received  either  as  kinetic  energy  or  as  increased  temperature.  Conventionally, 
it  is  supposed  that  the  kinetic  energy  is  at  least  potentially  useful,  and  that  the  temperature  rise  must  be  at  least 
partially  wasted,  so  that  a  thermal  efficiency  tj||(  is  defined, 

%  “  1  <VJ  ~  Vjl/q,j  .  I,,.?) 

If  the  process  is  one  of  producing  a  propulsive  jet,  so  that  V,  =  V„  ,  and  V2  -  V  ,  then  this  quantity 
measures  the  efficiency  with  which  the  heat  supplied  is  converted  into  a  usable  jet.  A  second  commonly  used 
measure  of  efficiency  compared  the  available  propulsive  work  in  the  jet,  VjV,  -  V  ).  with  the  kinetic  energy 
given  up  by  the  jet  as  it  returns  to  free-slream  conditions,  ”  * 

v»i 


{ <  v » 


Thus  “jet  efficiency”,  rjj  ,  is  given  by 


2 

“  1  +  Vj/V 

The  product  of  rj(h  and  rjj  is  the  propulsive  efficiency  ftjp )  ,  where 


nP  = 


V„(Vj  -  VJ 

q 


(6.3) 
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In  the  assessment  of  conventional  propulsion  systems  all  these  quantities  are  useful  and  significant.  Their 
significance  in  the  present  context  seems  however,  to  be  rather  slight,  and  1  shall  show  this  by  considering  two 
extreme  examples. 


The  first  of  these  is  shown  in  Figure  2,  a  flat-bottomed,  two-dimensional  “wing.”  Somewhere  underneath  this 
we  suppose  that  heat  is  released  across  the  station  1-2.  This  is  the  “burner  disc”  considered  by  Oswatitsch1  and 
Kuchemann2.  The  effect  of  the  disc  is  to  produce  a  sudden  large  pressure  rise.  Behind  it  the  heated  air  expands 
back  towards  the  free-stream  pressure,  which  we  can  suppose  is  more-or-less  reached  at  station  3.  After  this,  the  je* 
will  slowly  return  to  free-stream  temperature  also,  by  a  diffusive  process.  A  schematic  flow  cycle  for  the  process 
is  shown  in  Figure  3. 


The  cycle  seems  to  indicate  that  work  is  being  done,  and  in  a  numerical  example  Kuchemann2  indicates  that 
the  thermodynamic  efficiencies  are  quite  high  (tj([i  =  0.37  based  on  stations  I  and  3  and  iet  efficiency 


_  V,  (V3  -  V.) 

vi  J  (v32  -  v,2) 


0.92) . 


However,  it  is  quite  evident  that  no  drag  reduction  is  being  achieved,  because  pressure  changes  are  only  being 
produced  on  streamwise  surfaces.  It  is  conceivable  that  small  thrust  forces  are  induced  on  the  fuel  injection  system, 
but  even  these  cannot  occur  if  the  fuel  emerges,  say,  as  a  high  speed  jet  which  ignites  as  it  breaks  up. 

Oswatitsch1  resolves  the  paradox  by  noting  that  work  is  indeed  being  done,  but  only  on  the  atmosphere.  The 
work  goes  into  the  propagation  of  a  wave  system  which  is  associated  with  the  expansion  of  the  heated  jet  (Fig.  2(b)). 


A  second  example  concerns  the  relief  of  base  drag.  A  two-dimensional  or  axisymtnetric  blunt-based  body  in  an 
unheated  supersonic  stream  will  usually  experience  flow  like  that  shown  in  Figure  4(a),  with  a  low  velocity  recirculating 
region  behind  it.  The  pressure  in  this  region  (pj,)  is  fairly  uni'orm  and  quite  small  (often  about  equal  to  Poo/M^) 
,md  the  pressure  difference  (pM  —  pj,) ,  times  the  base  area,  is  known  as  the  base  drag.  Now  experiments  have 
shown3  that  if  fuel  (  hydrogen  in  the  case  of  Reference  3)  is  injected  into  the  boundary  layer  just  upstream  of  the 
base,  and  ignited,  a  stable  flow  pattern  can  be  produced  which  is  of  quite  a  different  form.  It  does  not  in  fact 
depart  very  far  from  the  situation  shown  in  Figure  4(b),  with  the  pressure  within  the  wake  very  nearly  cqu^il  to 
pM  ,  and  the  external  flow  nearly  parallel. 


Since  the  flow  is  almost  at  constant  pressure  everywhere,  a  flow  diagram  on  a  pressure-volume  chart  would  have 
almost  no  area,  and  it  would  appear  that  no  useful  work  was  available.  Moreover,  since  the  liow  is  aimost  at 
constant  velocity,  it  appears  rjp  must  be  very  small.  However,  it  is  quite  clear  that  a  useful  result  has  been  achieved; 
the  base  drag  has  been  eliminated. 

From  these  two  examples,  it  is  Jear  that  the  effectiveness  of  any  external  burning  scheme  can  on!  assessed 
by  looking  at  the  overall  effect,  and  that  it  may  be  quite  misleading  to  look  at  parts  oi  the  flow  patten  isolation. 

I  now  want  to  consider  some  of  the  ways  in  which  we  might  try  to  compute  .non;  genera!  cases.  Figures  5  and 
6  show  a  pair  of  two-dimensional  configurations  that  have  been  proposed  by  Kuchemann2  and  Broadbent4.  To 
evaluate  such  configurations  it  seems  that  a  non-linear  method  is  required  because,  to  quote  Oswatitsch1  "Lirearised 
formulae  for  this  type  of  propulsion  show  that  the  field  of  application  lies  outside  the  linearisation  region.” 

The  configuration  shown  in  Figure  S  consists  of  a  wedge  forebody,  following  which  heat  is  added  a'  a  detonation 
wave5.  The  resulting  high  pressures  arc  transmitted  to  a  forward-facing  afterbody  surface,  which  provides  the 
thrust.  Some  general  remarks  on  this  sort  of  configuration  have  been  made  by  Oswatitsch*.  Townend7  and 
Zicrcp®. 

To  determine  just  hew  effective  such  an  arrangement  might  be  it  seems  necessary  at  this  stage  to  emban:  on 
the  computation  of  some  examples,  diming  always  to  obtain  insights  into  the  principles  involved  and  so  improve  the 
design.  When  this  has  been  done,  ever,  if  only  for  two-dimensional  shapes,  we  should  be  better  able  to  assess  the 
promise  of  the  concept. 
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Flows  involving  very  sudden  heat  release  can  be  computed  using  the  properties  of  detonation  waves’  plus 
standard  methods  (e.g.  characteristics)  for  the  unheated  regions.  1  know  of  no  generally  available  calculations  on 
these  lines,  although  work  has  been  reported,  by  Townend9. 

Flows  with  distributed  heat  release  (which  may  be  thought  of  as  including  the  above  case)  have  been  investigated 
by  Broadbent4,  and  since  his  method  is  rather  novel  it  may  be  of  interest  to  review  it  briefly  here.  We  noted  above 
that  any  useful  investigation  of  flows  with  heat  addition  would  have  to  employ  the  full,  non-hnear  equations  of 
motion.  However,  Broadbent  has  discovered  a  method  of  solving  them  which  employs  only  linear  algebra.  This 
involves  starting  with  an  assumed  pattern  of  streamlines,  and  asking  what  distribution  of  heat  release  would  be 
compatible  with  them.  For  the  purpose  of  building  up  a  catalogue  of  solutions,  and  attempting  to  find  their  desirable 
properties,  this  approach  is  as  valid  as  any  other. 

The  streamlines,  then,  are  assumed  to  be  given,  and  distances  along  them  are  measured  by  a  co-crdinate  s  . 
Distances  along  the  orthogonals  to  the  streamlines  are  measured  by  a  co-ordinate  n  (see  Figure  7).  The  width  of  a 
particular  streamtube  may  be  wiitten  as  An  ,  and  generally  will  vary  with  s  .  The  radius  of  curvature  of  a  sticamline 
is  set  equal  to  R  .  The  state  of  the  flow  at  any  point  is  leprcsented  by  pressure  p  ,  density  p  ,  velocity  u  ,  and 
enthalpy  h  .  The  heat  addition  per  unit  mess  per  unit  t  ...a  't  any  point  is  given  by  the  quantity  q  . 


Now  the  equations  of  motion  in  (s,  n)  co-ordinates  a  foliows:- 


Continuity 


puAn  =  Ci  , 


where  C!  is  constant  for  any  streamtube. 

Momentum  in  flow  direction 

3u  — 3p 

P'i  7"  =  ' 

3s  3s 


Momentum  across  flow  direction 


Conservation  of  energy 


(h  +  }uJ)  =  q. 


Now  we  can  use  (6.5)  to  substitute  ‘or  (pu)  in  cqns.  (6.6)  and  (6.7).  obtaining 


3u  _  (~&n\  3p 
Cs  ~  \C,  /  3s 

/-RAn\  dp 
U  "\  C,  1  an  ■ 


If  we  assume  that  the  streamline  shapes  are  known,  then  the  bracketed  quantities  arc  fixed,  and  Eqns  (6.9)  and 
(6.10)  become  a  pair  of  linear  differential  equations  lor  u  and  p  .  The  system  is  hyperbolic  with  characteristics 
coinciding  with  the  (s,  n)  co-ordinates,  and  can  be  solved  easily  if  appropriate  boundary  conditions  are  given.  Once 
u  has  been  found,  p  can  be  got  from  Eqn.  (6.2)  and  then  finally  q  from  Eqn  (6.5).  In  this  last  step  only  it  is 
necessary  to  assume  some  equation  of  state.  The  CAample  shown  later  assumes  a  perfect  gas  with  y  =  1.4 . 


Among  *he  boundary  value  problems  that  can  be  solved  is  the  or.e  set  out  in  Figure  8.  Complete  flow  conditions 
are  specified  along  one  orthogonal,  and  the  pressure  alone  is  specified  on  one  streamline.  The  solution  then  involves 
a  straightforward  marching  process4.  Broadbent  has  applied  this  to  the  solution  of  a  class  of  lifting  propulsive 
bodies,  a  typical  member  of  wnich  is  shown  in  F  igure  6.  The  body  consists  of  a  wedge-shaped  nose  AB,  generating  a 
plane  shork  AF.  Th.s  shock  wave  is  supposed  to  continue  unweakened  bc-yond  F,  implying  the  existence  of  a 
straight  streamline  FG,  parallel  to  AB.  This  streamline  is  taken  as  one  boundary  of  the  “heating  zone”  BDGF. 

The  curved  portion  of  the  body,  BD.  and  the  streamlines  within  BDGF  arc  chosen  to  have  simple  analytic  fonns 
and  the  flow  field  then  calculated  as  described  above.  A  straight  afterbody  DE  is  drawn,  alor.g  which  the  press  ire 
decreases,  and  a  straight  upper  surface  AE.  The  point  E  is  chosen  to  maximise  the  overall  forwaid  force,  it  is  easy 
to  sec  that  the  condition  for  this  is  that  the  pressure  at  b  should  be  the  same  on  both  surfaces.  (II  the  piessure  is 
higher  on  the  lower  surface,  the  thrust  can  be  increased  by  extending  DE  and  accepting  a  more  inclined  upper 


A  computed  example  is  shown  in  Figure  9.  Figure  9(a)  shows  the  body  shape  and  the  temperature  distribution  in  the 
heating  zone.  Figure  9(b)  shows  the  “drag  distribution"  along  the  body.  The  .abscissa  for  this  figure  is  streamwise 
distance,  x  ,  and  the  ordinate  is  Cp  times  the  tangent  of  the  local  surface  inclination.  The  area  between  the  curve 
and  the  x-axis  is  proportional  to  the  streamwise  force  on  the  body.  Results  arc  shown  foi  flows  with  and  without 
heating.  With  heating  the  drag  coefficient  of  the  undersurface  becomes  very  small,  and  the  drag  coefficient  of  the 
whole  body  (upper  surface  included)  is  0.00204.  This  compares  with  a  value  of  0.00784  without  heating. 

The  efficiency  with  which  the  added  heat  reduces  the  drag  can  be  calculated  from  the  formula 


(Du  -  Dh)  x  U„ 

n - : - .  (6.ii) 

q 

in  which 

Du  is  the  drag  with  unheated  flow 
D(]  is  the  drag  with  heat  flow 
U„  is  the  Flight  speed 

and  q  is  the  heat  supply  per  unit  time. 

For  the  example  shown  rj  works  out  at  21.5%,  which  seems  not  too  bad.  However,  the  use  of  t?  as  a 
criterion  to  assess  the  effectiveness  of  the  scheme  is  open  to  sonic  objections,  and  ii  is  instructive  to  examine  these 

First,  it  would  be  preferable  to  compare  the  drag  reduction  to  the  fuel  consumption  rather  than  the  heat 
release.  In  other  words,  to  get  a  more  realistic  measure  of  the  efficiency,  we  ought  to  multiply  tj  as  defined  by  the 
ratio  (heat  actually  released)/ (heat  content  of  fuel  released).  However,  this  would  require  more  knowledge  of  the 
likely  combustion  processes  than  we  have  at  present. 

Second,  the  heat  release  not  only  reduces  the  drag,  but  also  greatly  increases  the  lift  acting  on  the  body.  This 
surely  ought  to  appear  on  the  credit  side  of  any  balance  sheet,  but  it  is  not  easy  to  see  a  simple  “figure  of  merit” 
which  accounts  for  it. 

Third,  although  we  note  that  the  example  given  does  not  achieve  complete  drag  cancellation  (nor,  indeed,  do  any 
of  Broadbent’s  other  numerical  examples4 )  it  is  not  clear  whether  this  is  really  a  disadvantage.  We  can  imagine  a 
hypersonic  transport  vehicle  operating  in  something  like  a  "boost-glide”  trajectory,  except  that  the  glide  phase  might 
be  power-assisted.  That  is.  after  an  initial  boost  to  high  altitude  and  hypersonic  velocity,  there  could  be  a  flight 
phase  involving  incomplete  drag  cancellation,  and  therefore  a  genth  descent  or  deceleration.  This  could  be  not  only 
acceptable,  but  might  even  be  the  most  economical  way  of  achieving  a  desired  range.  We  may  remark  that  the 
example  in  Figure  9  has,  with  heat  on.  a  lift/drag  ratio  of  just  over  40. 

This  last  paragraph  brings  out  another  aspect  of  the  “integrated”  nature  <  r  hypersonic  aircraft.  Not  only  is  i' 
impossible  to  consider  the  aerodynamic  design  of  any  component  of  the  aircr  .ft  independently  of  the  others,  but  at 
sufficiently  high  speeds  it  also  becomes  difficult  to  assess  the  economic  efficiency  of  any  part  of  the  flight  path  by 
itself. 

Having.  1  hope,  saw  enough  to  convince  you  of  the  novelty  and  difficulty  of  some  of  the  unsolved  problems. 

1  would  not  wish  to  end  on  too  pessimistic  a  note.  To  put  the  problems  of  the  innovator  into  some  perspective. 

I  would  like  to  recommend  to  you  Reference  10.  In  this,  one  of  the  pioneers  of  atomic  energy  imagines  a  situation 
in  the  remote  future  when  the  near-exhaustion  of  nuclear  fuels  prompts  research  into  the  long  forgotten  possibility 
of  coal-fired  power  stations.  Contemplation  of  the  imaginary  future  researcher  wrestling  with  w’-.at  tie  supposes  to 
be  nearly  insuperable  difficulties  may  lead  us  to  hope  that  many  of  me  problems  which  are  obscure  today  will  appear 
laughably  simple  in  times  to  come. 


1.  Oswatitsch,  K. 

2.  Kiichemann,  D. 

3.  Townend,  L.H. 

4.  Broadbent.  E.G. 

5.  Townend,  L.H. 

6.  Oswatitsch,  K. 

7.  Townend,  L.H. 

8.  Zierep,  J. 

9.  Townend,  L.H. 
10.  Frisch,  O.R. 
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APPENDIX 

Since  the  original  lecture  material  was  written,  a  number  of  new  relevant  papers  have  been  published. 
Some  of  these  are  listed  below,  with  brief  comments.  Also  included  are  a  few  older  papers 
that  have  only  recently  come  to  the  author’s  attention. 


LECTURE  2 
Optimum  Shapes 

This  chapter  opened  with  a  discussion  of  the  general  prediction  problem  for  supersonic  wings.  A  great  deal  of 
progress  has  taken  place  recently  in  this  field,  and  the  following  papers  describe  methods  bused  on  the  full  equations 
of  inviscid  flow,  the  situation  with  reg„rd  to  optimisation  studies  based  on  such  methods  is  still,  howevei,  much  as 
described. 

G. P.Voskiesenkn  Numerical  Solution  of  the  Problem  of  a  Supersonic  (las  Flow  Past  an  Arbitrary  Surface 

of  a  Delta  Wing.  Mekh.  Zhid.  i  Gaza.  Vol.4,  1968,  p.  134. 

J.South  Methods  for  Calculating  Non-Linear  Supersonic  Flows.  NASA  SP  228,  1969. 

E.B.Klunker 

P.Kutler  The  Completion  of  Supersonic  Flow  Fields  about  Wing  Body  Combinations  by 

H.  Lomax  "Shock-Capturing”  Finite  Difference  Techniques.  To  be  published  in  Lect-Notes 

Physics. 

At  the  end  of  the  chapter  an  account  was  given  of  work  by  Maikapar  based  on  Newtonian  theory,  a  considerably 
extended  account  of  this  is  available  as 

G.I.Maikapar  Wing  Shape  Selection  for  Hypersonic  Speeds  Mekh.  Zhid.  i  Gaza.  Vol.2.  1967.  p.25, 

available  in  translation  journal  “Fluid  Dynamics".  Pergamon. 

It  was  noted  in  the  text  that  according  to  Newtonian  theory  the  optimum  wing  under  various  constraints  is  a 
flat  plate.  However,  under  just  those  conditions  where  Newtonian  theory  is  usually  supposed  to  be  most  accurate, 
i.e.  very  high  incidence  and  Mach  number,  this  conclusion  does  not  hold.  Wings  with  concave  undersurfaces,  which 
cannot  be  adequately  handled  by  Newtonian  theory,  generate  more  lift  than  flat  wings.  This  result,  which  has 
important  implications  for  re-entry  flight,  was  first  pointed  out  by 

L.H.Towncnd  Some  Design  Aspects  of  Space  Shuttle  Orbitcrs  RAE  TR  71054,  1971. 

A  detailed  theoretical  and  experimental  investigation  of  this  idea  will  be  published  in  a  paper  L. Davies,  et  al 
to  be  given  at  the  10th  AIAA  Meeting.  San  Diego.  February  1972. 


LECTURE  3 


An  extension  of  the  known  flow  fields  design  technique  to  generate  a  class  of  lifting  wing  body  c.  .-lbinatiors 
has  been  described  in 

J.Pike  Wing-Body  Shapes  from  Known  Flow  Fields  RAE  TR  20235.  December  I970. 

A  method  for  calculating  the  off-design  performance  of  caret  wings  in  certain  circumstances  is  given  in 

J.Pike  The  Plow  Past  Flat  and  Anhedral  Della  Wings  with  Attached  Shockwaves  RAE 

TR  71081,  April  1971. 

The  latest  developments  in  designing  waveriders  for  high  cruise  efficiency  arc  described  in 

J.Pike  Lifting  Configurations  for  High  Supersonic  Speeds  from  Axisymmetric  Non-Homeniropic 

Flow  Field.  RAE  TM  Aero  1247,  August  1970 


LECTURE  4 


Thin-Shock-Layer  Theory 


The  streamline-pattern  approach  described  in  this  chaptei  has  been  t,»ed  to  find  a  solution  for  flat  delta  wings. 

r.L.Rce  A  Simple  Treatment  of  the  Attached  Shock  Layer  on  a  Plane  Delta  Wing.  RAE 

TR  70246,  December  1970. 

An  application  of  the  theory  to  designing  optimum  re-entry  shapes  is  described  in  the  paper  by  Davies,  et  al. 
mentioned  in  the  notes  to  Lecture  3. 

The  extension  of  the  theory  to  yawed  wings  is  given  in 

R.Hillier  The  Effects  of  Yaw  on  Conical  Wings  at  High  Supersonic  Speeds.  Aero  Quarterly, 

XXI,  August  1770. 

The  study  of  non-conical  wings  has  been  commenced  in  Hilliers  Ph-D  thesis  (Cambridge  Univeisity  Engineering 
Dept,  1970). 


LECTURE  6 

Flows  with  Heat  Addition 


Broadbent  has  continued  his  study  by  indirect  means  of  desirable  modes  of  heat  addit.on  to  an  external  flow. 
His  latest  calculations,  which  show  the  effect  of  partial  ducting,  with  a  first  attempt  at  designing  suitable  “intake" 
and  "nozzle”  processes  are  contained  in 

E.G.Broadbe,.t  Flowfield  Calculations  for  Some  Supersonic  Sections  with  Ducted  Heat  Addition. 

RAE  TR  71 120.  June  1971. 
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LECTURE  7 

SPECIAL  TOPICS  IN  HYPERSONIC  FLOW 


Richard  D.  Neumann 


Technical  Manager  for  Aerothcrmodynamics 
Gasdynamics  Branch 
Flight  Mechanics  Division 
Air  Force  Flight  Dynamic*  Laboratory 


SECTION  I  -  INTRODUCTION 


This  section  sets  out  the  basic  relations  relating  to  flight  performance  and  aerodynamic  heating  of  entry  glide 
vehicles. 


1-1  CONFIGURATION  TRAJECTORY 


The  equations  of  motion  for  atmospheric  flight  are 


W  dV* 

D  —  W  sin  7  - - 2 

g  dt 


L  + 


W  Vi 
g  Re 


•-  W 


cos  7  = 


For  gradual  descent  we  assume: 

sin  7  1 


=  o 

dt 


d7 

dt 


reducing  the  equations  to 


cos  7  s  I  sin  7 
the  following 


cda 

2W 

Poo  Vi  = 

gdt 

ClA 

n  V2  = 

2W 

Poo  voc  “ 

v? 

1  dVpo 

g  dt 


The  equation  for  CL  is  essentially  that  given  by  Sanger.  This  equation  relates  frcc-strcam  density  to  velocity, 
lift  coefficient  and  wing  loading.  From  this  equation  we  can  evaluate  the  equilibrium  flight  performance  of  entry 
glide  vehicles. 


i-2  VEHICLE  CHARACTERISTICS 


From  Newtonian  theory  we  can  define  the  aerodynamics  of  an  arbitrary  lifting  configuration. 


;•  2 


CL  =  CL0  sin2  a  cos  a 
CD  =  CD0  +  CDL  sin3  a  • 

We  will  assume  for  the  present  discussion  that  CL0  =  CPmax  -  1.83  and  CDL  =  CL0  =  1.83  . 

Figure  1*1  indicates  the  performance  characteristics  for  a  scries  of  configurations  having  variable  L/D 
capabilities. 

Differentiation  of  the  equation  for  CL  yields  the  max  CL  given  as 
CLmax  -  0-7  at  «  a  S5° 
and  in  general  L/D  2  cot  a  as  shown  in  Figure  1-1. 

The  maximum  lift  to  drag  ratio  performance  is  primarily  determined  by  Cm  -  that  is  by  the  degree  of 
bluntness  and  Reynolds  number  at  which  the  vehicle  operates 

I  L/D  I  max  =  0.65/Ck33  . 

Thus  it  can  be  seen  that  increasing  the  (L/D)max  of  a  vehicle  requires  that  one  minimize  Cpo  which,  in 
turn,  is  related  to  the  configuration  variables  and  operating  attitude.  The  angle  of  attack  for  maximum  L/D  is 
given  as 

1*1  l/d  max  —  C&o3  ■ 


1-3  AERODYNAMIC  HEATING 

The  configuration  aerodynamic  heating  rates  are  also  directly  related  to  the  trajectory  flown,  the  configuration 
attite  '• ;  and  geometric  features. 

As  a  i.  it  example,  let  us  consider  the  stagnation  point  where  for  a  laminar  boundary  layer,  the  convective 
heating  rate  ir  "  be  written  as: 


<\  -  v/pI/D  V3  . 


Employing  the  trajectory  equation  previously  discussed  this  becomes 


11  ~(Voo/Vc)2)0-5  f  2W>  v3 
v/D  VM  \ClA/  00 


Thus  it  can  be  seen  that  the  glide  parameter  (W/C LA)  which  includes  both  wing  loading  and  vehicle  attitude 
through  the  lift  coefficient,  CL  ,  modifies  stagnation  point  heating.  Operation  at  CLmax  clearly  minimizes  stagna¬ 
tion  point  heating.  Further,  the  velocity  term  ( 1  -  (V^/Vj)2  )05V21  determines  the  velocity  for  peak  stagnation 
point  laminar  heating. 

This  velocity,  obtained  through  differentiation  of  velocity  dependent  terms  is  at  =  21.000  ft/scc  for  maximum 
stagnation  point  heating.  This  velocity  is  helpful  as  a  representative  point  for  design  heating  calculations  employing 
radiation  equilibrium  structures  where  peak  heating  rates  arc  important  rather  than  the  total  integrated  heat  load 
and  within  the  assumption  of  an  equilibrium  glide  trajectory. 

To  the  extent  that  other  laminar  hearing  points  are  related  to  the  stagnation  point,  the  stagnation  point  derived 
velocity  for  peak  heating  will  be  employed  for  all  other  laminar  heating  calculations. 

Turbulent  heating  presents  another  velocity  where  peak  heating  will  occur.  In  turbulent  flow 
q  «  p^V3, 


yielding  a  velocity  of  17,700  ft/sec  for  peak  turbulent  heating  (assuming  transition  has  previously  occurred). 


14  THE  FLIGHT  ENVELOPE 


Before  we  go  further  into  heating  prediction  methods  it  would  appear  of  some  interest  to  discuss  the  generation 
of  flight  envelopes  and  maneuver  corridors  as  outlined  by  Yoler  in  his  review  of  Dvna  Soar  technology1 . 
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In  Figure  1-2  we  see  ?  typical  flight  envelope  for  a  boosted  lifting  entry  system.  The  accessible  flight  corridor 
is  bounded  below  the  trajectories  by  heating  and  load  placards  and  above  by  recovtry  ceilings.  The  heating  and  load 
placards  are  important  at  different  times  during  the  entry  and  the  practical  design  limit  is  an  envelope  of  all  such 
placards.  Design  margins  between  the  placards  and  the  design  limit  account  for  uncertain’n**  in  aerodynamic  coef¬ 
ficients,  heating  rates,  surface  emittance,  winds,  materials  allowables,  etc... 


The  design  limit  line  shown  in  Figure  1-2  is  not  a  unique  function  of  velocity  alone  but  for  a  t,ivcn  velocity  is 
also  a  function  of  the  vehicle  angle  of  attack.  Figure  1-3  indicates  the  variation  of  temperature  placards  with  angle 
of  attack  indicating  the  severity  of  the  upper  surface  heating  at  low  but  positive  angles  ol  attack.  Also  noted  in 
Figure  1-3  is  a  positi-  e  maneuver  margin  throughout  the  angle  of  attack  spectrum  between  the  equilibrium  trajectory 
and  the  configurational  design  limits.  Such  a  margin  is  necessary  in  order  to  assure  that  the  aircraft  successfully 
recovers  from  nonequiiibrium  initial  conditions  which  might  arise  during  boost  and/or  re-entry. 
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SECTION  II  -  SURFACE  PHENOMENA 


Many  of  the  aerodynamic  heating  problems  encountered  by  practical  re-entry  vehicles  are  not  representable  by 
small  scale  wind  tunnel  models  employ .ng  idealized  and  smooth  loft  line  surface  .ontours.  It  is  important  that  due 
consideration  be  given  to  effects  of  surface  condition  and  manufacturing  irregularities  early  in  the  configuration 
foimulation  so  that  the  research  aerodynamicist  and  the  manufacturer  may  resolve  critical  problems  to  the  airframe 
This  section  of  the  course  will  discuss  several  examples  of  such  hardware  onented  problems  uncovered  over  the  past 
decade  of  hypersonic  design.  The  following  examples  will  be  discussed. 

1.  Aerodynamic  bleed  of  the  boundary-layer  air  through  the  configuration, 

2.  Surface  distortion  of  the  heat  shield  and  ils  effect  on  aerodynamic  heating,  and 

3.  Surface  boundary-layer  distortion  due  to  bleed  How. 

II-l  BLEED  FLOW  AROUND  CONTROL  SURFACES 

It  is  extremely  difficult,  if  not  impossible,  to  completely  seal  the  g.>p  between  aerodynamic  control  surfaces 
and  the  configuration.  The  resultant  bleed  of  high  energy  airflow  between  adjacent  control  surfaces  may  cause 
critical  heat  shield  design  problems  not  entirely  because  of  the  high  heating  rates  but  also  because  of  the  lack  of 
radiation  relief  of  the  surfaces  caused  by  very  low  radiation  view  factors  between  adjacent  surfaces. 

Design  relief  from  such  situations  may  require  an  adjustment  in  the  aercJynani'c  contours  to  assure  radiation 
relief  and.  as  well,  structural  re-adjustment  within  the  aerodynamic  surfaces  to  allow  the  heat  to  radiate  to  cooler 
parts  of  the  surface.  Figure  II- 1  indicates  such  changes  to  a  typical  eleven  gap  region,  the  recommended  changes 
did,  in  fact,  significantly  reduce  the  thermal  placard  altitude.  It  must  be  pointed  out  however  that  such  charges 
to  aerodynamn  shape  have  important  consequences  both  to  the  aerodynamic  performance  and  structural  design  ol 
the  configuration.  In  the  case  of  the  elevon  gap,  al'owmg  contour  changes  to  assure  aerothcrmodynamic  integrity 
did  significantly  degrade  the  low  speed  performance  of  the  configuration  noted  as  a  moment  shift  in  Figure  II- 1 

Perhaps  the  most  complete  evaluation  of  bleed  flow  in  gap  regions  about  control  surfaces  was  reported  by 
Stem  and  Rowe1.  Stern’s  model  shown  in  Figure  li-2  allowed  one  to  vary  the  gap  from  0.05  to  0.35  ir.  0.10  inch 
increments.  He  concluded  that  although  sonic  aerodynamic  Vnefits  aid  occur  from  bleed  flow  e  g  retarding 
boundary -layer  separation,  and  reducing  the  probability  of  boundary -layer  transition  the  aerodynamic  heating  , 
problem  was  significant  and  sell  aggravating  for  ablating  surfaces  Later  work  op.  gap  effects  in  connection  wi‘h 
deflected  control  surfaces  has  been  concocted  at  NASA  Langley  and  reporteo  in  References  2  and  3. 

A  dramatic  example  of  the  effects  of  aerodynamic  bleed  is  to  be  found  n>  an  analysis  of  tne  recovered  ASSET 
configuration.  Figure  1 1-3  indicates  a  gap  region  neat  the  wing  apex  at  the  juncture  of  the  leading  edge, 'nose  skirt 
and  lower  surface  heat  shield.  This  cap  caused  an  internal  bleed  of  high  energy  airflow  through  the  interior  of  the 
aircraft  along  the  bulkhead  as  shown  in  Figure  11-4,  expelling  the  flow  on  the  upper  surface  shown  in  Figure  11-5 
The  result  fortunately  caused  no  structural  damage  and  was  rectified  by  installing  a  heat  barrier  in  subsequent 
flights. 

Similar  bleed  phenomena  were  found  dur.ng  the  VIS  flight  program4  in  which  severe  air  leakage  into  the  nose 
wheel  compartment  caused  an  aluminum  tubing  within  the  wtll  to  melt  and  other  equipment  to  be  damaged  In  an 
earlier  article'  leading-edge  skin  buckling  was  reported  (see  Figure  II-6I  to  be  caused  by  entrapped  flow  in  the  Icading- 
edgt  expansion  joints.  The  fix.  also  shown  in  Figure  11-6.  was  a  tab  over  the  expansion  joint  to  minimize  the  heat 
flow. 

11-2  SURFACE  DISTORTION 

Surface  distortion  during  re-entry  is  caused  by  any  of  a  seme  ol  imposed  phenomena.  Manufacturing  require¬ 
ments,  load  deformations  and  thermal  expansion  effects  are  but  a  k>v  causes  As  a  result  cf  the  Dyna  Soar 
expenenee  Jaeck6  presented  data  and  theory  on  a  series  of  basic  configurations  .;iid  covc-nr.g  a  senes  of  related 
surface  irregularities.  While  the  tests  and  results  ire  noi  amenable  to  a  gem.rjt.-cd  presentation,  the  following 
observations  can  be  made. 

1.  Rclativ  ly  small  surface  irregularities  (with  regard  to  the  local  boundary -layer  thickness)  •  an  cause  relatively 
large  increases  m  heating  The  heating  increases  an  much  greater  than  the  corresponding  tressure  increases 

2.  Roughness  of  the  type  evaluated  (shallow  waves)  can  m  genera!  be  classed  in  relation  to  the  local  boundary 
layer  thickness.  Those  small  in  relation  to  the  boundary-layer  thicktuss  arc  insensitive  to  external  flow 
effects  and  the  heating  is  caused  by  the  protrusion  of  the  wj.e  into  the  higher  energy  portion  of  the 
boundary  Lycr.  Large  scale  roughness  on  the  other  hand  should  currrlate  with  the  measured  pressure  data 


3.  Correlation  of  available  data  for  shallow  waves  against  the  boundary-layer  displacement  thickness  implies 
strongly  that  this  parameter  is  of  primary  interest  in  denign.  Further,  it  indicates  that  regions  near  the 
configuration  nose  where  the  boundary  layer  is  thin  and  the  basic  heating  is  highest  are  susceptible  to  the 
highest  increments  of  roughness  induced  heating.  It  also  implies  that  real  gas  effects  on  boundary-layer 
thickness  are  of  importance  as  are  three-dimensional  effects. 

4.  For  the  rather  specialized  ca»c-  of  a  shallow  wave  as  bump  above  the  mold  line,  correlation  theory  has 
been  presented  by  Bertram  et  a).’  for  both  laminar  and  turbulent  boundary-layer  flow  in  terms  of  the 
ratio  of  roughness  height,  H  ,  to  smooth  body  displacement  thickness.  6*  .  Figure  11-7  lists  these  corre¬ 
lation  equations.  Figure  !!-8  employs  both  the  theory  of  Bertram  and  that  of  Jaeck4  (as  presented  for 
design  purposes  by  Thomas)  to  indicate  the  relative  height  of  a  surface  irregularity  to  cause  a  20"  increase 
in  smooth  body  heating.  Finally.  Figure  11-9  indicates  the  correlation  of  multiple  wave  data  with  the 
respective  approaches. 


H-3  LEAKAGE  EFFECTS  DOWNSTREAM  OF  A  GAP 

Downstream  of  a  mold  line  gap  the  aerodynamic  heating  to  the  heat  shield  is  augmented  due  to  a  thinning  of 
ths  boundary  layer.  An  empirical  correlation  of  this  heating  increase  was  generated  with  the  aid  of  a  Nonsimilar 
Boundary-Layer  Computer  Program  described  in  Appendix  C  of  Reference  6.  The  resultant  correlation  curve  for 
these  computer  generated  data  is  shown  in  Figure  11-10. 
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SECTION  III  -  INTERACTION  HEATING 


The  interaction  of  one  flow  Held  with  another  in  *r  inherent  part  of  any  flight  configuration  As  these 
phenomena  are  poorly  understood  at  the  present  time,  it  is  prudent  in  any  design  to  attempt  to  minimize  inter¬ 
actions.  In  spite  of  tins,  interaction  problems  w  -re  observed  during  the  Dyna  Soar  development  and  continue  to 
be  important  to  both  hypersonic  aircraft  and  spacecraft  deigns.  In  this  sca .  i  should  like  to  discuss,  (I)  the 
interaction  problems  and  their  evaluation  during  the  Dyna  Soar  development.  (2)  the  current  literature  and  trends 
m  understanding  both  basi.  and  configuration  interactions,  and  (3)  a  detailed  evaluation  of  particular  interaction 
experiments  which  wiil  illuminate  some  of  the  differences  between  two-  and  three-dimensional  interactions 


III-l  THE  DYNA  SOAR  EXPERIENCE 


A  fundamental  design  premise  in  the  Dyna  Soar  configuration  development  was  to  minimize  aerodynamic 
interactions.  In  spite  of  this,  three  areas  of  flow  field  interaction  were  noted  on  the  Dyna  Soar  class  of  configura¬ 
tions,  (I)  the  control  surface  interaction.  (_)  the  wing/fin  interaction  problem,  and  (3)  the  canopy  heating 


III-1.1  Wing/Fin  Interaction 


We  have  discussed  and  are  generally  more  concerned  with  the  flow  field  and  aerodynamic  heating  generated  on 
the  compression  surfaces  of  the  highly  swept  leading  edge.  It  is  also  important  in  a  total  design  to  evaluate  the 
influence  of  the  leading-edge  shock  on  upper  body  heating.  Such  heating  was  discussed  by  Nagel1  and  is  a  charac¬ 
teristic  of  distinct  wing/body  entry  vehicles.  Figure  I II- 1  indicates  schematically  the  problem  area  and  Figure  1 1 1-2 
outlines  the  “double  shock  method"  nostulated  to  handle  such  an  interaction.  In  this  method  the  fin  leading  edge 
was  assumed  to  be  a  swept  cylinder  downstream  of  ai.  arbitrary  oblique  shock.  Ihe  angle  of  this  oblique  shoik, 

0 ,  .  was  varied  to  maximize  the  heating  on  the  tin  leading  edge.  Figure  1 1 1-3  indicates  data  generated  at  Mach  10  in 
comparison  with  the  double  shock  method,  it  is  interesting  to  note  that  the  hot  localized  region  on  the  fin  leading 
edge  was  first  observed  during  a  temperature  sensitive  paint  test  of  the  configuration. 


This  problem  of  leading-edge  interference  was  also  noted  during  the  development  of  the  ASSET  research 
configuration.  Figure  1II-4  indicates  data  extracted  from  Reference  2  indicating  a  relatively  hot  localized  region  on 
the  conical  upper  body  caused  by  the  wrapping  around  of  the  shock  wave  formed  on  the  wing  leading  edge  This 
phenomena  is  noted  to  diminish  in  magnitude  and  occur  higher  on  the  conic  upper  body  as  the  angle  of  attack  is 
increased.  The  antenna  area  created  ye*  another  interfi  rencc  as  it  protruded  from  the  configuration  mold  lines 
High  localized  heating  is  also  noted  near  the  forward  junction  ol  the  antenm  with  the  body.  Figure  ill  5  indicates 
a  vapour  screen  flow  visualization  photograph  of  the  flow  over  the  upper  surface  of  the  ASSET  in  this  region 


III-l  .2  Canopy  Heating 


Pressure  data  on  the  canopy  surface  of  a  Dyna  Soar  research  model  are  shown  in  Figure  111-6  from  Reference  1 
In  order  to  interpret  the  fluid  mechanics  associated  with  the  experimental  data,  stveral  rational  fluid  models  were 
necessary,  as  shown,  depending  upon  the  configuration  angle  of  attack.  The  sh..  J  data  band  represents  the  locus 
of  theoretical  calculations  corresponding  to  the  analytical  model.  Similar  results  for  the  heat  transfer  data  are  shown 
in  Figure  1 1 1-7  for  zero  yaw  and  in  Figure  I1I-8  for  moderate  vehicle  yaw  angles.  These  examples  of  interaction 
heating  were  serious  considerations  at  the  lower  vehicle  angles  of  attack  and  formed  a  portion  of  the  iow  angle  of 
attack  thermal  placards  discussed  in  the  maneuver  corridor  figure  of  Section  1. 


III-2  X-l  5  EXPERIENCE 


Severe  interaction  heating  was  also  observed  during  the  final  flights  of  the  X-l 5  due  to  the  presence  of  the 
dummy  ramjet  pylon  on  the  aft  lower  surface  of  the  body.  Figure  1 1 1-9  indicates  a  post-flight  picture  of  the 
interaction  region. 


III-3  INTERFERENCE  HEATING  TO  HYPERSONIC  AIRCRAFT 


Hypersonic  aircraft  will  encounter  many  interference  heating  situations  not  to  be  found  in  early  re-entry  con¬ 
figuration  designs.  These  interactions  arise  due  to  the  very  characteristics  of  the  vehicle,  for  example  due  to 


1.  The  aircraft  concept  of  operation  and  the  capability  for  sustained  and  economical  operation  of  the 
aircraft  at  all  flight  speeds 


The  aerodynamic  effect  of  the  propulsion  system  on  the  configuration  a  major  design  consideiation  at 
higher  flight  Mach  numbers. 


3.  The  configuration  length  approaching  300  feet  length. 
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As  a  point  of  departure  from  lifting  entry  configurations  discussed  earlier,  the  cruise  configurations  differ  from 
these  shapes  due  to 

1.  Configuration  scale, 

2.  Configuration  complexity, 

3.  The  operating  environment. 

Configuration  scale  will  be  roughly  twice  the  length  of  proposed  space  transportation  systems  and  5  to  10  times 
the  length  of  earlier  boosted  glide  vehicle  designs.  Such  length  increases  mitigate  the  relative  importance  of  transition 
and  focus  our  attention  on  the  difficulty  of  accommodating  the  existing  turbulent  boundary  layer. 

Configuration  complexity  will  focus  design  attention  on  the  inevitable  heating  increases  caused  Dy  multiple  flow 
field  interactions.  The  principal  characteristic  of  this  class  of  configurations  will  be  thai  of  a  flying  interference 
region. 

Finally,  the  hypersonic  aircraft  will  operate  at  lower  altitudes  dictated  by  engine  performance  capabilities  and 
the  aircraft  unit  and  total  Reynolds  number  characteristics  will  surely  challenge  advanced  aerodynamic  facility  designs 
in  the  developmental  phase  of  the  program.  (This  will  be  discussed  in  Section  VI  of  these  notes.) 

Interaction  heating  of  such  configurations  is  today  poorly  understood  and  the  subject  of  many  unfounded 
speculations  regarding  aeredy riant:,,  heating  levels.  Today  1  should  like  to  discuss  several  useful  aerodynamic  models 
for  such  interactions  to  reinforce  what  is  already  known  about  such  interactions,  to  highlight  fundamental  differences 
between  two-  and  three-dimensional  interactions  and  to  point  out  the  problems  involved  with  configurations  having 
several  simultaneous  flow  field  processes  occurring. 


I 

Jf> 


HI-4  TWO-DIMENSIONAL  INTERACTIONS 

The  classical  problem  of  a  remote  generator  impinging  an  incident  shock  on  a  known  planar  flow  field  has  been 
evaluated  by  many  authors.  Configurations  as  shown  in  Figure  III- 1 0a  have  been  evaluated  experimentally  over  both 
hypersonic  and  supersonic  Mach  number  ranges.  The  analytic  expressions  for  heating  gencrall..  relate  interaction 
pressure  rise  to  interaction  heating  rise,  i.e. 

where  n  =  0.5  for  laminar  flow 

=  0.8  for  turbulent  flow. 

1  his  relationship  follows  directly  from  flat-plate  theory  accounting  for  an  additional  pressure  increment  due  to  the 
impingement  process.  1  have  chosen  to  identify  this  correlation  approach  as  pressure  interaction  theory.  This 
approach  assumes  that  the  imposed  heating  does  not  disrupt  the  existing  boundary  layer  but  merely  impresses  an 
additional  pressure  increment  upon  it. 

Employing  this  approach,  turbulent  data  from  several  sources1 4  as  well  as  data  generated  within  the  Air  Force 
Flight  Dynamics  Laboratory  were  compared.  For  turbulent  flow  the  correlation  of  data  in  Figure  III- 1 1  is  noted  to 
be  excellent.  As  a  point  to  note,  the  data  from  the  Air  Force  Flight  Dynamics  Laboratory  were  taken  under  an 
induced  turbulent  boundary  layer  using  a  tripping  device  shown  in  Figure  III- 1 2  The  reference  flat-plate  values 
were  generated  on  the  same  plate  without  the  remote  generator  and  in  these  tests  the  flow  was  probed  to  assure 
that  valid  turbulent  boundary-layer  conditions  did.  in  fact,  exist. 

Laminar  boundary-layer  data  were  also  taken  on  the  same  model  but  a"  i  more  forward  station  and  without 
the  trip  mechanism.  These  data  arc  shown  together  with  other  “laminar"  dura5  6  in  Figure  111-13.  A  distinct  lack 
of  agreement  is  apparent  in  this  figure  which  was  assumed  to  be  caused  by  boundary-layer  transition. 

Correlation  of  these  initially  laminar  data  under  the  aforementioned  assumption  was  achieved  b>  >  isidcnng 
not  only  the  relationship  between  peak  heating  and  peak  pressure  in  a  turbulent  boundary  live,  which  was  validated 
in  Figure  III- 12,  i.e. 
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but  also  the  relationship  between  turbulent  and  laminar  undisturbed  flow  from  Eckert’s  formulation,  i.e. 
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where  the  length  dimension,  X  .  has  units  of  inches  with  the  laminar  distance  measured  from  the  plate  leading  edge 
to  the  interaction.  The  turbulent  distance  is  measured  either  from  onset  of  transitional  flow  ahead  of  the  interaction 
oi  from  the  onset  of  nonlaminar  flow  when  transition  is  not  clearly  discernible. 

The  results,  which  are  shown  in  Figure  111-14,  indicate  that  turbulent  flow  was  indeed  the  cause  of  the  lack  of 
data  correlation.  It  also  indicates  the  transitional  nature  of  the  Mach  10  data. 

The  correlation  indicates  that  the  pressure  interaction  theory  is  valid  for  two-dimensional  flow.  It  is  noted 
that  suen  intention  tends  to  cause  premature  boundary-layer  transit. on.  The  results  point  to  the  fact  that  the 
primary  problem  is  in  specifying  tile  proper  pressure  level  in  the  interaction  using  one  of  several  available  methods 
as  for  instance  the  recent  paper  by  Rose,  Murphy  and  Watson7. 


III-5  THREE-DIMENSIONAL  INTERACTION 

Heating  to  three-dimensional  interaction  configurations  such  as  the  mode)  shown  in  Figure  lll-10b  presents  a 
far  different  interaction  problem  for  consideration.  In  order  to  understand  such  a  flow  field,  let  us  first  consider 
data  generated  by  the  Air  Force  Flight  Dynamics  Laboratory  and  then  generali/.e  the  results  to  include  the  data  of 
other  authors. 

Pressure  data  were  generated  in  the  interaction  region  for  fins  having  varying  deflection  and  sweep  angles. 

These  data,  shown  in  Figure  III  15,  indicate  that  the  pressure  decay  with  sweep  varies  only  as  the  0.3  power  of  the 
cosine  of  the  sweep  angle  and  that  all  the  data  from  the  test  could  be  correlated  as  shown  in  Figure  111-16. 

Initial  correlations  of  the  heat  transfer  data  were  made  using  the  pressure  interaction  theory  verified  for  the 
two-dimensional  case  and  the  previously  correlated  pressure  data.  The  pressure  interaction  theory  seriously  under¬ 
predicted  the  heating  data.  Turbulent  correlation  of  the  laminar  data  as  in  the  two-dimensional  case  improved  the 
prediction  somewhat,  however,  turbulent  three-dimensional  interaction  data  showed  still  higher  and  unaccounted 
for  heating  levels. 

A  new  approach  analogous  to  the  control  surface  heating  methods  of  Bushnell  and  Weinstein  was  adopted 
which  postulated  a  new  effective  boundary  layer  caused  by  the  interaction.  This  model  has  been  identified  for 
purposes  of  discussion  as  the  effective  boundary-layer  model.  This  procedure  is  a  modification  of  the  two-dimensional 
appioach  to  include  a  new  boundary  layer  caused  by  the  interaction  process  and  initiating  for  convenience  at  present 
the  fin  shock  wave.  For  simplicity,  this  new  boundary  layer  is  assumed  to  be  planar  in  the  direction  of  the  free- 
stream  velocity  of  the  flow.  A  form  of  this  approach  was  employed  by  Miller  in  1963  tRcf.9).  In  Miller's  correlation 
pressure  interaction  theory  was  modified  to  obtain  the  Mach  8  correlation  by  using  plateau  pressure  in  place  of  flat- 
plate  pressure  and  basing  Reynolds  number  on  the  distance  from  the  start  of  reattachment. 

The  present  approach  is  conceptually  in  agreement  with  Miller,  however,  the  interference  pressure  increment 
was  taken  as  that  from  undisturbed  to  peak  pressure  as  it  was  not  always  true  with  our  data  that  separation  did 
occur.  Further,  and  for  the  same  reason,  a  more  general  flow  boundary  was  selected  to  initiate  the  boundary  layer, 
i.e.  the  interference  shock.  Finally,  the  Bertram-Feller  term  accounting  for  the  presence  of  an  adverse  pressure 
gradient,  K3  .  was  acquired  in  our  case  by  a  correlation  of  the  data  using  the  assumed  method,  i.e. 

j,  _  'hnax/^fp 

The  values  so  lerivcd  were  both  reasonable  and  in  general  agreement  with  the  values  derived  by  measuring  the 
slope  of  pressure  with  distance.  The  latter  method  is  open  to  some  question  as  the  origin  of  the  distance.  X  .  is 
not  known  and  must  be  assumed. 

Several  checks  of  the  data  were  made  using  both  the  Miller  correlation  and  our  approach  One  example  at 
Mach  8  for  the  laminar  data  indicated  the  following  comparison: 


X  from  LE  =  16.5" 

%  Diff. 

h  x  10“  (Miller) 

33.35 

10.6% 

h  x  10“  (AFFDL) 

38.9 

4.3% 

h  x  10“  (DATA) 

37.3 

so  that  for  laminar  data  the  two  methods  tend  to  agree.  The  difference  m  methods  applicability  is  that  the  AFFDL 
method  can  also  be  applied  to  cases  where  no  separation  occurs  as  for  instance  to  turbulent  boundary  layers  which 
arc  more  resistant  to  separation. 
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Laminar  correlation  of  the  appropriate  Mach  6  data  employing  both  the  effective  boundary  layer  model  and 
the  pressure  interaction  theory  is  shown  in  Figure  111-17.  Correlation  of  data  with  the  effective  boundary -layer 
model  is  excellent  except  at  the  highest  angle  of  incidence,  20°,  where  transition  onset  is  suspected.  Corresponding 
data  at  Mach  8  are  shown  in  Figure  111-18. 

Turbulent  correlation  of  the  higher  Reynolds  number  Mach  6  data  are  shown  in  Figure  111  19  again  with  the 
two  methods  outlined.  The  reverse  trend  of  the  data  for  long  distances  aft  of  the  fin  leading  edge  is  considered  to 
be  indicative  of  local  boundary-layer  transition.  Corresponding  Mach  8  data  are  shown  in  Figure  111-20. 

Turning  to  data  from  other  authors,  Stainback8  of  the  NASA  Langley  Research  Center  presented  a  technical 
note  outlining  an  experimental  program  at  Langley  in  which  fully  developed  interaction  characteristics  wen  not 
clearly  present.  Figure  111-21  presents  Stainbuch’s  data  together  with  the  effective  boundary  layer  approach  noting 
that  the  effective  boundary-layer  approach  bounds  and  correlates  the  Stainback  data  far  from  the  origin  of  the 
interaction. 

Figure  111-22  presents  data  generated  by  Miller’  of  the  Boeing  Company  as  well  as  data  from  the  present  tests 
I  he  result  indicates  that  relatively  long  distances  are  required  to  achieve  a  fully  developed  laminar  interaction 

Figure  111-23  indicates  a  composite  of  Miller's.  Stainback’s  and  the  present  data  for  sharp  fin  interactions  The 
eltc'cl  of  tin  blunting  is  shown  to  reduce  the  heating  at  the  same  location  within  the  interaction.  This  is  due  to  the 
shape  of  the  shock  produced  by  a  blunt  fin  interaction,  the  greater  distance  from  the  start  of  the  new  boundary  layer 
to  the  location  of  peak  heating  and  hence  the  lesser  heating. 

Figure  111-24  presents  a  correlation  of  Mach  20  data  taken  by  Watson  and  Weinstein’5  in  Helium  flow  Both 
pressure  and  heat  transfer  rate  data  were  given  in  Reference  IS.  A  value  of  the  Bertram  and  Feller  parameter.  K,  . 
equal  to  2  was  selected  based  upon  an  extrapolation  ol  6,  8,  and  10  data  previously  generated  and  presented  The 
value  ^0.215  accounts  for  the  new  effective  boundary  layer  and  is  derived  i.i  Appendix  HI  of  Reference  16 

Three-dimensional  experiments  have  shown  a  decidely  different  character  to  the  interaction  which  is  caused  by 
the  additional  dimension  of  the  flow.  The  effective  boundary-layer  concept  discussed  is  conceptual  and  requires 
refinement  but  it  does  indicate  two  related  problem  areas: 

1.  For  large  hypersonic  aircraft  designs,  severe  heating  can  occur  far  from  the  nose  due  to  the  formation  of 
a  new  boundary  layer. 

2.  in  testing  of  such  aircraft  configurations,  the  experiment  .ale  is  important  particularly  in  a  turbulent 
boundaiy-layer  environment  which  is  the  environment  of  practical  interest. 


HI-6  REAL  GAS  PHENOMENA 

To  date  all  experimental  data  on  the  interaction  heating  problem  have  been  generated  in  perfect  gas  wind 
tunnels.  While  these  tests  arc  important  to  develop  the  fluid  mechanic  relationship  involved,  there  are  indications 
from  published  papers  by  Nagel  and  Thomas"  and  Ldney 12  that  the  increased  density  caused  by  real  gas  flows  can 
significantly  increase  the  interaction  heating  process.  Such  a  conjecture  is  easily  made  through  analysis  but  very 
difficult  to  prove  experimentally.  Real  gas  wind  tunnels  to  generate  a  low  y  test  flow  (y  =  1.0)  must  employ 
gases  other  than  air  since  the  high  temperature  air  expansion  process  will  freeze  the  airflow  early  in  the  expansion 
process  am*  Jnve  the  ratio  of  specific  heats,  y  .  toward  the  monatomic  level  y  =  1.667  .  Experiments  in  process 
at  the  Langley  Research  Center  m  a  tetrafluoromethane  (CF4)  Mach  6  facility15  should  give  us  additional  insight 
into  the  effect  of  real  gas  behavior  on  interference  heating  although  admittedly  without  the  other  factors  present 
in  a  hypersonic  free  flight  flow  field. 
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Fig.IH-l  Schematic  representation  of  ving/fin  interaction 
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Fig.UI-6  Pressure  data  on  Dyna  Soar  canopy 
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Fig.III-7  Heat  transfer  data  on  Dyna  Soar  canopy  at  zero  yaw 
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Fig.lII-8  Heat  transfer  data  on  Dyna  Soar  canopy  for  small  yaw  angles 
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Fig.Ill-17  Correlation  of  the  maximum  heating  in  the  fin  interaction  region  -  Mach  6  laminar  flow 
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Fig.IIl-19  Correlation  of  the  maximum  heating  in  the  fin  interaction  region  Mach  6  turbulent  flow 
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Fig.III-21  Correlation  of  Stainback’s  Mach  8  fin  interaction  data 
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Fig.III-22  Comparison  of  fin  interaction  data  taken 
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Fig.lU-23  Comparison  of  data  on  three-dimensional  interference  heating 
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IV-1  INTRODUCTION 

The  next  decade  or  two  will  see  a  rather  interesting  competition  in  engineering  to  generate  flow  field  data  for 
conceptual  configurations.  The  competition  will  be  between  high-speed  digital  computers  generating  so  called 
“exact”  numerical  solutions  to  three-dimensional  flow  problems  and  the  more  traditional  airflow  measurement  in 
wind-tunnel  facilities.  There  are  those  who  herald  on  the  hon/on  the  end  of  wind-tunnel  facilities  with  the  pu.tical 
application  of  these  exact  methods  and  others,  principally  experimentalists,  who  foresee  a  cooperative  inter¬ 
relationship  between  the  two  where  experiments  in  either  approach  would  be  suggested  by  the  success  and/or  lack 
of  success  in  the  other. 

The  area  of  numerical  solution  is  relatively  new.  Two-dimensional  solutions  for  perfect  gas  flows  and  for  Hows 
both  in  equilibrium  and  with  finite  reaction  rates  have  been  generated  and  these  solutions  and  the  programs  which 
generate  them  have  been  openly  reported.  Three-dimensional  solutions  have  been  considered  for  the  last  10  years 
with  progress  impeded  by  the  size  of.  cost  of  and  availability  of  computing  equipment  necessary  to  generate 
engineering  solutions.  The  Air  Force  Flight  Dynamics  Laboratory  has  pursued  a  continuing  program  in  the  area  of 
generating  engineering  solutions  for  fully  three-dimensional  flow  fields  over  this  tun.  period  sponsoring  the  work  of 
Moretti  of  GASL.  Powers  et  al.  of  Northrop  and  Strom  of  Cornell.  Much  progress  has  been  made  with  respect  to 
program  formulation,  accuracy  and  approach.  However  solutions  have,  in  general,  been  limited  to  the  more  classical 
shapes  of  right  circular  cones  at  low  angles  of  incidence.  The  generation  of  flow  field  data  on  more  practical  delta 
wing  configurations  is  not  yet  to  the  engineering  solution  state  and  hence  as  yet  there  is  no  contest  between  the  two 
approaches. 

The  challenge  of  the  digital  computer  to  generate  competitive  data  to  the  classical  wind  tunnel  is  based  to  a 
large  extent  on  the  inability  cf  the  wind  tunnel  to  support  the  design  engineering  efforts  tliroi  gh  a  lack  of  diagnostic 
instrumentation  compatible  with  three-dimensional  shapes  and.  as  well,  a  lack  of  rapid  response  to  the  design  engineer 
early  in  the  design  evolution.  In  Section  VI  of  this  report  ground  test  facilities  will  be  discussed  in  greater  depth 
with  the  emphasis  toward  generating  data  with  which  to  prove  a  configurational  concept.  There  are.  however,  various 
other  goals  for  ground  test  facilities  toward  the  understanding  of  three-d.mensional  shapes  both  in  the  more 
fundamental  understanding  of  three-dimensional  behavior  and  to  guide  in  the  design  process  and  screen  candidate- 
concepts  to  focus  on  and  eliminate  undesirable  configuration  qualities  early  in  the  program.  Facilities  supporting 
this  latter  goal  would  generate  representative  hypersonic  data  but  their  range  of  operation  and  ultimate  test  capability 
would  be  subjugated  to  the  limitations  and  capabilities  of  accurate  instrumentation  to  evaluate  three-dimensional 
flow  fields.  An  excellent  example  of  such  a  concept  is  the  electron  beam  diagnostic  work  which  allows  one  to 
visualize  three-dimensional  flow  fields  and  evaluate  shock-layer  properties  but  v  hich  will  only  operate  in  facilities 
at  pressure  levels  less  than  1  mm  Hg. 

This  section  will  indicate  in  some  detail  the  present  state  of  development  and  problem  areas  both  demon¬ 
strated  and  anticipated  in  the  generation  of  three-dimensional  flow  fields.  It  is  not  the  intent  of  this  section  to 
develop  mathematical  detail  but  rather  to  give  physical  interpretation  to  the  approaches  and  problems  of  three- 
dimensional  flow. 


IV-2  APPROACHES 

The  most  direct  approach  to  the  solution  of  flow  fields  about  generalized  three-dimensional  bodies,  and  piobably 
the  most  meaningful  approach  physically,  is  to  ..olve  the  complete  Navier-Stokes  equations.  Unfortunately,  even  with 
modern  high-speed  computers,  this  approach  is  not  presently  practical.  It  is  necessary,  then,  tc  simplify  the  equations 
into  a  more  tractable  form.  The  obvious  way  is  to  divide  the  flow  into  viscid  and  tnvisod  layers.  The  viscid  Lycr 
must  be  further  divided  into  laminar  flow,  turbulent  flow,  and  eparated  flow.  Only  laminar  attached  flow  solutions 
will  be  discussed  here.  For  some  methods  it  is  necessary  to  divide  the  mvisud  layer  into  subsonic  and  supersonic 
regions.  Even  with  these  simplifications  the  equations  to  be  solved  are  nonlinear  partial  differential  equations  of  the 
elliptic,  hyperbolic  or  parabolic  type,  and  do  not  lend  themselves  to  analytic  solutions.  Numerical  approaches  must 
therefore  be  developed.  These  approaches  can  be  broken  down  into  two  broad  techniques,  the  method  of  integral 
relations,  and  the  replacement  of  the  partial  differential  equations  by  a  system  of  difference  equations 

The  method  of  integral  relations  permits  a  direct  numerical  integration  of  the  equations  between  two  known 
boundaries  (i.e.  the  shock  wave  and  the  body  wall)  and  is  of  particular  use  in  subsonic  flow  in  front  of  a  blunt  body. 
The  technique  involves  the  reduction  of  the  partial  differential  equation  set  to  ordinary  differential  equations  by 
approximation  with  a  polynomial  scries.  The  resulting  ordinary  differential  equations  can  be  solved  by  numerical 
integration.  The  method  was  first  suggested  by  Dcrodnitsyn'  and  successfully  demonstrated  for  axis'  -imetric  flow 
by  Belotserkovsky2  and  extended  to  problems  in  three-dimensional  flow  by  Belotserkovsky  and  C  In  ,i\  Chushkin* 
also  reports  the  application  of  integral  relations  to  three-dimensional  supersonic  flow  about  bodies  ai  .lcideiice  by 
Katskova  and  Chushkin5 , 
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These  tec'  tuques  are  distinguished  by  their  simplicity,  however  they  do  m  t  supply  data  between  the  shock  and 
body  nor  have  they  been  demonstrated  to  function  efficiently  in  purely  three-dimension.il  supersonic  llow.  In  addi 
tion,  they  may  violate  the  none  of  dependence  which  will  be  discussed  later 

The  method  of  finite  elements  which  can  also  be  used  for  solving  a  set  of  partial  diftcrcntiul  equations  is 
related  to  the  method  of  integral  relations.  The  signtfLuiit  feature  of  this  nut  hod  is  that  the  llow  field  must  be 
divided  into  a  set  of  finite  elements  or  cells  with  the  values  of  the  dependent  variables  prescribed  at  spe  ific  points 
(nodes)  or  on  the  surfaces  (faces)  of  the  elements.  The  dependent  variables  must  be  continuous  across  the  element 
and  in  general  must  be  continuous  at  the  interfaces  between  elements.  Utilizing  the  functional  relations  between 
the  independent  and  dependent  variables  and  some  appropnate  method  of  solution  (tor  example,  the  calculus  of 
variations,  the  method  of  steepest  decents,  the  residual  finite  element  method),  an  expression  for  the  dependent 
variables  can  be  found  subject  to  the  boundary  constraint.  The  form  of  tins  expression  depends  on  the  method  of 
solution,  but  the  expression  can  in  general  be  evaluated  by  numerical  methods. 

The  application  of  the  boundary  conditions  is,  in  general,  easy  in  the  method  of  finite  elements.  However,  the 
coordinates  of  the  body  must  be  transformed  into  some  system  to  permit  regular  construction  of  the  finite  elements. 
This  constraint  is  not  as  significant  as  it  first  appears  in  that  the  elements  may  be  curvilinear,  each  boundary, 
however,  must  lie  on  the  surface  of  a  set  of  the  elements.  Because  the  functions  must  be  continuous,  discontinuities 
are  not  allowed  in  the  flow  field,  although  this  constraint  is  also  less  restrictive  than  it  might  appear. 

A  paper  by  deVries.  Berard,  and  Nome6  o.i  the  apphcat.un  of  finite  elements  to  two-dimensional  steady, 
inviscid,  irrotational.  compressible  flow  has  been  reported  by  de  Vries’.  In  principle,  this  technique  is  extendable 
to  three-dimensional  flow,  but  a  practical  program  utilizing  it  has  not  yet  been  formulated. 

The  majority  of  three-dimensional  programs  developed  to  date  have  used  difte.ence  equations.  These  approaches 
break  down  into  two  further  groupings,  steady  and  unsteady  solutions.  The  steady  state  solutions  can  further  be 
subdivided  according  to  the  direction  and  manner  in  which  differences  are  taken.  Only  two  possibilities  will  be 
considered  here,  differences  along  some  physically  defined  surface  and  differences  along  some  arbitrary  coordinate 
system.  The  former  are  characteristic  solutions  and  involve  the  most  complex  coding  but  boundary  conditions  arc 
easy  to  apply  and  the  solution  follows  the  natural  flow  making  interpretation  easy.  In  gcncial.  the  solutions  will 
obey  the  stability  cn.eria  to  be  discussed  later.  The  arbitrary  coordinate  system  leads  to  a  much  simpler  coding 
and  in  general  much  faster  computer  times.  However,  boundary  conditions  arc  not  easy  to  apply  and  the  stability 
criteria  are  difficuli  or  impossible  to  impose. 

The  problem  of  stability  is  of  utmost  concern  in  any  finite  different  e  scheme  What  is  needed  is  a  statement 
of  the  necessary  and  sufficient  conditions  for  stability.  Unfortunately,  lor  nonlinear  partial  dufcrential  equation,, 
necessary  and  sufficient  conditions  are  not  available 

The  Courant-Fredrichs-Lewy  (CTL)  stability  condition  is  well  known.  It  states  that  the  domain  of  ucpciidci.ee 
of  the  differential  equation*  must  be  completely  contained  in  the  domain  of  dcpendeiu.  of  the  difference  equation' 
The  domain,  or  zone,  of  dependence  can  be  seen  in  Figure  tV-1.  it  is  simply  the  louis  ot  points  on  the  initial  value 
surface  from  which  a  disturbance  signal  can  propagate  through  the  new  point  1’  I  he  domain  of  influence  is 
obviously  the  locus  of  a  disturbance  propagated  forward  from  the  initial  value  surface  The  geometric  meaning  of 
the  CFL  stability  condition  is  shown  in  Figure  IV-2.  For  the  differencing  scheme  to  be  stable,  an  irregular  polygon 
connecting  the  points  used  in  the  difference  equation  must  completely  encompass  the  domain  of  dependence  Thus 
the  lettered  points  must  be  used  in  the  difference  equation,  the  numbered  points,  if  used,  would  result  in  an  unstable 
solution. 

The  CFL  is  not  a  sufficient  condition  for  stability,  nor  is  it  the  only  necessary  condition.  Another  condition  is 
the  von  Neumann  stability  condition  which  states  .hat  the  absolute  values  ol  the  eigenvalues  of  the  amplification 
matrix  must  be  sufficiently  small  for  the  differencing  scheme  to  be  stable.  For  linear  equations  tnis  can  be  evaluated, 
in  general  for  nonlinear  equations  it  cannot.  Braincrd"  reports  that  numerical  experiments  indicate  that  the  maximum 
step  size  allowed  by  the  von  Neumann  condition  is.  in  many  cases,  more  stringent  than  the  (Tl.  condition  and  may 
cut  the  maximum  step  size  to  one  half  that  allowed  under  the  CFL  condition.  More  typical  step  sizes  are  0.75  to 
0.9  of  the  CFL  value. 

Both  of  the  commonly  used  methods  of  solving  the  flow  field  problem  rely  on  converting  the  boundary  Value 
problem  into  an  initial  value  problem  to  permit  numerical  solutions.  Thus  cadi  solution  will  be  obtained  by  marching 
forward  in  steps  from  an  initial  value  surface  to  a  new  data  surface  At  the  completion  of  the  new  data  surface,  it 
will  become  the  initial  vaiue  surface  for  another  step  forward 


IV-3  STEADY-STATE  SOLUTIONS 

Spatial  characteristics  arc,  of  course,  applicable  only  to  regions  where  the  flow  i-.  supei sonic.  Several  methods 
are  available  for  providing  an  initial  value  surlaec  in  the  supersonic  flow  region  it  the  subsonic  flow  has  rotational 
symmetry.  For  bodies  without  rotational  symmetry  m  the  subsonic  region,  only  special  -ases  can  be  handled.  The 
existence  of  an  initial  value  surface  will  be  assumed  for  purposes  of  this  discussion. 
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Many  methods  for  locating  the  characteristic  surfaces  for  three-dimensional  characteristics  have  been  ..uggested. 
Only  three  schemes  will  be  described  to  illustrate  the  methods  and  problems. 


One  method  is  the  tetrahedral  characteristic  line  network  .how  in  Figure  IV. 3.  Suppose  three  points  are  chosen 
on  the  initial  value  surfaee  and  Maeh  cones  are  eonstriictcd  from  eaeh  point  opening  downstream  in  sueh  a  way  that 
they  have  a  common  intersection.  A  surface  tangent  to  a  Mach  conoid  is  a  characteristic  stirlace  and  the  line  of 
tangencj  is  a  ^characteristic.  Thus  the  three  lines  connecting  the  base  points  and  the  downstream  point  are  by 
definition  bicharacteristics. 


A  streamline  can  now  be  passed  back  through  the  intersection  to  the  initial  plane  giving  four  equations  to  solve 
lor  tour  unknowns.  This  array  has  the  very  desirable  feature  of  requiring  only  one  interpolation  in  the  initial  plane 
(for  the  streamline  intersection  I  with  all  other  base  point  data  known.  Unfortunately  this  scheme  violates  the  CFL 
criteria  immediately.  Referring  to  Figure  IV-2.  it  can  be  seen  that  using  the  numbered  points  results  in  an  unstable 
difference  scheme. 


Figure  IV-4  shows  a  modification  of  this  technique  suggested  by  Thornhill1'  and  Fern10  called  the  tetrahedral 
characteristic  surface  network,  which  makes  use  of  three  planes  comw  ting  the  three  known  points  on  the  initial 
plane  and  intersecting  at  the  new  point.  While  this  does  satisfy  the  CFL  criteria,  it  does  not  necessarily  satisfy  the 
von  Neumann  condition.  A  program  using  this  technique  will  be  discussed  later. 


The  best  known  characteristics  programs  in  use  today  are  based  on  characteristic  surfaces  and  ^characteristics 
as  shown  in  Figure  IV-5.  A  major  problem  faced  in  the  development  of  any  characteristic  solution  in  three  dimen¬ 
sions  is  the  location  of  the  new  downstream  point.  It  is  immaterial  whether  Mach  cones  are  extended  forward  and 
their  intersection  located,  or  a  point  chosen  and  a  Mad.  cone  extended  back  to  the  initial  value  surface,  the  location 
and  data  at  this  point  will  r. quire  iteration  for  nonlinear  equations.  Several  scnen.es  have  been  devised  to  reduce 
this  pioblem.  In  one  developed  by  Strom"  a  reference  plane  normal  to  the  longitudinal  axis  of  the  coordinate 
system  is  constuicted  and  a  streamline  from  a  known  point  or  on  the  initial  value  surface  passed  forward  to  intersect 
this  plane.  Here,  iteration  is  required  to  locate  the  intersection  of  the  streamline  and  the  plane,  the  path  of  the 
streamline  being  a  function  of  density  and  velocity  gradients  along  the  streamline.  A  Mach  cone  is  now  passed  back 
to  intersect  the  initial  value  surface,  the  base  points  of  the  characteristics  located  and  base  point  data  obtained  by 
surface  fitting  of  the  nine  points  surrounding  the  three  base  points.  The  principal  advantage  of  this  system  lies  in 
the  following  of  the  streamlines,  allowing  chemistry  to  be  handled  along  the  streamline  without  interpolation. 


One  difficulty  encountered  with  this  system  is  the  "bunching”  of  streamlines  and.  consequently,  the  data 
becoming  ncnumformly  distributed  on  the  new  initial  value  surface.  Experience  with  this  program  has  shown  stable 
step  sizes  to  be  very  small,  with  the  result  of  excessively  long  computer  run  times  for  useful  bodies  Other  difficulties 
with  this  method  will  be  discussed  later. 


To  simplify  the  locations  of  the  new  downstream  point  and  maintain  as  uniform  spacing  of  points  as  possible. 
Ferrari13  devised  what  has  been  called  the  method  of  near  characteristics11 14  shown  m  Figure  IV-6.  This  methed 
has  been  adapted  by  Morctti"  and  has  also  been  modified  by  Rakich16.  It  is  of  at  least  historical  interest  that 
Ferrari  used  this  technique  to  hand  calculate  a  three-dimensional  flow  field,  in  this  technique  two  orthogonal 
sets  of  reference  planes  are  established,  one  set  being  .lie  initial  data  surface,  the  other  meridional  planes.  In 
Moretti's  method,  two  points  on  the  initial  value  plane  are  chosen  and  Mach  cones  extended  forward  until  they 
intersect.  This  constitutes  a  new  point  and  the  procedure  is  continued  until  all  points  on  the  new  surface  between 
the  shock  and  the  body  have  been  located  These  points  do  not.  however,  lie  in  a  single  plane  and  are  therefore 
not  suitable  lor  use  in  a  ‘"nite  difference  scheme  to  obtain  cross  derivatives  (i.e  circumferential  derivatives).  To 
circumvent  this.  MoreUi  establishes  a  rcfeience  plane  ai.d  locates  the  intersection  of  streamlines  connecting  the  new 
points  to  the  initial  value  surface.  He  then  performs  a  linear  ntcrpolation  along  the  streamline  to  obtain  data  for 
a  new  su.facc.  When  all  the  coni|.  itauons  are  complete,  he  has  a  new  data  surfac,  (or  reference  plane)  in  which  one 
dimension  is  constant  and  another  dimension  vanes  uniformly.  Thus  cross  derivatives  can  be  obtained  by  finite 
differencing  techniques.  This  also  leaves  a  new  initial  value  surface  for  the  next  step  forward. 


Ir,  the  modification  of  Ferran’s  near  characteristics  by  Rakich.  the  refere  ,cc  plane  is  selected,  based  on  the 
CFL  criteria,  prior  to  the  beginning  of  a  new  plane  of  data.  A  streamline  is  passed  forwa.d  to  the  new  surface  and 
a  Mach  cone  extended  back  to  the  initial  value  surface.  The  bicharactenstics  are  then  projt\  ted  onto  the  m’ridional 
reference  plane  and  die  finite  dillcrence  taken  along  these  mar  characteristics.  Note  that  in  this  system  as  opposed 
to  Moretti’s  interpolation  is  done  for  the  base  points,  not  for  the  new  initial  value  surface.  Rakich  also  fits  data  on 
the  meridional  planes  for  oss  derivatives  using  a  Founer  Si  ries.  Thus  a  second  degree  interpolation  is  used  in  the 
meridional  reference  plane  for  base  point  data  with  the  .ross  derivatives  supplied  by  fitting  circumferential  derivatives 
with  a  Fourier  Series 


The  technique  developed  by  Powers11  is  similar  to  that  of  Strom",  except  the  new  initial  value  surface  is  a 
icft-runnuig  characteristic.  At  each  point  o..  t1.  .ntia!  value  surface  a  streamline  is  passed  forward  until  it  intersects 
the  next  left-running  characteristic  surface.  .  ..v  spacing  between  characteristics  surfaces  is  arbitrary.  Therefore,  the 
step  size  is  set  by  a  user  vontrolled  expression  which  is  a  function  of  the  meridional  angle,  aPowing  the  step  size  to 
vary  fro/n  the  windward  to  the  leeward.  One,  the  intersection  of  the  streamline  and  the  left  running  characteristic 


... 


is  located,  a  Mach  cone  is  constructed  back  toward  the  initial  value  surface  and  the  base  point  data  obtained  by 
interpolation  These  values  are  then  used  in  the  finite  differencing  to  obtain  data  at  the  new  stream  point. 

Without  going  into  extensive  detail  on  the  various  characteristic  systems,  there  are  some  simple  comparisons 
that  can  be  made  and  significant  differences  that  should  be  pointed  out.  First,  in  Moretti’s  method,  cross  flow  must 
remain  small  or  the  equations  are  not  valid  Raxich  does  not  appear  to  be  limited  to  small  cross  flow,  but  there  is 
a  question  about  the  validity  at  low  Mach  numbers  and  highly  three-dimensional  How.  Kukich  properly  considers 
the  CFL  criteria  (Moretti  did  not)  but  considers  the  von  Neumann  criteria  only  by  implication.  He  observed  stable 
solutions  when  the  maximum  step  size  was  80^  of  that  allowed  by  the  CFL  criteria.  This  compares  favorably  with 
Brainard’s8  estimate  of  the  von  Neumann  limit.  Rakich  has  used  lus  technique  to  solve  the  How  about  cones  at 
angles  of  attack,  and  suggests  the  method  can  be  applied  to  other  shapes,  for  example  slab  delta  wings.  Moretti's 
program  has  been  used  for  cones  and  angle  of  attack  although  it  was  developed  for  slab  delta  wing  configurations. 

Poweio  handles  the  surface  fitting  by  transforming  into  a  new  coordinate  system  based  on  the  streamline  base 
point  and  the  velocity  vector  at  that  point  as  shown  in  Figure  1V-7.  The  coordinate  system  is  described  by  defining 
a  tangent  to  the  initial  value  surface,  choosing  the  Z  axis  as  the  cross  product  of  the  velocity  vector.  The  base 
points  of  the  Mach  conoid  opening  upstream  from  the  new  point  are  now  chosen  to  lie  on  (or  near)  the  Y  and  Z 
coordinates.  Thus  interpolation  is  required  only  on  one  variable.  Note,  however,  that  this  fitting  is  really  a  two- 
parameter  fit,  with  one  parameter  assumed  small  in  comparison  to  the  other. 

Strom  also  transforms  to  a  local  coordinate  system,  then  literally  surface  fits  data  to  obtain  base  point  data. 

He  -booses  the  0  points  on  the  initial  value  surface  surrounding  the  st.  earn  line,  and  fits  them  with  a  polynomial 
containing  9  terms  and  including  powers  of  XJZJ  . 

The  programs  of  Strom"  and  >,owers17  were  efforts  to  avoid  any  of  the  approximations  used  by  Moretti  and 
which  may  be  present  in  Rakich’s  program.  They  result,  however,  in  program  logic  far  more  complicated  than 
either  reference  plane  method,  and  more  significantly,  the  requirement  for  two-parameter  fits  at  the  base  points. 

At  the  present  time  this  requirement  appears  to  be  die  single  most  difficult  problem  in  three-dimensional  flow.  As 
long  as  the  flow  remains  reasonably  uniform  both  work  well,  however,  for  many  configurations,  for  example  cones 
at  angle  of  attack,  slab  delta  wings,  etc.,  the  flow  docs  not  remain  uniform,  even  over  the  small  surface  being  fitted. 
This  "warped"  surface  gives  rise  to  bad  base  point  data  and  results  in  eventual  failures,  generally  due  to  pressure 
oscillation  In  attempts  to  avoid  this  problem  both  programs  make  use  of  “averaging"  techniques.  Powers  passes 
back  four  bicharacteristics,  using  the  four  resulting  expressions  in  three  sets  of  three  to  calculate  the  three  unknowns. 
The  resultant  unknowns  are  then  averaged,  in  some  cases  with  certain  combinations  weighted,  to  obtain  the  final 
result  Strom  actually  passes  back  nine  Dicharacteristics  and  solves  them  as  three  groups  ol  three  for  the  unknowns, 
also  averaging  the  results. 

Both  these  techniques  appear  to  be  "smoothing"  initial  value  plane  data.  When  the  initial  value  surlaee  is  not 
warped,  they  are  adequate:  they  are  not  satisfactory  when  a  warped  surface  occurs. 

Because  of  the  complexities  of  coding  characteristic  solutions  and  the  difficulties  encountered  in  numerical 
surface  fitting,  efforts  have  been  made  to  develop  a  finite  differencing  scheme  not  tied  to  the  physical  flow.  One 
of  the  most  recent  efforts  is  a  program  by  Kutler  and  Lomax18  which  is  apparently  very  successful.  By  use  ol  a 
differencing  scheme  suggested  by  MaeCormack19  advancing  through  a  fixed  Lulenan  mesh,  the  program  has  the 
property  of  shock  capturing  Thus,  given  boundary  conditions  as  the  body  boundary  and  the  Ireestream.  shock  and 
expansion  waves  are  allowed  to  form  and  decay  automatically.  Kutler  has  run  the  program  on  a  digital  computer 
employing  interactive  graphics  allowing  man-machine  interaction  to  control  any  numerical  instabilities  that  evolve. 

The  program  does  have  drawbacks,  the  grid  used  is  closely  related  to  the  body  shape  as  in  Figure  IV-b.  requiring 
that  the  program  be.  in  effect,  rewritten  for  each  different  shape  to  be  examined.  The  icsults  dilfer  slightly  depend¬ 
ing  on  the  direction  the  shock  is  moving  in  the  grid  and  whether  forward  or  backward  differences  are  being  taken. 
Finally,  it  cannot  supply  a  precise  location  or  intensities  of  shocks. 


IV-4  UNSTEADY  SOLUTIONS 

One  of  the  problems  encountered  in  any  steady  flow  solution  is  the  variable  nature  of  the  equations  that  must 
be  solved  Thus  several  different  techniques  have  to  be  used  in  various  portions  of  the  body  to  handle  the-  subsonic, 
transonic  and  supersonic  flow.  In  addition,  if  spatial  characteristics  are  being  used  and  the  flow  becomes  subsonic- 
in  the  afterbody  or  supersonic  region,  or  encounters  a  sh  the  hyperbolic  equations  cease  to  be  valid,  resulting  in 
failure  in  the  numerical  program.  To  circumvent  this  pre  am,  steady  solutions  can  be  obtained  by  utilizing  unsteady 
techniques  and  allowing  the  time  to  become  large  so  the  flow  has  effectively  reached  a  steady-state  condition. 
Obviously,  such  techniques  are  applicable  to  unsteady  problems  which  may  have  to  be  solved  also. 

The  addition  of  time  to  the  basic  system  of  equations  to  be  solved  results  in  a  system  that  is  everywhere  hyper¬ 
bolic  in  time.  Two  choices  are  again  available  for  solving  the  resulting  set,  making  use  ol  the  characteristic  property 
of  the  equations  in  the  time  plane  and  some  finite  difference  scheme  based  on  the  coordinate  grid. 
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A  characteristic  method  for  equations  in  four  independent  variables  ha.,  been  described  by  Roesner70  The 
description  of  this  technique  in  geometric  form  is  obviously  difficult,  however  the  matrix  equations  used  are  straight¬ 
forward.  The-  tetrahedial  characteristic  surface  network  is  the  basis  of  this  scheme.  Each  new  point  is  located  by 
the  intersection  of  three  planes  extended  in  the  tune-like”  direction  from  lines  connecting  the  three  points  on  the 
“spuce-like"  surface.  Bicharactensties  are  the  lines  of  tangency  between  these  planes  and  the  characteristic  conoid 
from  the  new  point.  Two  choices  are  available,  keeping  the  initial  value  points  constant  and  allowing  the  new 
points  to  fall  at  various  times  or  forcing  all  new  points  to  lie  on  a  constant  time  plane  and  interpolating  in  the 
initial  value  surface  for  base  point  data.  Roesner  chooses  the  former  course  with  the  argument  that  in  this  manner 
only  one  interpolation  need  be  made  and  that  made  at  the  conclusion  of  the  process  when  t'nu  is  large  (i  e. 
properties  are  relatively  unchanging  at  a  point).  This  technique  is  reported  to  have  been  used  in  the  three-dimensional 
flow  field.  A  major  advantage  ol  the  system  is  the  use  of  fixed  base  points,  thus  eliminating  the  requirement  for 
much  inteipolauon.  The  system  is  constrained  to  regions  noi  having  imbed  led  discontinuities  thus  violating  one  of 
the  basic  reasons  for  going  to  unsteady  solutions. 

Roesner  states  that  by  u»  very  nature  the  technique  cannot  violate  the  (T  L  stability  criteria  Because  it  is  in 
four-space,  it  is  difficult  gc ornetncully  to  show  that  this  is  indeed  the  .asc.  He  does  point  out  that  in  each  problem 
one  must  balance  the  requirement  for  accuracy  with  the  storage  capacity  of  the  conq  .iting  machine  and  the  step 
size  in  the  time  plane  land  consequently  the  running  time  of  the  problem) 

There  have  probably  been  more  unsteady  solutions  suggested  utilizing  a  curvilinear  .uordinate  system  based  on 
the  body  and  shock  (similar  to  the  steady  finite  difference  system)  with  the  finite  differencing  done  in  the  time 
plane.  While  the  coordinate  transform  is  not  straightforward  in  ail  case,  m  most  practical  cases  it  can  be  accomplished 
with  a  minimum  ol  effort  and  the  resulting  set  of  equations  docs  lend  itself  to  straightforward  machine  work.  Tor 
the  most  part  such  programs  utilize  LaX-Wendroff7'  differences  or  a  variation  thereof.  Die  best  known  published 
example  of  this  type  is  the  work  of  Moretti  and  Abbett77  although  there  arc  numerous  internal  publications  describing 
schemes  of  this  type. 

The  primary  advantage  of  this  system  is  the  extreme  ease  of  preparing  the  machine  program  for  the  calculation 
and  the  speed  with  which  the  individual  calculations  can  be  completed  on  the  computing  machine.  The  choice  of 
utilizing  a  shock  capturing  approach  or  the  sharp  shock  technique  is  available,  the  choice  of  implicit  or  explicit 
differencing  is  also  available,  although  almost  all  choose  an  implicit  dilTerciicing  scheme.  It  is  a  very  promising 
technique. 

It  does,  however,  have  drawbacks.  First,  all  of  the  points  in  the  How  field  for  which  calculations  arc  to  be 
done  must  be  specified  at  the  stait  of  the  calculation  with  all  the  initial  data  giu.i  These  points  are  all  allowed  to 
relax  simultaneously  to  a  steady-state  soUition.  Because  these  points  must  all  move  lorvvard  in  time  together,  the 
steepest  gradient  in  the  flow  field  control,  the  step  size  for  the  entire  llow  field.  This  effectively  means  that  for 
practical  three-dimensional  problems,  the  i  umber  ot  llow  field  points  required  can  tax  the  capacity  of  the  largest 
computers  and  the  time  required  to  make  tt>  *  tiemendous  number  of  calculations  necessary  to  reach  a  steady  state 
is  large  even  on  the  fastest  computers.  This  is  a  paiticulaiiy  vexing  problem  when  the  body  is  large  and  suspected 
steep  gradients  a-  -  forcing  closely  spaced  flow  fic.d  points  to  supply  the  necessary  detail. 

There  is  one  final  problem  common  to  all  unsteady  solutions  that  should  be  considered.  The  basic  assumption 
is  that  the  variable,  or  variables,  used  to  identify  the  steady-state  condition  is  approaching  that  condition  along  a 
steep  gradient  so  that  when  the  change  in  the  value  of  the  variable  is  less  than  some  predetermined  value  during  a 
time  step,  it  can  be  said  that  the  solution  is  readied.  Unfortunately,  this  is  not  known  in  gcneial  at  the  beginning 
of  the  problem.  It  is  entirely  possible  that  the  gradient  is  sufficiently  shallow  that  the  numerical  accuracy  limit 
imposed  by  the  computing  machine  cannot  detect  the  slope. 

IV-5  BOUNDARY-LAYER  ANALYSIS 

Because  of  the  complexity  of  three-din.-nMon.il  boundary-layer  theory,  the  most  popular  approach  until  recently 
was  a  quasi-two-dimensional  calculation  obtained  by  as-aiming  snull  cross  flow.  Thao  arc  two  major  drawbacks  to 
this  approach.  First,  for  many  shapes  of  practical  interest,  the  cross  flow  is  not  small,  moreover,  even  when  cross 
flow  is  small,  the  cross  flow  derivatives,  which  are  neglected  in  small  cross  flow  theory,  are  not  small  It  has  also 
been  suggested  that  the  term  containing  the  cross  flow  derivative  is  a  dominating  term  affecting  three-dimensional 
boundary-layer  separations. 

In  the  second  place,  small  aoss  I'ow  calculations,  in  general,  violate  the  influence  principle  suggested  by  Raetz 
and  Oer.  A  zone  of  influence  is  formed  because  a  disturbance  is  convected  at  flow  velocity  along  the  streamlines 
In  general  the  streamline  is  curved  and  the  centrifugal  force  is  balanced  by  the  cross  Qow  pressure  gradient  Because 
the  pressure  is  constant  across  the  boundary  layer  while  the  vdociiy  vanec,  the  flow  angle  must  be  varied  to  maintain 
the  same  centrifugal  force.  This  results  in  an  upstream  wedge  which  forms  the  zone  of  dependence  and  a  downstream 
wedge  which  is  the  zone  of  influence,  as  shown  in  Figure  IV-iO. 
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Several  recent  investigators  have,  however,  developed  three-dimensional  boundary -layer  techniques1’’ 21 25.  All 
of  these  techniques  are  f.nite  diftcrcncc  me i hod,  DerV7  being  an  explicit  finite  different  ■  while  Mali.  Dwyer  and 
Wang23-25  have  used  impbeit  schemes  of  the  C'rank-Nicholson  type. 

The  method  suggested  by  Raetz.  and  Dcr  and  the  method  of  Wang  will  be  discussed  briefly  to  show  problems 
encountered. 


Figure  IV  9  shows  the  five  boundaries  required  by  Der’s  boundary-layer  scheme,  body  surface,  the  invisad- 
viscid  interface,  two  side  boundaries  and  an  initial  value  boundary.  The  viscid-inviscid  boundary  conditions  are 
supplied  by  an  inviscid  calculation  and  include  pressure  and/or  temperature  distribution  plus  die  velocity  vectors 
These  can  be  approximated  by  Newtonian  theory  for  the  initial  try  in  the  Der  program 

The  body  conditions  are  normally  defined  as.  for  example  the  body  geometiy.  wall  temperature  and  boundary 
layer  suction  or  injection.  Side  conditions  are  normally  specified  by  choosing  .<  plane  ol  symmetry,  for  example, 
the  top  and  bottom  centerline.  The  initial  value  surface  is  m  general  unknown.  This  surface  can  be  found  by 
approximating  the  surface,  then  iterating  until  the  inviscid  and  wall  boundary  conditions  are  satisfied. 

Raetz  and  Der  define  an  arbitrary,  orthogonal  grid  composed  of  cells  A£  x  AJ  x  Aq  where  £  is  the  down¬ 
stream  coordinate,  f  is  the  lateral  coordinate  and  rj  the  normal  to  the  body  surface  as  shown  in  Figure  IV- 1 1 
Normally  Af  and  Aij  are  chosen  sc  as  to  be  equal.  However,  m  order  to  obtain  stability .  Der17  found  that  A£ 
must  be  much  less  than  Af  .  Der  cites  an  approximation  in  the  finite  differencing  equation  as  the  reason  for  this. 
The  error  introduced  by  the  approximation  is 

/aA2 
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While  this  is  no  doubt  true,  a  more  physical,  if  not  better,  argumei  t  can  be  found.  Remembering  the  /cue  of 
dependence  and  the  C'FL  criteria,  we  see  that,  for  large  cioss  How  the  distance  between  planes  must  be  small  to 
ensure  the  difference  equations  do  indeed  meet  the  CFL  criteria.  There  can  be  no  assurance  of  stability  if  the 
condition  is  not  met.  It  should  also  be  noted  here  that,  as  pointed  out  by  Wang2',  the  constraint  A£  ver,  much 
less  than  Af  does  not  guarantee  the  CFL  criteria  will  be  me*  at  each  plane. 


One  unsolved  problem  m  three-dimensional  How  is  the  location  ot  separated  regions.  Der  numerically  J* fines 
the  approximate  line  separation  as  the  line  dividing  regions  ol  positive  and  negative  longitudinal  wall  shear.  Thu., 
when  the  longitudinal  wall  shear  becomes  zero  or  negative,  the  flow  is  assumed  to  have  separated  and  no  furth>  r 
calculations  are  made  along  tint  longitudinal  coordinate. 

Der  has  published  results  for  boundary  layers  on  a  15°  spherecone  at  angle  of  attack26,  a  delta  vvir.g  with 
elliptical  cross  section  and  a  3.4.8  ellipsoid1’.  It  must  be  noted  that  the  solutions  obtained  arc  not  completely 
satisfactory  and  solutions  have  not  been  obtained  for  all  cases  attempted.  However,  it  may  be  due  to  poor 
inviscid-viseid  interface  conditions  (specifically,  the  Newtonian  pressure  distribution). 

Wang25  attempts  to  avoid  many  of  the  problems  encountered  by  Dcr  by  choosing  a  streamline  coordinate 
system  as  shown  in  Figure  IV- 1 2  and  an  implicit  finite  differencing  technique.  The  selection  ol  a  streamlim 
coordinate  system  adds  a  major  complication  to  the  numerical  computation,  but  it  docs  allow  the  CFL  criteria 
to  be  met  at  every  step,  regardless  of  cross  flow.  Wang  also  reports  that  his  technique  correctly  handles  st  Teamwise 
vortices  embedded  m  the  boundary  layer.  By  using  a  two-step  finite  differencing  scheme,  he  requires  boundary 
conditions  at  a  body  surface,  the  inviscid-vi.scid  interface  and  two  successive  equipotenti.il  lines.  Note  that  a  sym¬ 
metry  plane  is  no  longer  required.  Techniques  are  available  to  obtain  the  initial  value  lines. 

Because  of  the  stability  of  the  Crank-Nicholson  finite  differencing,  the  step  sizes  reported  by  Wang  are  relatively 
large,  particularly  in  comparison  with  Dcr’s  explicit  method  which  requires  a  very  small  step  size. 

How  successful  Wang’s  method  will  be  over  a  general  body .  'or  example  a  slab  delta,  remains  to  be  seen.  He  is 
still  faced  with  two  of  the  difficulties  encountered  by  Der  and  others.  As  yet  there  is  no  inviscid  solution  available 
to  supply  ir.viscid  edge  conditions  for  the  boundary  layer.  There  is  also  no  good  method  to  locate  separation 
Studies  such  as  those  of  Wang  may  indeed  improve  the  numerical  understanding  of  separation,  but  the  inviscid  edge 
conditions  must  await  the  development  of  better  inviscid  calculations. 

In  summary,  significant  improvements  in  tlrcc-dmisnsionul  boundary  layers  must  await  nnprovemc.’ts  in  the 
inviscid  calculations  so  accurate  edge  conditions  car,  be  established. 
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Fig.IV-9  Boundaries  for  three-dimensional  boundary-layer  integration 
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SECTION  V  -  THE  ASSET  PROGRAM: 
PROBLEMS  OF  FLIGHT  DATA  REDUCTION 


Early  in  the  space  program  the  Air  Force  Flight  Dynamics  Laboratory  was  evolvn  grams  to  employ  aero¬ 
dynamic  lift  during  the  entry  process.  Such  studies  were  initiated  in  1958  through  both  u.ialytic  and  experimental 
studies  of  generalized  delta  wing  configurations.  These  studies  were  not  co.il.ned  to  the  area  of  aerodynamics  alone 
but  involved  all  disciplines  necessary  to  configure  and  design  lifting  spaceciaft.  These  programs,  while  obviordy 
influenced  by  early  Dyna  Soar  research  problems,  were  distinct  in  their  goals  and  concepts. 

In  this  same  time  period  a  research  oriemed  booster  program  was  initiated  under  NASA  auspices  and  entitled 
SCOUT.  The  success  of  SCOUT  as  a  NASA  booster  ar.d  the  adaptation  of  SCOUT  by  tl'“  Air  Force  to  research 
programs  gave  our  Laboiatory  an  available  tool  to  employ  in  atmospheric  experiments  with  subscale  aerodynamic 
configurations.  The  availability  of  the  SCOUT  booster  system  coupled  with  the  importance  which  was  placed  on 
duplicating  the  true  environment  through  atmospheric  experiments  to  all  disciplines  was  the  key  to  the  initiation  of 
the  ASSET  program. 

Research  studies  on  the  preliminary  design  and  operational  feasibility  of  such  a  configuration  were  conducted 
both  internally  within  the  Air  Force  Fl'ght  Dynamics  Laboratory  and  under  contracts.  Such  studies  were  unidiscipline 
in  nature  stressing  either  aeromechanics  or  structures  but  all  studies  were  constrained  by  the  practical  limitations  of 
the  BLUE  SCOUT*  system  as  follows: 

A  maximum  weight  spaceciaft  of  roughly  700  lb. 

A  maximum  surface  area  of  10  ft2. 

Figures  V-l  and  V-2  indicate  proposed  configurations  at  this  stage  of  development.  Of  particular  note  is  ne 
lower  surface  keel  angle  -  a  feature  of  early  hypersonic  delta-wing  design  to  assure  directional  stability 

Late  in  1960  the  individual  program  goals  typifying  earlier  studies  were  merged  into  a  single  program  which 
would  evaluate  aerodynamics,  structures,  and  aerothermoclastieity  of  lifting  spacecraft  through!  flight  test  Th'S 
combined  approach  integrated  the  experimental  objectives  of  all  earlier  programs  into  a  single  interrelated  system 
and  predated  the  contract  with  McDonnell  Aircraft  Corp.  to  perform  the  program  known  as  ASSET  The  contract 
with  McDonnell  was  initiated  in  1961  and  was  successfully  concluded  in  1966. 

The  name  ASSET  is  derived  from  Aerothermodynamic/Elastic  Structural  Systems  Environmental  Tests  which 
was  the  program  goal.  In  the  present  lecture  the  problems  involved  and  methods  of  data  acquisition  and  evalua 
tion  will  be  outlined  prefaced  by  this  short  introduction  to  the  project.  Progiam  results  are  unfortunately  classified 
and  cannot  be  discussed. 

Figure  V-3  indicates  the  final  ASSET  configuration  differing  from  previous  designs  in  that  a  flat  lower  surface 
was  employed  and  a  larger  equipment  bay  was  uicomorated.  The  configuration  was  statically  stable  at  trim  angle  of 
attack  and  employed  reaction  controls  to  maintain  stuoihty  about  that  point.  Aerodynamic  control  surfaces  were 
not  employed. 

The  configuration  heat  shield  was  constructed  of  refractory  metal  panels  insulated  from  the  load-bearing  structure 
Leading  edges  were  constructed  of  graphite  and  the  nose  cap  of  zircoma  rod. 

One  immediate  result  of  the  fixed  planform  area  constraint  for  the  final  flight  vehicle.  14  ft2,  and  the  physical 
temperature  limits  of  the  nose  cap,  4000°F,  was  that  the  design  flight  attitude  of  the  configuration  was  somewhat 
higher  than  desirable  and  this  was  aggravated  by  inevitable  increases  in  vehicle  weight  which  further  increased  the 
flight  angle  of  attack. 

From  .Section  I  recall  that  functionally  the  stagnation  point  heat  flux  is  given  as 

'  w 

q  “  f(V~>  —  Ro’!/5  ■ 

.  i.  . 

For  the  ASSET  design  at  its  design  velocity  (VMAX) 
q  «  (W/ClA  R0),/2  . 

As  the  planform  area  was  fixed  and  as  the  available  materials  limit  the  nose  heating,  i.e.  4v/Ro  =  Const  and 
A  =  Const.  ,  a  change  in  weight,  W  ,  must  be  balanced  by  at!  increase  ir.  lift  coefficient 

(dv/RglA  --  const  a\y/CLA 

*  The  SCOUT  booster  was  later  replaced  by  Thor  boosters  allowing  additional  payload  weight  and  planform  area 
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which  increases  the  vehicle  angle  of  attack 

CL  =  K  sin1  a  cos  a  , 

In  such  a  design  process  the  aerodynamic  contours  are  firmed  up  much  faster  than  the  vehicle  weight  and  for 
such  a  research  mission,  the  vehicle  total  weight  is  highly  variable  due  to  the  experimental  nature  of  the  configuration 
and  payload  so  that  large  weight  growth  is  not  uncommon. 

Increasing  the  configuration  angle  of  attack  reduces  the  stagnation  flux  but  increases  the  heating  to  other  body 
locations.  The  severity  of  such  heating  must  be  viewed  not  in  absolute  terms  but  in  relation  to  the  thermal  potential 
of  selected  or  available  heat  shield  materials. 


As  a  result,  most  heat  shield  panels  as  well  as  the  nose  were  thermally  stressed  to  their  design  lim:*.s  by  the 
configuration,  wnich  was  flown  at  wing  loidings  up  to  88  Ib/tH. 

Data  were  generated  from  flights  through  onboard  recording  and  both  real  time  and  delayed  playba.k  telemetry 
95  channels  of  test  data  were  recorded  during  the  flight  which  included  35  channels  of  surface  pressure  and  42  channels 
of  surface  temperature  data.  Figures  V-4  and  V-5  indica'e  gage  placement  and  gage  type  employed  on  the  ASSET 
configurations. 

While  the  pressure  data  were  easily  generated  with  no  particular  acquisition  or  evaluation  problems,  the  thermal 
data  posed  several  interesting  problems  both  in  acquisition  and  m  interpretation  which  may  be  of  interest  to  others 
contemplating  such  flight  programs. 

Due  to  the  multiplicity  of  technical  purposes  for  the  ASSET  flight  test  program,  techniques  for  instiumentation 
employed  for  rocket  propelled  free  flight  models  by  the  l.angiey  Reseat  eh  Center1  were  not  appropriate.  As  opposed 
to  the  short  flight  durations  of  the  NASA  probes,  of  the  order  of  seconds,  the  ASSET  flight  ouration  was  of  the 
order  of  1000  seconds.  In  place  of  a  highly  transient  flight  environment  where  copper  or  inconel  (steel)  skin  material 
was  employed  together  with  spot-welded  thin  gage  chroinel/alumel  thermocouples,  material  tests  on  high  temperature 
re-radiative  refractory  metal  panels  were  conducted  and  temperature  levels  approached  radiation  equilibrium  which 
required  tungsten  thermocouples  heavily  sheathed  against  oxidation.  Finally .  in  place  of  thin  and  idealized  aero¬ 
dynamic  skins,  actual  spacecraft  structures  were  employed.  Figure  V-6  indicates  a  cross  section  of  such  a  structural 
arrangement  including  the  refractory  metal  heat  shield  panels  and  subsurface  insulation  blankets. 

Data  reduction  m.  such  an  environment  was  both  complex  and  expensive.  The  major  steps  in  such  reduction 
were  as  follows. 

1.  Data  smoothing  to  minimize  transmii.ed  noise  and  assure  data  quality  ot  the  transmitted  temperatures 
In  this  step,  data  tapes  from  several  sources  covering  various  phases  of  the  flight  were  assembled  into  a 
single  and  unified  record. 

2.  Generate  a  thermal  model*  for  each  thermocouple  location  representing  all  possible  heat  paths  through 
the  structure  and  inodes  of  heat  transfer. 

3.  To  evaluate  heat  transfer  rates  trom  temperature  data  through  the  timewise  satisfaction  of  the  thermal 
models  and  boundary  conditions. 

4.  To  r.ondimensionahz.e  the  resulting  iterated  heating  rate  data  for  data  correlations. 

Obviouslv  item  3  was  the  most  complex  part  of  the  reduction  and  tequired  large  amounts  of  computer  tune 
to  complete. 

LooKing  in  greater  detail  at  this  facet  of  the  data  reduction  the  following  problem  areas  were  found  important 

1 .  All  temperature  histories  were  measured  below  the  mold  line. 

2.  In  most  instances  the  heat  sink  caused  by  the  mass  of  the  thermocouple  and  its  sheath  was  significant 

3.  Thermal  resistance  between  the  thermocouple  and  structure  due  to  mechanical  attachments  of  thermo¬ 
couples.  particularly  during  large  temperature  transients,  was  significant’1' . 

4.  Surface  cmittancc  and  material  properties  of  various  heat  shield  panels  varied  with  temperature  and  required 
specific  evaluation*. 

5.  The  structure  was  non-liomogencous  and  was  complex. 

6.  Thermal  radiation  was  significant  both  externally  and  in  many  cases  within  the  structure _ 

*  The  thermal  model  is  a  mathematical  description  of  the  physical  configuration  describing  the  various  modes  of  heat  iransfci  arid 
temperature  response  of  elemental  volumes  of  material. 

t  Surface  cnuttancc  data  was  pnmanly  important  throughout  the  gliding  flight,  however,  iii.ilen.il  properties  and  contact  resistance 
&  data  were  most  important  during  rapid  transients.  Particular  emphasis  was  placed  on  assuring  good  contact  due  to  the  mechanical 

- — . .  -  - . 
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Using  the  transmitted  timewise  temperature  data,  surface  heat  flux  was  generated  by  assuming  a  heat  flux  and 
comparing  the  calculated  temperature  response  of  a  subsurface  point  or  points  with  temperature  measured  at  that 
point.  The  assumed  surface  heat  flux  was  then  corrected  by  successive  iterations  until  agreement  was  reached. 

The  resultant  aerotlynanv.  heating  data  was  cf  a  generally  acceptable  quality  during  the  glide  portion  of  flight, 
however,  the  boost  phase  of  the  flight  generated  poor  data  due  to  low  gage  output  at  low  surface  temperature, 
thermal  lags  in  the  system  and  rapid  aerodynamic  flight  transients.  Of  particular  interest  was  the  millivolt  output 
of  various  thermocouples.  Relative  to  that  of  a  chromel/alumel  thermocouple  at  1500°F,  the  output  of  the 
tung„ten-5"  renimn, 'tungsten-26?;  rcnium  thermocouple  was  only  43"  and  that  of  platinum/ platinum- 10%  rhodium 
thermocouple  was  only  22".  Of  course  chromel/alumel  thermocouples  are  not  usable  at  these  higher  temperatures 
where  glide  data  were  acquired  but  even  at  these  temperatures  the  output  of  the  tungsten  thermocouple  was  only 
88'’!  of  the  chromel  thermocouple  at  !S00°F  and  the  platinum  thermocouple  was  only  54%.  Clearly  then,  although 
high  temperature  measurements  can  be  made,  the  relative  error  is  high  due  to  the  low  gage  output  (mV/deg)  and 
high  temperature  data  are  generated  at  the  expense  of  low  temperature  boost  data. 

The  outlined  procedures  employed  in  the  ASSET  flight  were  complex,  difficult  and  yielded  data  with  some 
potential  errors  It  is  of  some  interest  to  note  that  little  advance  has  b*‘en  made  in  sen»or  design  in  the  intervening 
years  since  ASSET.  Flights  today  of  vehicles  like  ASSET  would  still  rely  on  high  temperature  thermocouples  to 
measure  submold  line  temperatures  and  infer  heat  fiux.  Wnile  improvements  have  been  made  in  >he  thermal  mass 
of  the  thermocouple  system  and  in  the  telemetering  process,  we  must  still  go  through  the  formalism  of  constructing 
a  complex  thermal  model  fo.  each  gage.  Error  build-up  from  the  transmission  of  temperature  and  the  relationship 
that  heating  rate  is  proportional  to  the  fourth  power  of  the  temperature  is  still  the  fundamental  problem.  Clearly 
there  is  a  need  for  new  forms  of  heat  flux  sensors  to  transmit  heating  rate  directly  and  circumvent  these  problems. 


SECTION  V  -  REFERENCE 


1.  Rumsey,  C.B.  Techniques  and  Instrumentation  Associated  with  Rocket  Model  Heat-Transfer 

Investigations.  AGARD  Specialists’  Meeting  on  Use  of  Rocket  Vehicles  in  Flight 
Research.  AGARD  Report  375,  1961. 


LENGTH  68.82  INCHES 

SPAN  54.88  INCHES 

HEIGHT  32.79  INCHES 

WING  SWEEP  70  DEGREES  (TRUE  ) 

WING  AREA  14  SQUARE  FEET 

NOSE  TIP  RADIUS  3  INCHES 

LEADING  EDGE  RADIUS  2  INCHES 

AVERAGE  WEIGHT 
AER  OTHER  MObYNA  Ml  C 
STRUCTURE  VEHICLE  1130  POUNDS 
AEROTHERMOELASTIC 
VEHICLE  1225  POUNDS 


Fig.V-3  Final  ASSET  vehicle  configuration 


Fig.V-7  Typical  thermocouple  installation  on  columbium  panel 
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SECTION  VI  -  GROUND  TEST  FACILITIES 


VI-1  INTRODUCHON 

Hypersonic  wind-tunnel  facilities  are  indispensable  tools  in  any  configuration  development  program.  From  a 
des.gn  standpoint  the  configurations  are  too  complex  to  be  amenable  to  complete  evaluation  through  present 
analytical  approaches,  which  are  mainly  analogies  to  the  actual  flow  situation  based  upon  a.;  understanding  of  the 
primary  flow  feature.  More  complete  analytic  approaches  are  in  an  embryonic  stage  of  development  with  practical 
applicability  still  several  years  off. 

t  ts  wind  tunnels  serve  many  functions  in  engineering,  it  is  essential  at  the  start  to  delineate  those  elements  of 
grounu  test  facilities  which  will  be  stressed  in  the  present  discussion.  Specifically,  the  discussion  will  center  on  the 
application  of  ground  test  faculties  to  aerodynamic  and  aerodynamic-heating  problems  and  will  not  consider  such 
areas  as  materials  response  and  structural  duplication  testing.  Secondly,  1  will  confine  my  remarks  to  the  application 
of  wind  tunnels  to  configuration  evaluation  as  opposed  to  more  basic  investigations  of  flow  phenomena. 

A  general  discussion  of  ground  facilities  and  their  problems  and  applications  must  also  consider  the  classes  and 
functions  of  proposed  vehicles  to  be  evaluated.  In  general  there  are  two  classes  of  interrelated  configurations.  (1)  the 
hypersonic  aircraft  as  an  evolutionary  development  of  classical  aircraft  design,  and  (2)  the  lifting  entry  vehicle  The 
hypersonic  aircraft  clearly  will  be  a  large  and  complex  configuration  of  the  order  of  300  ft  long  which  will  possess 
many  flo  v-field  interactions  and  require  detailed  localized  investigation.  The  lifting  emry  vehicle  will  also  tend  to 
be  large  as  in  the  case  of  recently  discussed  space  shuttle  designs1  and  in  general  this  class  of  configurations  will  be 
of  the  order  of  150  ft  long.  The  resultant  unit  Reynolds  numbers  of  such  configurations  are  shown  in  Figures  VI- 1 
and  VI-2  as  a  function  of  flight  parameters. 

Cased  upon  the  assumed  nature  of  these  configurations,  the  question  arises  how  can  such  configurations  be 
adequately  tested?  And  perhaps  more  basic  yet  is  what  constitutes  an  adequate  test? 

In  that  context,  we  have  three  primary  variables  to  evaluate  with  respect  to  flight  simulation 

1.  Mach  number, 

2.  Reynolds  number,  and 

3.  Flow  enthalpy. 

In  addition  to  these  there  is  one  interesting  and  yet  only  implied  variable  that  will  permeate  this  entire  discussion 
model  scale. 

It  is  obvious  that  independently  each  of  these  variables  can  be  evaluated  to  a  certain  extent  but  together  the 
total  duplication  of  flight  is  not  only  difficult  but  of  questionable  merit. 

Let  us  start  by  evaluating  our  ability  to  generate  high  Reynolds  number  flows  jt  high  Madi  numbers.  Figure  Vi-3 
indicates  the  corresponding  state  of  the  art  for  operational  hypersonic  facilities  in  the  United  States  both  at  the 
present  tune  and  during  the  Dyna  Soar  development  program  (shown  under  the  crosshat. lied  curve).  Also  shown  in 
this  figure  is  the  current  Rocket  Sied  capability  a»  SAND1A*  and  the  various  tunnel  test  section  diameters  available 
Rocket  sleds,  of  which  the  SAND1A  sled  is  ‘ypical,  will  not  be  further  considered  as  test  tools  within  the  context  of 
aerodynamic  testing  of  configurations  due  to  the  following  practical  limitations: 

!.  Sled  modei  dynamics  arc  very  important,  i.e.  the  model  lift  forces  in  combination  with  the  sled  must  be 
balanced  over  the  entire  speed  region  to  avoid  gouging  of  the  rails  by  the  sled. 

2.  Mode!  weights  arc  restricted  through  propulsion  requirements.  The  highest  mod  weight  discussed  was 
300  !b. 

3.  Instrumentation  is  severely  limited.  SAND1A  has  ’’flown”  an  8-cha-iel  telemetry  system  to  date. 

4.  Model  recovery  at  Mach  numbers  greater  than  6  is  questionable. 

5.  Fuii-scaie  heating  to  partial  scale  models  even  for  short  durations  would  cause  a  serious  and  expensive 
mode!  construction  piobicm. 

Thus  while  1  have  shown  the  data  acquisition  point  for  comparison,  the  potential  at  present  for  such  devices 
appears  to  be  m  the  development  ;cstmg  of  new  hardware  rather  than  in  research  testing  of  new  configurations 
Through  a  review  of  facilities  m  generating  this  figure,  n  was  noted  that  in  general  high  Reynolds  number  simulation 
has  been  achieved  through  the  use  of  relatively  small  scale  nozzles  and  high  pressure  driver  sections  Also,  the 
tdcihties  are  impulse  in  duration  Finally,  the  peak  Reynolds  number  has  been  achieved  at  a  condit’on  of  minimum 

flow  energy  necessary  to  avoid  liquefaction.  This  is  due  to  the  relationship  between  Reynolds  number  and  supply 
_ _ 
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The  conflict  in  simultaneously  achieving  both  high  Reynolds  numbers  and  high-flow  energy  is  thus  clearly 
apparent. 

High  Reynolds  numbers  are  important  from  two  points  of  view.  ( 1 )  the  extrapolation  of  aerodynamic  data  to 
flight  conditions,  and  (2)  the  investigation  of  boundary -layer  transition  and  the  resultant  turbulent  boundary-layer 
characteristics. 

Due  to  the  increase  in  the  transition  Reynolds  number  with  Mach  number,  transitional  and  turbulent  boundary- 
layer  investigations  of  such  configurations  are  at  present  limited  to  the  lower  Mach  number  regime  (Mm  -  10)  and 
for  some  configurations  possessing  unusual  aerodynamic  contours  or  localized  interference  regions  to  much  lower 
Mach  numbers.  This  limitation  may  be  relaxed  somewhat  by  artificial  boundary-layer  tripping,  however,  tripping 
techniques  have  not  proven  to  be  successful  at  the  higher  Mach  numbers  |M  =  (0)101  and  in  general  the  roughness 
height  caused  by  the  tripping  mechanism  necessary  at  these  Mach  numbers  must  be  many  times  the  characteristic 
boundary-layer  thickness1.  Such  a  large  trip  height  itself  will  influence  the  aerodynamics  to  a  considerable  extent 
NASA  studies  indicate  that  about  357;  of  the  total  drag  of  a  delta  wing  was  due  to  drag  on  the  tripping  device  alone 

Higher  Reynolds  numbers  may  be  generated  either  by  increasing  the  supply  pressure  of  the  tunnel  or  by  increasing 
tunnel  scale.  Supply  pressures  of  the  order  of  30,000  lb/in2  are  employed  today  in  both  shock  tunnels  and  hotshot 
facilities  although  the  longshot  concept  at  VK!  increases  this  substantially.  Unfortunately,  such  an  increase  in  total 
pressure  would  go  directly  into  raising  the  unit  Reynolds  number  of  the  facility  which  in  turn  would  increase  the 
dynamic  pressure  of  the  flow  and  limit  tests  of  slender  lifting  configurations  through  increasing  the  sting  to  model 
diameter  past  the  point  where  one  would  interact  on  the  other.  Figure  VI-4  indicates  the  practical  limit  for  high  unit 
Reynolds  number  testing  near  3x10”’  per  foot  for  in  arbitrary  ratio  of  sting  diameter  to  model  length  based  upon 
current  materials  at  a  typical  design  test  point  of  Mach  10  and  a  length  Reynolds  number  of  200x  106  The  cross- 
hatched  area  indicates  a  feasible  test  area  extending  from  full  duplication  of  flight  Reynolds  number  (top  line)  to 
turbulent  flow  occurring  over  the  aft  two  thirds  of  the  model.  Extending  this  test  limit,  a  sizable  portion  of  our 
present  test  capability  is  currently  unavailable  for  configuration  testing,  as  shown  in  Figure  VI-5,  due  to  the  potential 
interaction  of  the  sting  with  the  model.  In  addition,  this  technique  would  drive  the  unit  Reynolds  number  still 
further  from  flight  conditions,  yielding  Uirthcr  uncertainties  in  such  areas  as  the  effect  of  unit  Reynolds  number  on 
transition. 

The  remaining  direction  available,  which  admittedly  requires  the  largest  hardware  expenditure,  is  the  more 
direct  method  of  increasing  tunnel  scale  and  operating  at  moderate  unit  Reynolds  numbers.  Such  a  facility  concept 
would  allow  us  to  understand  details  of  the  flow  about  large  hypersonic  craft  with  models  of  the  order  of  10  ft  in 
length  while  operating  at  unit  Reynolds  numbers  of  the  order  of  !07  per  foot. 

The  discussion  to  this  point  ha^  concentrated  on  minima!  energy  facilities  to  maximize  Reynolds  number  Let 
us  now  discuss  the  situation  as  How  energy  is  increased  to  free  flight  values.  As  we  increase  flow  energy  we  must 
consider  its  effects  an.  ( I )  our  ability  to  generate  high  pressure  air.  (2)  fundamental  limitation  of  throat  heating. 

(3)  run  durations,  and  (4)  modei  survivability. 

From  the  previous  discussion  recall  the  relation 
Re  !V,n.MJ 


so  that  the  supply  pressure,  P0  .  increa*es  as  Tj  *  or  as  tig'1  to  maintain  a  required  unit  Reynolds  number.  As 
facilities  arc  near  the  practical  state  uf  the  art  in  driver  pressures  it  must  be  concluded  that  new  technology  would 
be  required  to  generate  the-  substantially  higher  pressures  perhaps  200.000  lb  in5  necessary  to  generate  high 
enthalpy  high  Reynolds  number  d  4a.  Figure  V5-6  indicates  the  influence  of  increasing  the  flow  enthalpy  front  near 
liquefaction  to  flight  duplication  on  tunnel  supple  conditions  and  model  heating  rates  for  a  moderate  test  point  of 
Mach  10  and  a  unit  Reynolds  number  of  10’  per  foot 

VI-2  THROAT  HEATING 

In  any  facility  technique  which  ,.dds  energy  to  low  velocity  air  flow  prior  to  expanding  the  flow  through  a 
some  throat,  a  limitation  will  occur  when  neat  tiansfei  to  the  nozzle  throat  is  sufficiently  high  to  cause  throat 
melting.  Studies  by  Vassallo  and  Nowlan''  indicate  tire  existence  of  dcfiri.te  limits  on  the  enthalpy  and  pressure  of 
a  high  performance  reservoir.  The  governing  equation  for  the  heating  of  the  throat  of  an  impulse  facility  is 


where 


,t-r~ 
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Employing  a  tungsten  throat,  whn.li  was  shown  to  be  the  most  desirable,  a  representative  throat  heating  limit 
line  as  a  function  of  enthalpy  and  pressure  in  the  reservoir  can  be  shown  in  Figure  Vi-7.  The  limit  line  of  course 
becomes  more  restrictive  as  the  test  duration  increases  and  to  a  lesser  ’Xtent  as  the  throat  diameter  varies. 


VI-3  NOZZLE  NONEQUILIBRIUM 

The  lack  of  an  equilibrium  airflow  expansion  is  detrimental  to  any  operational  facility  as  it  is  difficult  to 
understand  the  tunnel  test  section  conditions,  as  each  run  must  be  made  with  a  test  section  flow  calibration  or 
rely  on  analy  tic  estimates  of  the  expansion  process  and  as  the  instrumentation  required  to  measure  static  density 
and  temperature  is  complex  and  not  conducive  to  production  testing.  Finally,  if  one  can  evaluate  test  section 
properties,  the  nonequilibrium  flow1  field  over  a  complex  three-dimensional  shape  must  also  be  evaluated  and 
contrasted  with  the  flight  case  which,  in  general,  will  be  much  different.  As  a  result  it  appears  reasonable  to  circum¬ 
vent  such  problems  and  thus  operate  in  equilibrium  airflow  test  section.  Studies  have  shown  that  significant  enthalpy 
remains  frozen  for  (low  entropy  levels  (S/R)  greater  than  31.  The  resulting  limit  line  as  a  function  of  reservoir 
enthalpy  and  pressure  is  shown  in  Figure  VI-7. 


VI-4  RUN  DURATION 

The  useful  run  duration  from  shock  tunnel  facilities  operating  over  a  wide  range  of  shock  Mach  numbers  which 
also  relates  total  flow  temperature  is  shown  in  Figure  VI-8.  Gun  tunnel  and  hotshot  facilities  can,  of  course,  generate 
much  longer  test  durations  but  at  substantially  low  flow  energy  levels.  Shock  tube-  generate  comparable  flow  test 
times  at  shock  Mach  numbers  greater  than  10. 


VI-5  MODEL  SURVIVABILITY 

Increasing  the  total  pressure  and  total  enthalpy  in  an  attempt  to  more  closely  duplicate  free-flight  conditions 
raises  many  questions  of  model  survivability.  Heating  rates  on  wind-tunnel  models  in  today's  high  Reynolds  number 
tunnels  arc  already  many  times  higher  than  in  flight,  and  it  is  only  the  very  short  tunnel  durations  which  allow  us 
to  employ  easily  formed  materials.  In  spite  of  this,  there  is  unavoidable  long-term  damage  due  to  scouring  of  the 
model  by  foreign  materials  and  significant  gage  loss  through  thermal  effects.  A  significant  increase  in  flow  enthalpy 
could  easily  introduce  new  problems  in  model  design,  fabrication  costs,  and  test  feasibility. 

From  the  foregoing  discussion  it  is  apparent  that  it  will  be  difficult  enough  to  evaluate  transitional  and  turbulent 
heating  on  hypersonic  aircraft  without  the  added  complexity  of  enthalpy  simulation.  Whereas  high  Reynolds  number 
testing  will  require  new  hardware  but  existing  technology  enthalpy  simulation  in  addition  to  Reynolds  number 
simulation  will  require  major  state  of  the  art  advances  in  several  areas  of  facility  with  questionable  near-term  success. 

VI-6  INSTRUMENTATION 

Facilities  are  only  as  good  as  the  instrumentation  available  to  extract  information  from  them.  It  is  therefore 
important  to  spend  some  time  evaluating  what  can  be  accomplished  in  the  facilities  we  have  discussed.  Recall  that 
such  facilities  are  impulse  in  duration  or  at  best  operate  for  the  order  of  I  second.  Data  will  generally  be  required 
to  validate  over  .11  forces  and  moments  to  the  configuration  as  well  a.,  localized  pressure  and  heat  transfer.  Our 
discussion  will  center  about  the  following  points  ( I )  how  do  instrumentation  requirements  affect  the  facility  with 
regard  to  run  duration  and  model  -calc?  (2)  what  non-classical  instrumentation  techniques  are  required  to  supple 
ment  evolutionary  and  available  instrumentation? 

VI-6.1  Force  Data 

Force  and  moment  data  in  impulse  facilities  must  be  measured  by  an  acceleration  compensated  balance.  The 
•  omplexity  of  this  balance  and  the  need  lor  balance  compactness  has  increased  wit'i  the  evaluation  of  higher  fineness 
ratio  configurations  and  with  the  increased  load  ranges  for  high  Reynolds  number  testing.  To  date,  acceleration 
compensated  ba'uHces  have  been  designed  on  the  premise  that  the  test  model  being  evaluated  vibrates  as  a  rigid  body. 
Slender  bodies  and/or  large  models  tend  to  generate  vibrations  Within  the  mode,  yielding  imperfc  '  inertia  compensa 
tion.  For  shock  tunnels,  a  minimum  frequency  of  roughly  1000  Hz  can  be  tolerated  and  this  limits  the  model  scale 
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to  something  of  the  order  of  18  in.  for  model  slenderness  ratio,  L/D  -  10  .  Increasing  the  test  duration  by  an 
order  of  magnitude,  however,  allows  one  lo  select  a  minimum  frequency  of  the  order  of  200  and  300  11/  and  leads 
to  model  lengths  of  60  in.  with  an  L/D  =  10  .  Clearly,  the  short  duration  shock  tunnel  flow  severely  limits  model 
scale.  Figure  Vl-9  indicates  the  largest  configuration  model  evaluated  in  the  Cornell  Aeronautical  Laboratory  shock 
tunnel.  This  24-in,  model,  a  hypersonic  transport  configuration,  was  tested  at  Mach  8  to  determine  high  Reynolds 
number-turbulent  How  effects  on  vehicle  aerodynamics.  The  full  Scale  version  of  this  model  would  be  about  300  ft 
long. 

VI-6.2  Pressure  Tests 

The  generation  of  pressure  data  in  any  impulse  facility  requires  the  location  of  sensing  transducers  within  the 
model  and  a  minimization  of  tubulation  length  to  the  measurement  point.  Maximizing  the  number  of  measurements 
to  assure  data  coverage  and  adequate  measurements  in  the  relatively  thin  regions  caused  by  aerodynamic  surfaces 
again  requires  large  model  scale. 


VI-6.3  Heat  Transfer  Tests 

Unlike  the  generation  of  pressure  data,  the  thermal  sensor  employed  for  point  measurements  of  aerodynamic 
heating  is  capable  of  some  minimization.  Figure  VI- 1 0  indicates  the  relative  size  of  sensors  as  a  function  of  the  test 
flow  duration.  As  the  sensor  must  contain  the  imposed  thermal  pulse,  its  size  will  increase  somewhat  as  the  test 
duration  increases.  The  Cornell-developed  thin  film  gage  is  obviously  quite  compact  and  has  been  proven  successful 
to  very  high  heating  rates.  Therefore  from  the  standpoint  of  gage  size,  the  application  of  shock  tunnels  to  heat 
transfer  testing  appears  desitcble.  This,  however,  may  be  deceptive  as  the  time  to  stabilize  the  flow  over  the  model 
may  be  longer  than  the  available  test  duration.  Figure  VI- 1 1  indicates  data  on  gage  response  in  a  shock  tunnel  on  a 
tv/o-foot  model  having  a  compressively  deflected  flap  and  flow  separation  ahead  of  the  flap.  The  data  at  gage  2  near 
the  nose  stabilized  in  the  order  of  1  msec,  however,  data  further  back  on  the  model,  gage  25,  requ  -ed  almost  3  msec 
to  stabilize  and  when  fb.w  separation  was  present,  over  3  msec  were  necessary  to  stabilize  the  flow.  Nagel  and 
Thomas5  indicate  through  a  simplified  analysis  that  flow  stabilization  time  increases  for  both  larger  models  and 
higher  Reynolds  number  flows.  Finally,  a  recent  article  by  Davies  and  Bcrnsteinb  indicates  that  in  a  turbulent 
boundary-layer  flow,  the  model  boundary  layer  should  not  be  considered  steady  until  the  starting  shock  is  at  least 
one  chord  downstream  of  the  model  trailing  edge.  These  studies  tend  to  caution  one  to  consider  the  use  of  longer 
duration  facilities  for  the  generation  of  data  on  large  models  particularly  at  turbulent  flow  conditions. 


VI-6.4  Flow  Survey  Testing 

For  both  the  generation  of  pressure  and  more  importantly  heat  transfer  data,  the  researcher  will  also  be  faced 
with  the  fact  that  understanding  of  complex  interaction  regions  will  require  an  instrumentation  density  far  in  excess 
of  that  available  in  such  facilities  or  economically  feasible.  It  is  for  this  reason  that  a  new  form  of  heat-transfer 
testing  will  be  necessary  as  an  integral  part  of  the  experimental  program  to  evaluate  these  large  complex  configura¬ 
tions.  The  technique  has  many  versions  but  it  is  generally  classed  as  heat  transfer  survey  testing.  Figure  VI- 1 2 
indicates  the  many  fotms  and  approximate  test  durations  required  of  flow'  survey  test  techniques  which  are  employed 
today.  The  potential  features  of  such  techniques  are  as  follows: 

1.  Low  cost  model  fabrication. 

2.  Capability  of  on-site  configurational  modification. 

3.  Comprehension  of  overall  heating  patterns. 

4.  Accuracy  of  technique  comparable  with  that  required  for  preliminary  design. 

There  is  a  tendency  to  forget  that  at  various  stages  of  configuration  development  fundamentally  different  data 
are  required.  It  is  not  correct  to  assume  that  highly  accurate  data  are  always  required.  Early  in  a  design  program 
our  need  is  for  trend  data  to  screen  approaches  and  select  promising  directions  for  future  work.  These  data  need 
not  be  highly  accurate  but  must  allow  economical  evaluation  of  many  configurations  This  trend  data  must  give 
way  to  more  precise  data  as  the  design  progresses  and  selective  approaehes  are  progressively  narrowed  Flow  survey 
testing  serves  this  earlier  screening  function  magnificently.  Further,  let  me  stress  overall  flow  comprehension  At 
the  AEDC  facility  complex  we  can  currently  generate  8000  to  10,000  heat-transfer  measurements  per  day1  While 
sensor  saturation  of  an  important  area  on  the  vehicle  may  be  valuable  and  needed  and  can  certainly  be  done,  the 
process  of  reconstructing  the  flcAi  patterns  requires  far  more  time  than  the  screening  of  a  film  of  paint  removal  or 
evaluation  of  iso-density  lines  on  a  still  photograph. 

A  review  of  Figure  VI- 12  indicates  a  survey  testing  technology  capable  of  generating  data  in  both  impulse  as 
well  as  continuous  flow  facilities.  Of  particular  interest  in  the  present  context  is  the  thermographic  phosphor 
technique  which  has  been  successfully  demonstrated  in  hotshot  facilities1.  The  thermographic  phosphor  technique 
employs  a  thin  coating  of  phosphors  on  a  nonconductivc  model.  The  tunnel  flow  generates  a  characteristic  heating 
pattern  which  is  observed  through  a  quenching  of  the  phosphorescence  with  temperature  nse  Rapid  quenching 
rates  (termed  thermographic),  high  luminosity  of  the  phosphor  and  high  resolution,  very  fast  film  are  required  to 
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generate  accurate  data.  In  principle,  data  could  be  taken  in  shock  tunnel  flows  [(0)  5  msec)  and  some  progress  has 
been  made  in  this  area  by  the  Cornell  Aeronautical  Laboratory.  The  data  generated  on  film  are  read  as  lines  of 
constant  intensity  on  an  isodensitometer  and  reduced  to  heating  rate  data  through  a  semi-infinite  slab  model  of  the 
a  rodynamic  configuration.  Figure  VI- 13  indicates  data  generated  on  the  tail  fin  of  a  lifting  body  design  by  the 
McDonnell  Douglas  Corporation  and  Figure  VI- 1 4  indicates  data  on  a  Gemini  model. 

For  continuous  flow  facilities  [(0>  10  sec  duration)  the  Tempilaq  technique  has  proven  quite  successful  in 
generating  both  qualitative  and  quantitative  data  and  many  heat  transfer  investiga'ions  are  presently  being  conducted 
employing  the  Tempilaq  coating  technique  exclusively.  A  major  and  general  drawback  to  the  application  of  tempera¬ 
ture  coatings  in  continuous  tunnels  is  «.c  development  of  more  suitable  and  higher  temperature  materials.  The 
highest  tempciature  machinable  material  (Teflon)  employed  to  date  has  a  1500°F  potential  but  most  castable  materials 
are  limited  to  500  to  700°F.  Further,  castables  have  the  general  problem  of  nonrepeatable  thermal  properties  which 
are  necessary  to  evaluate  data  output  -nd  they  are  generally  brittle  and  fail  easily  during  repetitive  testing. 

Irrespective  of  the  heat  transfer  survey  test  technique  applied  in  a  particular  tunnel  situation,  such  testing  is 
and  will  be  more  necessary  in  the  design  evaluation  and  evolution  of  hypersonic  aircraft  and  spacecraft.  Not  only 
will  it  serve  to  define  the  aerodynamic  heating  but  it  will  serve  as  a  necessary  adjunct  to  aerodynamic  force  and 
moment  tests  in  which  the  boundary  layer  will  be  composed  of  laminar,  transitional  and  turbulent  areas,  where 
instantaneous  transition  of  the  boundary  layer  cannot  be  assured  even  with  topping  devices  and  where  a  knowledge 
of  transition  will  be  necessary  in  the  evaluation  and  extrapolation  of  data  to  free  flight  conditions. 


VI-7  CONCLUSION 

The  review  of  facilities  with  regard  to  test  durations  necessary  to  allow  meaningful  measurements  on  models  of 
large  hypersonic  aircraft  and  spacecraft  indicates  to  me  the  necessity  to  consider  facilities  having  test  durations 
substantially  larger  than  presently  available  or  currently  foreseen  for  shock  tunnels.  While  these  facilities  have  been 
of  great  value  in  the  past  decade  and  while  they  may  remain  useful  for  small  scale  testing,  the  next  decades  will  see 
greater  use  made  of  the  long  duration  gun  tunnel  approach  or  a  refinement  of  the  hoishot  concept.  Further,  ground 
facilities  will  require  entirely  new  test  techniques  of  which  the  heat  transfer  survey  testing  is  but  a  suggestion. 
Finally,  I  feel  that  these  facilities  will  operate  ovc-  a  considerable  Mach  number  range  at  high  Reynolds  numbers 
but  at  moderate  enthalpy  levels  necessary  to  avoid  the  limits  of  liquefaction  and  real  gas  phenomena.  Excursions 
into  real-gas  investigations  will  be  made  in  s'  pplcmental  and  highly  specialized  facilities  such  as  shock  tubes  and 
foreign  gas  flow  channels. 
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Fig.VI-5  Required  Reynolds  number/model  length  characteristics 
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Fig.V!-6  Effect  of  varying  total  temperature  on  facility  characteristics 
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Fig. VI- 1 1  Gage  response  data 
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Fig.VI- 1 2  Heat  transfer  survey  testing  techniques 
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LECTURE  8 

SOME  DESIGN  ASPECTS  OF  HYPERSONIC  VEHICLES 


W.L.Hankey 

Hypersonic  Research  Laboratory, ARE 
Wright-Patterson  A  :B,  Ohio  45433,  USA 


NOTATION 


Symbol 

Description 

Units 

ci 

species  concentration 

- 

cA 

axial  force  coefficient 

- 

cy 

side  force  coefficient 

- 

Cm 

normal  force  coefficient 

- 

Q 

rolling  moment  coefficient 

- 

Cm 

pitch  moment  coefficient 

- 

cn 

yawing  moment  coefficient 

- 

Cf 

friction  coefficient 

- 

lift  coefficient 

- 

CD 

drag  coefficient 

- 

Cp 

pressure  coefficient 

or  specific  heat  at  constant  pressure 

Btu/lb 

D 

drag 

or  binary  diffusion  coefficient 

lb 

P 

acceleration  of  gravity 

ft/sec5 

h 

static  enthalpy 

ft2/sec2 

hs 

total  enthalpy 

ft2/sec2 

i 

unit  vector  in  x  direction 

- 

i 

unit  vt'tor  in  y  direction 

- 

k 

unit  vector  in  /.  direction 

- 

k 

Newtonian  modifier 

- 

L 

lift 

lb 

Le 

Lewis  number 

- 

M 

Mach  number 

- 

n 

surface  outward  normal 

- 

P 

pressure 

Ib/ft2 

q 

dynamic  pressure 

lb/ft2 

q 

heating  rate 

Btu/ft2: 

Re 

Reynolds  number 

- 

& 
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Symbol 

Description 

Units 

H 

earth  radius 

ft 

s 

reterence  planform  area 

ftJ 

T 

thrust 

lb 

or  temperature 

°R 

t 

time 

sec 

u 

x-componcnr  of  velocity 

ft/sec 

v 

y-component  of  velocity 

ft/sec 

V 

flight  velocity 

ft;  sec 

or  volume 

ft3 

W 

weight 

lb 

x,y,z 

orthogonal  coordinate  system  in  body  axes 

- 

a 

angle  of  attack 

radians 

P 

angle  of  sideslip 

radians 

7 

flight  path  angle 

radians 

6 

body  angle 

radians 

f 

damping  ratio 

- 

V 

volumetric  efficiency 

- 

6 

shock  angle 

radians 

X 

mean  free  path 

ft 

P 

dynamic  viscosity 

lb  sec/f 

P 

density 

slug/ft3 

T 

shear  stress 

Ib/ft2 

1.  FLIGHT  MECHANICS 

In  analyzing  hypersonic  lifting  vehicles  one  must  first  examine  the  trajectory  and  flight  environment.  In  so 
doing,  the  influence  of  various  design  parameters  ma>  be  placed  in  the  proper  perspective.  The  equations  of  motion 
for  planar  flight  are  listed  as  follows1 : 

mV  =  —  D  —  mg  sin  7  +  T 

.  mVJ 

U1V7  =  L  +  — —  cos  7  —  mg  cos  7  . 
rE 


Lifting  bodies  permit  gradual  descent,  hence,  the  following  assumption  for  path  angle  of  7  and  7  equal  zero  may 
be  used.  Thus  the  last  equation  produces  a  simple  algebraic  relationship 


L. 

W 


1 


\T 


where  V*  =  gRg  . 

Since  L  =  4pVjClS  ,  a  relationship  between  velocity  and  density  which  is  a  function  only  of  altitude  results. 


p(h)  = 


2W  /_! _ l_\ 

scL  [y*  VI J  ' 


For  a  constant  value  of  W/S(\  the  flight  corridor  results.  A  typicai  value  of  100  lb/ft2  for  W/SC^  permits  a 
comfortable  reentry  between  the  "too  high"  and  "too  hot"  rfgimcs  (Fig.l). 
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The  time  of  reentry  may  be  ascertained  from  the  first  equation. 

V  _D 

g  W 

This  equation  may  be  integrated  for  constant  L/l)  as  follows: 


Carrying  out  the  integration  for  V  =  0  at  t  =  0 

V  ,  ,  f  "St 
7.  =  '“"(vTl/d 


produces 


Figure  1  shows  reentry  times  which  are  independent  of  altitude  indicating  that  long  durations  (measured  in  hours) 
are  to  be  expected.  Thermal  protection  systems  for  these  lifting  vehicles,  therefore,  must  possess  long  duration 
capability. 


Having  a  relationship  between  altitude  and  velocity  for  the  flight  corridor  permits  us  to  examine  the  regimes 
of  fluid  mechanics  encountered.  Air  may  be  treated  as  a  continuum  provided  the  mean  free  path  (X)  of  the  mole¬ 
cules  (which  is  the  average  distance  traveled  between  collisions)  is  small  compared  with  some  characteristic  dimension 
of  the  vehicle.  For  standard  conditions,  X  is  2  x  I0_1  ft  at  sea  level  but  varies  inversely  with  density  and  is  one 
foot  at  335,000  fi  altitude.  Since  orbital  speeds  are  attained  by  this  altitude  and  since  the  vehicle  dimensions  we 
shall  consider  generally  are  larger  than  one  foot,  then  continuum  mechanics  may  be  employed  to  predict  the  aero¬ 
dynamic  characteristics. 

Next  the  condition  of  the  boundary  layer  (i.e.  laminar  or  turbulent)  shall  be  examined.  Figure  2  shows  the 
free  stieam  Reynolds  number  based  on  a  characteristic  length  of  100  feet.  There  is  a  wide  variation  in  observed 
transition  Reynolds  number  among  experimenters.  However,  selecting  a  transition  Reynolds  number  of  3  x  106 
indicates  iamtnar  flow  above  200,000  ft  and  turbulent  conditions  at  lower  altitudes.  Therefore,  both  hypersonic 
laminar  and  turbulent  boundary  layers  must  be  considered. 

Analysis  of  the  aerodynamic  characteristics  requires  a  knowledge  of  the  air  properties  at  the  energy  levels 
associated  with  hypersonic  flight.  Air  is  composed  of  nitrogen  and  oxygen  diatomic  molecules  which  dissociate 
into  atomic  species  at  sufficiently  high  energy  levels.  Figure  3  shows,  for  conditions  throughout  the  flight  corridor, 
the  constituent  species  in  equilibrium  air  after  undergoing  a  normal  shock.  Notice  the  small  region  in  which  ideal 
gas  conditions  prevail.  One  could  conclude  from  this  that  ideal  gas  computations  are  worthless  at  hypersonic  speeds. 
Put  let  us  examine  the  magnitude  of  the  discrepancy  between  ideal  gas  and  real  gas  calculations  for  surface  pressure, 
shear  stress,  and  heat  transfer  required  in  vehicle  design.  Figure  4  shows  the  normal  shock  pressure  coefficient  along 
the  flight  corridor  for  equilibrium  air2  and  ideal  air  (7  =  1.4).  At  a  Mach  number  of  20  the  difference  in  pressure 
coefficient  is  only  7'T  for  the  stagnation  point.  Hence,  we  conclude  that  even  though  real  gas  effects  begin  to  occur 
at  Mach  3,  only  small  pressure  corrections  result. 

Examination  of  the  Navier-Stokes  equations  is  rcouired  in  order  to  study  shear  and  heat  transfer  effects. 


Continuity: 

dp 

JL  +  V-  P/  =  0 

3t 

Momentum: 

l)V 

“  nf  "  7 '  E 

Energy: 

F.quation  of 

State-  p  =  p( h,p)  , 


where 


3u 

°x  Txy  Tx? 

“PM  — 
3y 

P  =  stress  tensor  (dyadic)  = 

t  n  t 

*  xy  uy  ?y/. 

3u 

Tx/  V.  at 

P  — -  P 
3y 

V2 

1's  -  11  +  —  • 


For  a  two-dimensional  boundary  layer3 


where 


and 


Therefore 


But 

Hence 


where 


—  (pu)  +  —  (pv)  =  0 
3x  3y 


P 


/  3u  du\ 

\ual+  va7j 


dp  +  3r 
dx  dy 


P 


3h,  3h.\ 

—  +  v  — 
3x  3y  / 


3 

—  (ur)  +  7  •  q  , 
3y 


V-q  =  - 

3y 


k  —  +  pDElij  ^ 
3y  3y 


conduction  diffusion  of  energy 


h  =  2h,Cj 

hi  =  /J  Cpidr  +  h 9 


ah 

3y 


9  c.  _  3h| 

ihj  ~  +  Sci  r1 
3y  3y 


dh,  _  3hi£[  3T 

3y  3T  3y  pi  3y 


SCpjCj  •=  Cp  of  mixture  . 


~  k(l 

a>  L 

,  3T  k  3h 

~  Le)  —  +  Le  —  ~ 
dy  Cp  dy 

Now  if  Le  =  I  and  It  =  CpT  then  V  •  q  =  SI  /dy  which  is  the  ideal  gas  result  implying  that  the  energy  trans 
ferred  is  the  same  whether  it  is  transfened  by  diffusion  or  conduction.  Hence,  if  Lewis  number  is  near  unity 
(actually  it  is  about  1.4),  then  the  governing  equations  for  real  gas  boundary  layers  arc  identical  to  the  ideal 
equations.  Thus  we  conclude  that  since  Lewis  number  is  near  unity  ideal  gas  calculations  may  be  used  to  predict 
approximate  numerical  results  even  though  tl.e  physical  phenomenon  represented  is  not  appropriate.  This  is  an 
extremely  useful  result  enabling  us  to  use  many  of  the  convenient  tables  and  theories  previously  employed  in  the 
supersonic  rdgime. 


2.  HYPERSONIC  AERODYNAMIC  CHARACTERISTICS 

To  obtain  the  aerodynamic  characteristics,  one  seeks  an  engineering  solution  of  the  Navier-Stokcs  partial 
differential  equations  derived  in  the  previous  section  for  boundary  conditions  pertinent  to  the  geometry  of  the 
vehicle  of  interest.  The  only  part  of  the  solution  required,  however,  is  the  pressure  and  shear  stress  on  the 
vehicle  surface.  Integration  of  these  stresses  over  the  body  produces  the  aerodynamic  forces. 
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First  let  us  examine  how  to  do  the  problem  right.  “Exact"  numerical  solutions  of  the  Navicr-Stokes  partial 
differential  equations  are  possible  by  employing  finite  differences.  Several  investigators  have  accomplished  this 
feat.  One  of  the  most  successful  methods  was  developed  by  Dr  John  G.Trulio  of  Applied  Theory,  Inc.* .  He 
computed  the  flow  over  a  cylinder  for  a  supersonic  Mach  number  at  a  low  Reynolds  number.  The  resulting  map 
of  velocity  vectors  depicts  the  shock  wave,  boundary  layer,  separated  wake  and  recirculation  region.  With  the 
present  generation  of  computers,  meaningful  soluiions  are  possible  only  for  two  dimensions  at  Reynolds  numbers 
less  than  about  100,  which  makes  exact  Navier-Stokes  solutions  of  little  practical  importance  in  the  design  of 
aircraft.  This  is  caused  by  the  fact  that  the  Reynolds  number  based  on  step  sue  must  be  of  order  one  in  order 
to  insure  accurate,  stable  solutions  in  representing  shock  waves  and  boundary  layers.  Therefore  since 

Re^x  ~  I 

L 

—  =  N  =  number  of  steps 
Ax 


The  capacity  of  the  computer  is  proportional  to  N3  and  a  grid  work  of  about  100  x  100  utilizes  the  full  capacity 
of  today’s  machines. 

With  the  rapid  strides  occurring  in  computer  technology  and  the  improvements  taking  place  in  programming, 
we  are  not  too  far  away  from  practical  solutions.  In  the  meantime,  however,  we  must  resort  to  some  approximate 
methods. 

Flow  fields  may  be  broken  up  into  an  outer  region  in  which  viscous  effects  are  insignificant  and  into  an  inner 
region  in  which  the  boundary  layer  assumptions  apply.  Even  with  these  assumptions  general  three-dimensional 
elutions  are  not  yet  available.  However  accurate  two-dimensional  solutions  are  possible  in  both  inner  and  outer 
region-  ,rig.5)  Rotational  characteristic  programs  with  imbedded  shocks  have  been  devised'  and  two-dimensional 
boundary  lay.  olutions  for  compressible,  laminar  Hows  have  been  obtained6.  For  flows  invoKing  separation  and 
reattachment,  boundary  layer  solutions  cannot  be  superim nosed  up--,  invisuu  pressure  distribution  due  to  the 
inters.!!...  ,:„een  the  in. .a  and  outer  regions.  These  two  flows  must  be  again  coupled  and  simultaneously  solved. 
Two-dimensional  solutions  for  these  interacting  flows  have  been  obtained  by  Lees  and  Reeves7,  Nielsen8,  Reyhner 
and  FluggeLotz’  and  Holden10.  Progress  in  this  area  is  encouraging  but  until  general  three-dimensional  solutions 
are  obtained  the  designer  must  resort  to  simpler  and  even  mon*  appi  ,.simate  schemes. 

2.1  Simplified  Design  Procedures 

Recalling  that  only  the  pressure  anu  shear  stress  on  the  surface  are  required  and  not  detailed  properties  for  the 
entire  flow  field  then  maybe  something  simpler  is  possible.  If  the  shock  shape  is  known,  pressure  may  be  precisely 
determined  using  the  extremely  accurate  Kankine-Hugoniot  shock  relationships,  for  oblique  shock  waves  the 
relationship  between  shock  angle  and  body  angle  is  as  follows: 


sin3  (0  —  8)  = 


M|  sin3  0  +  5 
M!(7M?  sin30  —  1)  ‘ 


For  modest  angles  and  high  Mach  numbers 


0  -  6  -  0 


M3  sin30  —  1  ,  , 

CP  =  “o^I3 - k  s,n30  ~  k  sin3  6  . 

Therefore,  at  hypersonic  speeds  pressure  may  be  estimated  by  assuming  the  shock  wave  is  tangent  to  the  body 
surface  (Fig.6).  The  pressure  coefficient  is  a  function  of  body  shape  alone. 

C'p  =  k(n  •  i)3  . 

Skin  friction  coefficients  (Cf)  have  been  obtained  by  Schmidt1 1  ’l3  based  on  reference  enthalpy  techniques 
for  flat  plates  at  angle  of  attack  at  various  flight  altitudes  and  velocities.  • 

Cf  **  CftRe^.S). 

Using  these  simple  relationships  the  aerodynamic  problem  becomes  elementary.  The  lift  and  drag  equations 
for  a  general  shape  are  as  follows: 


-  =  (jf>  [Cp(k  •  n)  —  Cf(k  *_t))  dA 
~  ~  $  [C'pt J_*  £>  ~  cf<»  ‘  ^  • 

The  problem  becomes  only  one  of  geometry.  The  normal  and  tangential  vectors  must  be  determined  and  the 
two  integrals  evaluated  over  the  body.  This  is  quite  often  a  tedious  and  laborious  problem,  however.  Two  schemes 
have  been  employed.  In  one  scheme  the  surface  is  broken  up  in  a  grid,  the  pressure  and  shear  coefficients  deter¬ 
mined,  and  numerical  integrations  performed  to  ascertain  the  forces.  In  the  other  method  the  configuration  is 
approximated  by  segments  of  analytical  surfaces,  closvd  form  integrations  performed,  and  a  set  of  algebraic  relation¬ 
ships  established  for  the  force  coefficients.  The  following  set  of  equations  is  an  example  of  a  typical  configuration 
(Fig.7)  which  was  successfully  analyzed  in  this  manner13: 


Nose  Equations 


CN 


Ca 

Cm 

CY0 

c/0 


— — sm  a  (1  +  cos  a) 
4S 

7rRjEjkN  (1  +  cos  a)3 
~ 4S  2 


CA 

cos  a 


CA  £N 
cos  a  b 


C„0 


Sa.  ? 

cos  a  b 


All  derivatives  and  all  angles  are  in  radians. 


Leading  Edge  Equations 

These  equations  are  for  a  pair  of  leading  edge  elements. 

/4Rle/le\ 


CN  “ 


CA  = 


em  = 


\  3S  j 


kj_E  sin  a(cos  Ae  +  cos  A  cos  g) 


(4R»gMS)  cos  A  (cos  Ae  +  cos  A  cos  a)3 


f  XLE  r  ZLE 

CN  - - CA 

c  c 


Cy  P 

C/0 


-  (~KL3g/|LEj  kLE  sin3  A  cos  A.  ( 1  +  cos  a,,) 
4RLE/LE 


3S 


kEE  sin  A  (1  cosaj) 


sin  A  cos  Ae(l  +  cosOj)  —  sin 
b  b 


CR0  -  kEE  sin  A  cos  Ae  tl  +  cos  o^)3  ^ sin  A  +  cos  A  j 


(sin  A5)r  =  sin  a  cos  a  cos  0  +  cos  A  sin  0 
L 


,  ^  \  sin  A 

(cot  ae)^  =  cos  a  cot  a  ± - tan  0 

L  sin  a 


/Ee  for  one  leading  edge. 
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m 


m 


Lower  Surface  Equations 


Vertical  Fin  Equations* 


CN  =  *a  (  y)  Sini“ 


=  <#) 


0.45  cos  a  +  4.65  ■  ■  ■  sin  a  cosJ,3a 

10,000 


& 


(laminar) 


-g(t) 


0.048  sin  (4.5a)  +  0.70  -■-°°  ■  cos1,2Sa  sinKSa 

10,000 


(W 


(turbulent) 


r  -  r  _  r  ZL 
Cm  -  CN  —  ~  CA  — 


Cy/3  =  -  — 

p  rnc  /v 


CW  =  k,  =  3.8 

M  cos  a.  b  1  \  S  /  9b  1 


r  =  CA  XL 
cos  a  b 


_ 2 _ fl  —  m1+n  1 

n(l  +  n)  I  —  m5 


0.5  laminar 


0.8  turbulent 


m  =  planform  taper  ratio . 


8Rp/pki  p 

Cn  - - -  ■  —  cos3  (Ap  +  a)  sin  Ap 


C A  =  2kp  (X3cos3a)  +  cos3(Ap  +a)  cos  Ap 


Cm  =  —  2kp  ^  (X3cos3 a)  (| )  -  cos:  (Ap  +  a)  ^  sin  Ap  +  !^£  cos  APj 


Sp 

Cy/j  =  “4kp  (X  cos  a) 


C/0  =  ~4kp  ^  (Xcosa)  (- 
C,.0  =  4kp  ^  (Xcosa)  ^  +  -  ^ j 


Sp  =  for  one  fin 


/p  for  one  fin. 


*  The  equations  are  for  a  pair  of  fins. 
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2.2  Ultra-Simplified  Method 

Considerable  understanding  and  insight  into  the  hypersonic  aerodynamic  characteristics  of  lifting  vehicles  can  be 
achieved  by  examining  the  simple  Newtonian  approach. 


Let 


and 


Therefore 


and 


Cl  =  (ksin5a)cosa 

C'd  =  (k  sin2  a)  sin  a  +  C^q 

L  sin3a  cos« 

D  sin3  a  +  Cpo/k 


D  "  D  (aXD0/k> 


The  maximum  L/D  for  constant  Cr>o/k  can  be  obtained  by  differentiation  with  respect  to  a  .  Optimum  angle  of 
attack  and  maximum  values  of  L/D  arc  shown  in  Figures  8  and  l)  for  the  above  equations.  Two  aspects  should  be 
noted:  higher  values  of  (L/D)max  are  achieved  at  the  lower  angles  of  attack  and  (L/D)  values  much  in  excess  of  4 
are  not  possible  due  to  skin  friction  alone. 


3.  STABILITY  ANALYSIS 

The  dynamics  of  a  vehicle  must  be  such  that  the  handling  qualities  are  within  the  servo  response  capabilities  of 
the  pilot.  The  short  period  modes  are  the  most  critical,  namely  the  longitudinal  short  period  mode  (pitching)  and 
rhe  lateral  oscillation  short  period  mode  (Dutch  roll).  The  equations  of  motion  for  these  oscillations  are  as  follows: 

&  +  cc3(a-a0)  =  0 

(5  +  cjjj/3  =  0  , 


where 


2  _  9Sc  r 
~  i  *-iua 

‘y 


cojj  =  qSb 


cos  a0  —  ^  sin  a0 
l  >z  ‘x 


Aerodynamic  damping  at  hypersonic  speeds  is  generally  small  because  the  reduced  frequency  (wc/V,  which  is  a 
measure  of  the  dynamic  angle  of  attack)  is  low  due  to  V  appearing  in  the  denominator. 

Pilot  rated  simulator  studies  have  indicated  the  most  desirable  operating  conditions  are  when  the  short  period 
mode  has  the  following  characteristics: 

f  =  frequency  --  0.7  c/s  ±  0.3 
£  =  damping  ratio  compared  to  critical  =  0.7  ±  0.3. 

Oscillations  of  this  type  are  within  his  servo  response  characteristics,  yet  the  vehicle  possesses  satisfactory  maneuver¬ 
ability  (neither  too  sluggish  nor  too  sensitive).  Present  day  aircraft  attain  these  handling  qualities  either  by 
aerodynamic  means  or  artificially  by  ‘  adaptive  control”  features.  Since  negligible  aerodynamic  damping  exists 
(f  -*  0)  the  handling  quality  criteria  cannot  be  achieved  for  emergency  situations  in  which  artificial  augmentation  is 
inoperative.  Zero  damping  implies  periodic  motion  of  constant  amplitude  for  which  the  pilot  must  reduce  any 
disturbance  by  "out-of-phase"  control  modulation.  Long  perods  (P  >  10  seconds)  are  required  to  effectively 
accomplish  this  feat.  Therefore  a  hypersonic  vehicle  should  be  designed  with  a  low  dynamical  frequency  which 
implies  neutral  stability.  This  condition  is  not  comfortable  to  fly.  but  is  considered  acceptable  through  flight 
simulator  training  as  long  as  augmenta’ion  on  all  channels  is  not  simultaneously  inoperative.  Thus 

*■111(1  =  ^  n(5  =  ^  10  =  0 


is  a  design  goal. 


’  ^»^v>^-5yw/  f+JA**i* T  >.* /-A  1 5 W.T^t-fr* p- «*"•  V* 
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4.  LANDING  ANALYSIS 

The  low-speed  flyinj'  requirements  impose  several  constraints  on  a  hypersonic  lifting  vehicle.  First,  the  vehicle 
must  be  able  to  execute  a  satisfactory'  horizontal  landing,  and,  secondly,  it  must  possess  acceptable  stability. 
Low-speed  performance  requirements  are  not  considered  as  important  since  most  of  the  maneuverability  is  accom¬ 
plished  at  hypersonic  speeds,  although  some  low-speed  maneuverability  is  a  fall-out  from  the  landing  constraint. 

The  point  is  that  the  vehicle  will  probably  not  be  designed  for  good  low-speed  performance  but  must  accept  the 
amount  available. 

The  method  presently  deemed  most  desirable  for  landing  hypersonic  aircraft  is  the  “aiming  point”  technique 
used  in  the  X-1S.  In  this  method  the  pilot  dives  the  vehicle  at  a  point  on  the  earth’s  surface  several  thousand  feet 
before  the  runway,  ther  executes  a  flare  at  some  predetermined  altitude  to  a  shallow  glide  angle,  and  decelerates  by 
increasing  the  angle  of  attack  until  touchdown  at  some  preselected  speed.  By  the  use  of  this  “Dynamic  Approach” 
technique,  vehicles  of  low  subsonic  L/D  may  be  safely  landed.  In  this  maneuver  the  highest  lift  coefficient  is 
required  at  touchdown.  For  i  =  0 , 


(^L^max 


W/S 

QTD 


The  lift  coefficient  for  low  aspect  ratio  (AR)  airfoils  may  be  estimated  by  the  theory  of  Jones 


ir 

—  AR  a . 

i 


When  the  last  two  equations  are  combined. 


W 

Far 


7 r 

-QTDa  • 


For  touchdown  velocities  less  than  about  200  knots  and  for  angles  of  attack  less  than  15°, 

W 

- -  <  50  lb/ftJ  . 

S  AR 

Hence  the  preceding  relationship  ’  ztween  wing  loading  and  aspect  ratio  becomes  the  simple'-*  .  ‘nimum  landing 
constraint. 


5.  OPTIMIZATION  SEARCHING  ROUTINE 

After  the  aerodynamic  equations  have  been  formulated,  the  best  combination  of  the  design  parameters  must 
be  found.  Hence  an  automated  search  routine  is  required. 

One  class  of  multivariable  optimization  problem  is  concerned  with  the  maximization  of  a  function  0  (Ref.  14). 
This  function  is  commonly  referred  to  as  a  payoff,  criterion,  cost,  or  performance  function  and  is  of  the  form 

0  =  f(X„...,Xj). 

which  may  J  e  subject  to  constraints  of  the  form 

*i  =  f(X„...,Xn)  ,  i  =  1.2....  k<j, 

where  the  X,’s  are  variables  which  describe  the  system.  In  the  case  of  aeronautical  design  the  system  may  be  a 
wing,  where  the  performance  function  6  is  the  lift-drag  ratio,  and  the  constraints  4',  are  wing  volume,  area,  etc. 
The  number  of  independen*  design  variables  of  the  system  n  is  the  number  of  description  variables  j  minus  the 
number  of  constraint  relations  k  , 

n  =  j  —  k  . 

The  optimization  problem  represented  here  is  called  an  "ordinary"  maximum-minimum  problem  to  distinguish 
it  from  the  variational  calculus  problem1  s. 

There  are,  in  general,  two  broaa  ...ethods  of  optimizing  ordinary  functions.  The  first  is  the  classical  indirect 
method  which  involves  finding  the  necessary  conditions  for  a  maximum  or  minimum.  The  second  method  is  the 
so  called  direct  method  which  involves,  as  the  name  implies,  direct  numerical  evaluation  of  the  criterion  function 
6  and  the  constraint  functions  4^ . 
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The  method  used  for  the  optimization  of  a  particular  function  depends  upon  the  nature  of  the  function  and 
the  form  in  which  information  is  available.  The  indirect  method  is  most  conveniently  applied  to  problems  in  which 
the  algebraic  form  and  continuity  properties  of  the  function  to  be  optimized  are  known.  The  direct  method  of 
optimization,  on  the  other  hand,  can  be  applied  to  a  class  of  problems  in  which  the  structure  and  the  nature  of  the 
function  to  be  optimized  are  unknown.  This  class  of  problems  has  arisen  more  frequently  v  ith  the  advent  of  the 
high-speed  digital  computer  m  which  a  computerized  mathematical  model  is  used  to  synthesize  the  actual  system. 

Several  direct  search  algoritnnis  (Table  1)  have  been  combined  into  a  single  computet  program  called  the 
Automated  Engineering  and  Scientific  Optimization  Programs  (AESOP)  (Ref.  16).  The  program  AESOP  is  indepen¬ 
dent  of  the  problem  being  solved.  In  a  vehicle  synthesis  problem,  the  computer  program  confining  the  algorithm 
for  the  evaluation  of  the  vehicle  performance  can  be  linked  to  AESOP  to  determine  the  optimum  configuration. 

TABLE  l 

Basic  Search  Algorithms  Contained  in  Program  AESOP 


1.  Sectioning  -  Succession  on  one-dimensional  optimization  calculations  narallel  to 
coordinate  axes.  Variables  may  be  perturbed  in  tandom  or  natural  order. 

2.  Pattern  -  A  Ray  Search  in  the  gross  direction  defined  by  a  previous  search  or  search 
combination. 

3.  Magnification  -  Straightforward  magnification  or  diminution  about  the  origin. 

4.  Steepest-Deseent  Search  along  tne  weighted  gradient-direction.  Sever...  weighting 
options  available. 

5.  Adaptive  Creeping  -  Search  in  small  incremental  steps  parallel  to  the  coordinate  axes. 

Step-size  adjusted  automatically  in  the  algorithm.  Variables  may  be  perturoed  in  j 

random  or  natural  order. 

6.  Quadratic  -  Second-order  multivariable  curve  fit  to  the  function  being  optimized, 
followed  by  starch  in  direction  of  second-order  surface  optimum. 

7.  Davidon's  Method  An  attempt  to  achieve  the  advantages  of  second-order  search 
from  an  ordered  succession  of  first-order  (stcepest-descent)  searches. 

8.  Random  Point  -  Function  to  be  optimized  is  evaluated  at  a  set  of  uniformly 
distributed  random  points  in  a  specified  region. 

9.  Random  Ray  Search  Function  is  optimized  by  search  along  a  sequence  of  random 
rays  having  a  uniformly  distributed  angular  orientation  in  the  multivariable  parameter 
space. 


Three  of  these  search  options  which  have  been  most  successful  in  vehicle  synthesis  will  be  discussed  below. 

The  random  pom!  method  randomly  selects  a  series  of  design  points  from  points  which  have  uniform  distribu¬ 
tion  throughout  the  design  space.  These  design  points  are  evaluated  one  by  one  md  the  design  point  with  the 
highest  value  of  the  criterion  function  is  retained.  This  method  has  an  advantage  <n  that  its  effectiveness  is 
independent  of  the  .shape  of  the  response  surface.  The  method  works  as  well  on  multimodal  as  on  unimodal 
response  surfaces.  One  disadvantage  due  to  the  vastness  of  the  design  space  is  that  many  points  must  be  evaluated 
before  attaining  a  high  probability  that  the  best  point  selected  is  actually  at  or  near  the  optimum.  The  random 
method  is  useful  during  the  early  exploration  of  the  design  space  when  the  response  of  the  criterion  function  is 
unknown. 

Another  method  which  is  useful  in  the  early  phases  of  the  optimum  configuration  searcli  is  sectioning. 

Search  by  sectioning  is  j  sc'ies  of  one-dimensional  searches  aiong  the  entire  ray  in  design  space  parallel  to  each 
of  the  coordinate  axes.  The  one  mensional  ray  in  design  space  is  formed  by  fixing  all  the  search  variables  except 
the  one  on  which  the  search  is  to  oe  performed.  The  length  of  the  ray  is  determined  by  the  upper  and  lower 
bound  of  the  design  variables.  The  value  of  the  variable  giving  the  n.cximum  performance  is  retained  and  the 
process  is  repeated  for  each  of  the  remaining  design  variables. 

The  adaptive  ireeper  method  is  a  form  of  sectioning  described  above.  However,  instead  of  scabbing  along  the 
entire  length  of  the  ray  parallel  to  the  coordinate  axis  as  in  the  global  search,  only  small  perturbations  are  made  in 
one  of  the  independent  variables.  Perturbation*  in  the  independent  variable  a.e  continued  until  no  further  improve¬ 
ment  in  performance  is  possible.  When  the  process  lias  been  repeated  tor  each  independent  variaMc  in  turn. 
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a  creeper  search  <.ycle  is  completed.  In  the  case  where  there  is  no  interaction  between  fiie  independent  variables, 
one  search  cycle  is  sufficient  to  locate  a  peak  in  the  response  surface.  Usually,  however,  the  shape  of  the  response 
surface  is  such  that  more  than  one  search  cycle  is  required  to  locate  a  peak. 


6.  OPTIMIZATION  OF  HYPERSONIC  LIFTING  BODIES 


The  view  •  ’ken  herein  is  that  the  primary  objective  of  a  lifting  body  is  to  enclose  a  prescribed  payload  (volume 
requirement)  with  the  minimum  structural  weight  (wetted  area  limitation)  and  produce  the  highest  possible  hyper¬ 
sonic  lift-to-drag  ratio1 1  The  geometric  quantity  that  best  represents  payload-to-structural  weight  ratio  is  volumetric 
efficiency  rj ,  a  dimensionless  volume-area  ratio  referenced  to  that  of  a  sphere. 


n  = 


Orr,/5V 

M? 


Tnus  T]  <  I  always,  being  unity  only  for  the  sphere. 

Besides  meeting  L/D  and  volumetric  efficiency  requirements,  the  vehicle  must  be  C3.  blc  of  being  trimmed, 
oosscss  adequate  stability,  include  the  effects  of  skin  friction,  withstand  aerodynamic  heating,  and  provide  safe 
terminal  landing.  To  better  understand  the  importance  of  certain  of  these  constraints,  three  were  singled  out  to  be 
examined  sequentially:  namely,  volumetric  efficiency,  nose  heating,  and  skin  friction.  These  constraints  were 
imposed  and  the  configuration  determined  which  maximized  hypersonic  L/D  . 

The  procedure  utilized  was  to  express  a  general  closed  geometric  shape  by  a  finite  number  of  degrees  of 
freedom,  program  the  aerodynamic  characteristic  equations  as  a  function  of  the  geometric  relationships,  and  employ 
a  numerical  searching  routine  to  find  the  optimum.  The  details  of  this  operation  are  presented  in  the  following 
paragraphs. 

The  generalized  shape  (Fig.  10)  was  established  with  nine  degrees  of  geometric  freedom.  This  configuration  is 
composed  of  four  conical  and  four  prismoidal  sections  plus  nose  and  base  sections.  (Lateral-directional  stability 
requirements  dictate  symmetry  about  the  x-z  plane).  A  Newtonian  pressure  distribution  is  assumed  and  laminar 
skin  friction  is  considered.  Integration  of  the  pressure  and  shear  forces  produced  relationships  for  L/D  and  rj 
as  shown  in  functional  form. 


L 

D 


b.  1  h 

D  \h|’  b, 

,/c 


R. 

R 


1*1  bj  It; 
R'  R  ‘  c 


\ 


I  -  ^2  R;  I’m  b2  h;  Ac\ 


—  =  e  =  prescribed 
c 


Cfc  =  prescribed 


These  relationships  contain  eight  geometric  ratios  which  must  be  determined  through  the  optimization  procedure  by 
maximizing  L/D  subject  to  the  three  constraint  equations.  The  “adaptive  creeper”  searching  routine  was  employed 
to  ascertain  the  optimum  geometric  values. 

6.1  Results 

Case  1:  Prescribed  Volumetric  Efficiency 

The  constraints  arc  r?  =  fixed,  e  =  free  and  Cfc  =  0.  One  of  the  optimized  configurations  is  shown  in 
Figure  1 1  for  m  L/D  of  four.  The  resulting  values  of  L/D  are  shown  in  Figure  12  as  a  function  of  volumetric 
efficiency.  (Also  shown  for  comparison  are  the  X-20.  ASSET  and  Gemini  configurations).  It  is  also  interesting  to 
note  that  simple  wave-rider  configurations  produce  about  'r  the  L/D  value  for  the  same  rj  as  the  optimized  shapes. 
These  “classically"  optimized  configurations  achieve  the  ultimate  in  hypersonic  L/D  in  the  absence  of  heating, 
skin  friction,  or  other  constraints. 

For  these  optimum  configurations,  primarily  only  an  increase  in  fineness  ratio  (c/h,)  is  needed  to  increase 
L/D.  In  fact,  for  infinite  fineness  ratio  (needle  shaped)  an  infinite  L/D  results.  Over  most  of  the  region  of  interest 
L/D  is  proportional  to  fineness  ratio  as  follows: 


'y^*^V?f‘t''>r-^i  *j$F$zS 
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and  also  more  fundamentally 
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Case  2:  described  W,;,., metric  efficiency  and  Heating  Constraints 

The  constraint  equations  are  t)  =  fixed,  e  —  fixed  and  Cfc  =  0.  The  searching  procedure  was  again  employed 
for  three  different  values  of  nose  bluntness  (e).  The  optimized  configurations  tended  to  become  blunted  cones  and 
approached  a  finite  L/D  limit  even  for  a  zero  value  of  rj  (Fig.  13). 

L  0.45 

5  -  ^TT  lor  ^'ro  n  ■ 

Case  3:  Prescribed  Volumetric  efficiency  and  Skin  Friction  Constraints 

The  constraint  equations  are  r?  =  fixed,  £  =  0  and  Cfc  =  fixed.  Four  values  of  skin  friction  were  computed 
ana  again  a  finite  limit  on  L/D  occurs  for  zero  r?  (Fig.  14). 


D  1.5  (4Cf)1/3  “  CP 


for  zero  r)  . 


This  result  is  identical  to  that  for  a  rectangular  fiat  plate  at  angle  of  attack.  The  resulting  optimum  configurations 
approach  a  simple  wedge  in  the  limit  of  small  tj  . 

Case  4:  Prescribed  Volumetric  Efficiency  and  Combined  Heating  and  Skin  Friction  Constraints 

The  three  constraint  equations  are  73  =  fixed ,  e  =  fixed  and  C'fc  =  fixed .  For  combined  heating  and  skin 
friction  constraints  two  relative  maxima  appeared.  One  configuration  resembled  a  blunted  cone  which  possessed 
superior  L/D  for  e/C fc  >  1.  The  other  configuration  was  more  wedge-like  and  was  superior  for  e/Cfc  <  I  . 

The  resulting  performance  is  shown  in  Figure  15. 

The  reason  for  the  superior  performance  may  be  ascertained  by  examining  the  ratio  of  leading  edge  drag  to 
skin  friction  drag. 

Di  B  Crjh-ib  € 
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The  choice  of  the  superior  configuration  is  clear  when  this  ratio  is  vastly  different  from  unity;  however, 
anticipated  values  of  skin  friction  and  nose  bluntness  for  future  systems  indicate  e/Cfc  near  one.  The  designer 
then  may  choose  between  two  drastically  different  geometries  with  nearly  identical  values  of  L/D .  For  example. 
Figure  16  shows  two  optimized  configurations  at  an  tj  of  0.4,  C'fc  =  0.001  and  e  =  0.0015.  The  cone-like 
geometry  is  superior  since  e/C fc  =  1.5  >  I  and  possesses  an  L/D  of  3.63  compared  to  3.61.  The  resulting 
configurations  are  shown  at  similar  scales  to  produce  identical  volumes  and  wetted  areas.  With  large  differences  in 
geometry  and  only  a  subtle  difference  in  L/D  the  designer  would  select  one  de  ign  over  the  other  for  practical 
constraints  not  considered  here.  Many  hypersonic  systems  studies  have  been  c  •ntiurted  on  the  cone-like  configura¬ 
tions  while  the  wedge-like  configurations  have  received  little  attention. 

6.2  Experimental  Verification 

To  confirm  the  use  of  the  simplified  mathematical  flow  model  cf  Newtonian  pressure  and  elementary  laminar 
skin  friction,  an  experimental  force  test  was  conducted  at  M  sr  14  n  ihe  Aerospace  Research  Laboratories  20  inch 
hypersonic  wind  tunnel  at  WPAFB,  Ohio.  The  model  was  19  inches  long  and  shaped  as  shown  in  Figure  11.  The 
experimental  results  are  presented  in  Figure  17  along  with  the  theoretical  prediction.  The  excellent  agreement  gives 
confidence  in  the  applicability  of  the  assumed  flow  model  in  predicting  the  integrated  L/D  value. 


7.  OPTIMIZATION  OF  A  HYPERSONIC  CRUISE  VEHICLE 

Examining  the  Breguct  range  equation  shows  an  increased  potential  as  velocity  increases. 
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The  velocity  term  approaches  infinity  at  satellite  speed.  However,  L,'D ,  Isp  ,  and  the  weight  fraction  generally 
decrease  with  velocity.  Answering  the  question  of  what  happens  to  the  product  of  these  four  terms  at  high  velocities 
will  tell  us  if  a  hypersomc  transport  is  feasible. 

An  air  traffic  survey18  shows  that  an  attractive  market  is  in  4,000  to  6,000  nautical  mile  range  (Fig.  18).  Since 
most  of  the  land  mass  and  population  is  contained  within  the  northern  hemisphere,  global  range  (10,000  n.mi)  would 
be  rarely  needed.  Shorter  ranges  can  be  achieved  adequately  with  the  subsoni  or  supersonic  transport,  bcncc 
5,500  n.mi  range  would  be  appropriate  for  a  hypersonic  transport.  Figure  10  shows  the  time  required  to  accomplish 
this  range  for  different  speeds.  Time  ceases  to  be  an  important  factor  after  about  M  =  8 . 

Fuel  selection  for  hypersonic  propulsion  systems  may  oe  determined  by  examining  the  following  table  of  candi¬ 
date  fuel  characteristics. 


Property 

Heat ' >/  Combustion 

Heat  Sink 

Density 

M|T12X 

Btn/!b 

Btu/lb 

lb/ft3 

Liquid  Hj 

5 1 .600 

5100 

4.4 

16 

Methane 

21,500 

1100 

26.4 

7 

JP-4 

18.600 

165 

50.0 

3 

Liquid  hydrogen  possesses  better  than  twice  as  much  chemical  energy  as  either  hydrocarbon.  The  main  factor  in  fuel 
determination,  however,  is  the  cooling  required  for  sustained  cruise  at  hypersonic  flight.  Active  cooling  is  essential 
in  the  combustion  chamber  of  hypersonic  vehicles.  A  quahtal.ve  estimate  of  the  limiting  velocity  a  vehicle  can  attain 
may  be  obtained  by  equating  the  heat  sink  of  the  fuel  to  the  total  enthalpy  of  the  air  flow.  The  last  column  indicates 
the  maximum  cruise  Mach  number  for  this  condition.  For  sustained  fliglu  at  Mach  numbers  above  7,  only  one  fuel, 
LH3,  can  be  considered.  Note  the  low  density  of  LH2  which  necessitates  much  larger  fuel  volumes  than  required  in 
conventional  hydrocarbon  fueled  aircraft. 

With  fuel  selected,  the  next  featJre  to  consider  is  the  combustion  process,  i.e.,  subsonic  or  supersonic  burning 
m  a  ramjet  cycle.  Previous  studies  have  shown  that  subsonic  combustion  is  more  efficient  below  about  M  =  8 
while  supersonic  combustion  is  more  efficient  for  higher  speeds.  Therefore,  in  this  study’9  a  supersonic  combustion 
ramjet,  hydrogen  fueled,  cruise  vehicle  will  be  considered  for  flight  above  M  =  8 . 

A  generalized  configuration  with  26  degrees  of  freedom  was  programmed  and  the  aerodynamic  characteristics 
determined  in  the  following  manner. 

Inlet.  A  two-dimensional  multiple-shock  inlet  with  shock  on  cowl  lip  was  employed.  Forces  were  obtained  using 
oblique  shock  relationships  and  turbulen*  skin  frietion  superimposed.  A  minimum  combustor  entrance  temperature  of 
2000°R  corresponding  to  the  auto-ignition  value  of  the  fuel-air  mixture  was  imposed. 

Combustor.  A  constant  area  ideal  one-dimensional  con.  .stion  cycle  was  employed  utilizing  real  gas  equilibrium 
conditions.  Turbulent  skin  friction  was  superimposed. 

,\o::le.  A  two-dimensional  characteristic  program  was  utilized  with  turbulent  skin  friction  to  obtain  the  nozzle 
forces. 

Fuselage  and  Wing.  Oblique-shock,  Prandtl-Mevcr  and  superimposed  turbulent  skin  friction  relationships  were 
used  to  obtain  the  remaining  body  forces. 
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7.1 


Constraints 

In  addition  to  the  required  geometric  interrelationships,  the  following  constraints  were  imposed: 

/  <>i  \ 


I.  Equilibrium  Flight:  I. 

I 


W 
I)  . 


jp 


1  I  rimmed  Conditions:  M  -  0. 

3.  Vehicle  Weight:  Total  weight,  equipment  and  payload  weight,  structural  panel  density  and  fuel  density 
were  fixed. 

4,  Cooling:  Aerodynamic  heating  requirements  must  not^exceed  the  available  fuel  cooling  capacity. 


7.2  Results 

The  random  search  and  adaptive  creeper  methods  were  employed  to  locate  the  maximum  range  condition  for  (he 
optimal  value  of  the  configuration  variables.  Figure  20  shows  that  cruise  range  increases  with  velocity  as  anticipated 
from  the  Ureguet  range  equation  for  the  case  without  skin  friction.  Ilowevci,  for  the  realistic  case  with  skin  friction, 
little  change  in  range  was  observed  with  speed.  The  Mach  10  optimized  configuration  is  shown  in  Figure  21.  The 
following  qualitative  conclusions  can  be  deduced  from  this  investigation. 

1.  Adequate  cooling  was  available  in  the  Mach  range  (8-12)  considered. 

2.  The  optimum  configuration  Hies  at  about  zero  angle  of  attack  so  that  the  inlet  develops  no  lift.  A  large 
piteltup  moment  is  produced,  however. 

3.  The  optimum  inlet  geometry  produces  nearly  maximum  pressure  rccovc.y, 

4.  Minimum  combustor  entrance  temperature  is  desirable  (limited  by  the  auto-ignition  temperature). 

5.  Minimum  combustor  length  was  preferred  limited  by  the  combustion  reaction  time. 

(i,  The  optimum  nozzle  expansion  angle  was  about  15° 

7.  The  combustor-nozzle  cowl  extension  was  minimum. 

8.  I  he  upper  fuselage  angle  was  zero. 

9.  The  maximum  possible  take-off  weight  was  superior  (“cube-square"  law  prefers  largest  scale  possible,  i.c. 
t'5-A.  747). 

10.  The  fuselage  height  nearly  equaling  the  width  is  optimum. 
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Fig.  1 1  Typical  optimi/.cd  lining  body 


FIr.  13  L/D  versus  volumetric  efficiency  with  heating  constraint 
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Fig.  16  Comparison  of  optimized  cone-like  and  wedge-like  configurations 
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Fig. 20  Variation  of  range  factor  witli  Mach  number 
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LECTUrtE 9 

REAL  GAS  EFFECTS  ON  LIFTING  RE-ENTRY  AEROTFERMODYNAMICS 


K.N.C.Brjy 

University  of  Southampton,  England 


1.  INTRODUCTION 

In  aerodynamics,  the  term  real  gas  effect  is  applied  to  deviations  in  tiie  thermodynamic  propel  lies  oi  real  air 
from  an  ideal  gas  with  constant  specific  heats.  These  deviations  result  from  various  physical  processes  in  air  at  high 
temperatures,  namely,  molecular  vibrational  excitation,  chemical  reactions  and  ionisation.  Such  processes  occur  at 
finite  rates,  which  can  be  characterised  by  relaxation  times,  or  by  relaxation  lengths  in  a  flow  of  given  velocity.  II 
all  relevant  relaxation  lengths  are  very  much  shorter  than  the  smallest  flowfield  dimension  of  interest,  the  How  may 
be  regarded  as  being  in  thcrmochemical  equilibrium.  The  equilibrium  thermodynamic  properties  ol  real  air  are  well 
known1,  and  may  be  incorporated  without  undue  difr  ilty  into  flowfield  calculations,  so  equilibrium  real  gas  efleets 
present  no  fundamental  p  yblcms.  The  real  gas  fir  r.ay  nevertheless  be  very  different  from  that  predicted  on  the 
assumption  of  a  perfect  gas  with  constant  specific  heats. 

If  relaxation  lengths  and  flowfield  dimensions  are  comparable,  departures  from  thermochen’ical  equihbnum  will 
occur.  The  resulting  nonequilibrium  llow  real  gas  effects  may  greatly  influence  aerodynamic  properties.  Prediction 
of  nonequilibrium  air  flows  requires  detailed  information  on  the  mechanisms  and  lutes  of  high  temperature  processes, 
and  almost  always  involves  very  ex.ensive  numerical  computations.  Some  fundamental  nonequilibriuni  flow  problem** 
remain  unsolved. 

If  all  relevant  relaxation  lengths  are  very  much  greater  than  the  large*  I  flowfield  dnr  nsion  of  interest,  the  llow 
may  be  regarded  as  being  frozen,  so  that  its  vibrational  energy,  chemical  composition  and  deg.ee  of  ionisation  remain 
constant.  In  this  situation  air  may  again  be  treated  as  a  perfect  gas  with  constant  specific  heats. 

Entry  into  the  earth’s  atmosphere  starting  from  orbital  velocity  generates  air  temperatures  in  excess  of  ()000°K 
and,  under  such  conditions,  equilibrium  air  behaves  very  differently  from  a  perfect  gas  with  constant  specific  he.itv 
Relaxati).'  lengths  range  from  many  miles  at  orbital  altitudes  down  to  small  fractions  of  an  me:,  at  sea  level  pressure 
Similarly,  flowfield  dimensions  of  interest  in  the  aerodynamics  of  a  space*  shuttle  vehicle  may  range  from  100  It  or 
more  (vehicle  length)  to  a  small  fraction  of  a  foot  (stand-off  distance  in  Iron!  of  the  leading  edge  of  a  wing  or  lad). 

It  is  inescapable  that,  for  parts  of  the  re-entry  trajectory  of  the  vehicle,  relaxation  lengths  and  fiowfuid  dimensions 
will  be  comparable.  Nonequilibrium  flow  must  occur  during  re-entry. 

The  objectives  of  this  review  of  nonequilibrium  (low  effects  on  space  shuttle  vehicle  aerodynamics  are  as  follows 

1.  to  estimate  flight  conditions  under  which  nonequilibrium  flow  will  occur: 

2.  to  assess  whether  consequences  of  i.onequilibrium  flow  may  be  important  to  vehicle  design. 

3.  to  discuss  the  adequacy  of  available  methods  of  prediction  for  solving  non-equilibrium  llow  problems  likely 
to  arise  during  design  of  a  space  shuttle. 

4.  to  describe  difficulties  which  will  arise  in  attempting  wind  tunnel  simulation  of  nonequilibrium  llow  pasi 
space  shuttle  shapes  under  re-entry  conditions. 

The  theory  of  nonequilibrium  flows  is  set  out  in  References  2  to  6. 


2.  NONEQUILIBRIUM  FLOW  REGIMES  IN  FLIGHT 

Chemical  reaction  mechanisms  and  rates  in  high  temperature  air  have*  been  studied  in  great  detail  during  the 
past  decade,  and  the  information  available  is  gener.ly  sufficiently  accurate  for  the  requirement*  ol  re-eiitiy  llow  held 
calculations.  A  possible  cxccr'ici  is  the  influence  of  products  of  ablation  on  the  kinetics  of  air 
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For  conditions  generated  in  flight  at  less  than  about  20,000  ft/sec  (Ref.7),  the  following  reaction  scheme  is 
adequate  to  describe  chemical  changes  in  the  high  temperature  region  behind  a  bow  shock  wave  in  pure  air: 


Oj  +  M 

** 

O  +  O  +  M 

(2.1) 

N2  +  M 

- 

N  +  N  +  M 

(2.2) 

NO  4-  M 

- 

N  4  O  4-  M 

(2.3) 

NO  4-  O 

Oj  4-  N 

(2.4) 

N2  4-  O 

** 

NO  +  N 

(2.5) 

N4  0 

NO’  4  e" 

(2.6) 

where  M  represents  any  of  the  neutral  species  present.  Reaction  rate  data  may  be  found  for  example  in  Reference  8. 
At  velocities  in  excess  of  20,000  ft/sec.  charge  transfer  reactions  such  as 

Nj  +  no*  -  n;  +  NO 

become  progressively  more  important  nd  generate  significant  concentrations  of  Nj  .  Oj ,  N*  and  O*  .  According 
to  Reference  7,  the  54  elementary  reactions  shown  in  Table  I  are  then  required  for  an  adequate  description  of 
chemistry  and  ionisation  history  of  the  flow,  it  should  be  noted  that  for  some  of  these  reactions  the  rate  coefficients 
and  their  variations  with  temperature  are  not  yet  known  at  all  accurately.  A  further  complication  is  that,  at  the  very 
high  temperatures  existing  just  behind  the  bow  shock  wave,  vibrational  excitation  of  the  molecules  N2  .  02  and 
NO  is  not  complete  before  dissociation  begins.  The  various  species  also  exchange  vibrational  energy.  Under  these 
conditions,  with  many  competing  processes  occurring  simultaneously,  it  is  not  possible  to  make  a  rigorous  character¬ 
isation  of  the  approach  to  equilibrium  in  terms  of  i  single  relaxation  time.  Many  widely  dirferent  time  (and  length) 
scales  may  be  discerned.  However,  Figure  1  illustrates  the  definition9  of  an  empirical  relaxation  time  for  dissociation, 
based  on  the  approach  to  equilibrium  of  the  temperature  T  in  the  nonequilibrium  flow  behind  a  normal  shock  wave 
in  air.  if  this  dissociation  time  is  multiplied  by  a  velocity  typical  of  the  How  behind  the  normal  shock  wave,  a 
characteristic  length  for  dissociation,  d  .  is  obtained,  as  shown  in  Figure  1,  The  length  d  will  be  used  to  illustrate 
the  existence  of  regions  of  nonequilibrium  (low  during  re-entry.  This  will  bi  done  in  terms  of  typical  re-entry 
trajectories,  and  displayed  on  altitude  -  velocity  plots. 

Figure  2  shows  typical10  re-entry  trajectories  for  lifting  and  non-lifting  vehicles.  These  trajectories  do  not 
represent  the  extremes  of  possible  variations  of  velocity  with  altitude  and  in  particular  it  appears  feasible  to  design 
for  re-entry  with  even  higher  altitudes  at  given  velocity.  For  comparison.  Figure  3  shows  how  frecstream  Reynolds 
number  per  unit  length  and  the  parameter  W/SCL  vary  with  velocity  and  altitude.  The  lifting  trajectory  of  Figure  3 
has  a  W/SC,  which  varies  between  10  and  100  lbm  ft: 

r urrent  ideas  of  space  shuttle  re-entry  vehicle  configurations  involve  blunt  noses  which  will  support  nearly 
normal  shock  waves  during  re-entry.  Figure  4  shows  the  equilibrium  stagnation  temperature.  T  .  compressibility. 

Z  ,  and  dissociation  length,  d  ,  behind  a  non'  ,i  shock  wave  in  air.  in  the  vicinity  of  the  re-entry  corridor.  Since  Z 
represents  the  number  of  particles  for  each  molecule  in  the  unshocked  air.  Z  close  to  unity  indicates  conditions 
where  dissociation  effects  are  small,  while  dissociation  uecomcs  complete  as  Z  approaches  2.  A  stand-off  distance 
of  the  order  of  1  ft  may  be  expected  at  the  nose  of  the  vehicle,  it  may  be  seen  from  Figures  2  and  3  that  d  is 
comparable  with  the  sund-off  distance  ii.  regions  of  the  trajectory  where  Z  is  considerably  greater  than  unity,  and 
so  nonequilibrium  effects  are  exp  cted  in  the  nose  legion. 

Large  angles  cf  incidence  (up  to  about  60° )  are  contemplated  during  re-entry  and  therefore  large  parts  of  the 
vehicle  away  from  the  nose  region  will  meet  air  which  has  been  processed  by  a  strong  oblioiu-  shock  wave.  Figures 
5  and  6  show  T  ,  Z  ar J  the  dissoemhor.  length,  d  .  in  air  behind  plane  oblique  shock  *.  /es  making  an  angle  of 
60°  and  30°  to  the  flo-  Because  the  fi:  ••••  behind  an  oblique  shock  wave  has  a  velocitv  -  unponent  parallel  to  the 
wave,  the  dissociation  length  d  nicieases  rapidly  .a  wave  becomes  more  oblique.  At  the  same  time  T  and  Z 
decrease.  Figures  5  and  6  show  values  of  d  comparable  with  major  dimensions  of  a  vehicle,  again  indicating  that 
chemical  nonequilibrium  will  occur,  over  significant  areas  of  the  vehicle.  For  the  30°  shock  wave.  Figure  6,  condi¬ 
tions  exist  which  ’nay  lead  to  important  vibrational  nonequilibrium  as  illustrated*  by  the  vibrational  relaxation 
i'.ngth  L  for  air  under  the  conditions  existing  behind  the  shock  wave. 


Figure  7  shows  the  fraction  of  the  stagnation  enthalpy  of  the  flow  behind  normal  and  oblique  shock  waves 
which  becomes  absorbed  in  chenvcai  reaction  when  equilibrium  has  been  achieved.  It  may  be  seen  that  this  fraction 
increases  with  flight  velocity,  altitude  aid  w.Jgc  angle,  and  that  well  over  one  half  of  the  stagnation  enthalpy  is 
stored  in  this  minis  under  conditions  of  interest. 

*  Fo:  given  conditu—s,  d  should  be  greater  :han  oi  equal  to  1..  This  is  not  so  in  Figure  6  because  d  and  L  have  different  aibilnry 
definitions,  representing  the  length  witlnn  which  the  flow  approached  within  a  different  fraction  of  the  cquilib.ium  limit  for  a  different 
variable. 


Figure-  8  and  9,  obtained  from  Figures  4  and  5,  show  the  variation  of  T ,  Z  and  d  along  the  lifting  trajectory 
of  Figure  2,  for  normal  and  60°  shock  waves.  /  n  example  from  these  Figures  illustrates  the  region  of  the  re-entry 
trajectory  for  which  dissociation  nonequilibrium  is  to  be  expected.  The  following  typical  fiowfield  dimensions  arc 
chosen: 

stand-off  distance  at  nose:  1.0  ft 

stand-off  distance  at  leading  edge  of  wing  or  tail:  0.1  ft 

w'i’g  chord  with  60°  incidence:  20  ft. 

It  is  arbitrarily  assumed  that  dissociation  is  nearly  frozen  when  these  dimensions  are  smaller  than  O.ld  .  that  dissoci¬ 
ation  is  close  to  equilibrium  when  these  dimensions  are  greater  than  10  d  ,  and  that  dissociation  involves  negligible 
enthalpy  when  Z  is  less  than  1.1.  The  resulting  nonequilibrium  region  of  the  lifting  trajectory  is  set  out  in  Table  2. 

It  may  be  seen  from  Table  2  that  the  nonequilibrium  region  for  dissociation  extends  from  above  300,000  ft 
altitude  to  below  200,000  ft.  Above  about  300,000  ft,  dissociation  is  almost  frozen  in  the  high-temperature  nose, 
leading  edge  and  under  wing  flows,  and  is  slower  in  other  cooler  parts,  so  the  whole  fiowfield  is  nearly  frozen. 

Below  about  200,000  ft,  dissociation  is  still  not  fast  enough  to  approach  equilibrium,  for  this  traj.ctory,  but  the 
flight  velocity  is  sufficiently  low  so  that  dissociation  is  not  dominant. 

The  corresponding  information  for  re-entry  along  the  zero-lift  trajectory  of  Figure  2  is  shown  in  Table  3.  It 
may  be  seen  that  the  boundary  above  which  the  flow  will  be  nearly  frozen  is  just  above  300,000  ft,  as  in  the  lifting 
re-entry  case.  However,  in  contrast  to  the  lifting  case,  the  flow  past  the  zero-lift  vehicle  achieves  dissociation  equi¬ 
librium  at  altitudes  between  237,000  ft  and  168,000  ft,  with  Z  still  much  greater  than  unity  (highly  dissociated 
air).  Nonequilibrium  flow  will  in  fact  extend  down  to  lower  altitudes,  in  the  present  example,  because  this  highly 
dissociated  air  will  fail  to  maintain  recombination  equilibrium  as  it  expands  away  from  nose  regions. 

The  difference  between  these  two  examples  is  that  the  zero-lift  vehicle  descends  out  of  the  nonequilibrium 
flight  regime,  maintaining  high  velocity,  whereas  the  lifting  vehicle  decelerates  out  of  the  nonequilibrium  regime, 
maintaining  high  altitude.  !n  principle,  it  would  be  possible  to  design  a  lifting  re-entry  vehicle  which  slowed  down 
at  such  a  great  altitude  (say  above  about  300,000  ft)  that  it  passed  from  the  near-frozen  flow  regime  straight  into 
the  low  velocity,  negligible  dissociation  regime  (say  below  about  9,000  ft/sec).  The  regime  of  significant  finite-rate 
chemical  reaction  could  be  avoided.  However,  published  data  suggests  that  current  space  shuttle  designs  decelerate 
at  lower  altitudes,  and  therefore  do  encounter  this  regime  of  significant  finite-rate  reaction. 


3.  OTHER  EFFECTS  OVERLAPPING  THE  NONEQLMLIBRIUM  FLOW  REGIME 

Having  identified  the  altitude  and  velocity  range  of  interest  for  nonequilibrium  flow  effects  during  lifting  re-entry, 
we  can  enquire  what  other  complicating  effects  will  occur  in  the  same  flight  regime.  Since  the  equilibrium  degree  of 
ionisation  is  less  than  1  percent  except  in  the  top  right-hand  comer  of  Figure  4,  at  higher  velocities  and  altitudes 
than  those  considered  here,  it  is  clear  that  ionisation  will  not  be  thermally  significant.  Radiative  heat  transfer  from 
the  hot  gas  cap  to  the  body13  becomes  important  only  in  the  bottom  right-hand  comer  of  Figure  4.  far  from  the 
trajectories  of  interest. 

Viscous  and  low  density  effects  near  blunt  leading  edges  may  be  assessed  in  the  manner  shown  in  Figure  10 
(Probstein14)  We  consider  the  lifting  vehicle.  In  the  range  of  altitudes  and  velocities  for  which  nonequilibnum  How 
occurs,  as  set  out  in  Table  2,  the  nose  and  leading  edge  regions  of  the  flow  pass  through  the  following  two  viscous 
flow  regimes: 

viscous  layer  (thin  shock  wave  followed  by  viscous  shock  layer): 

boundary  layer  (thin  shock  wave  followed  by  inviscid  shock  layer  followed  by  thin  boundary  layer). 

Probstcin’s  merged  layer  regimes,  in  which  the  thickness  of  the  shock  wave  itself  becomes  significant,  occur  at  greater 
altitudes  where  chemistry  is  almost  frozen. 

For  a  wing  of  20  ft  chord,  the  Reynolds  number  based  on  conditions  behind  a  60°  shock  wave  increases  from 
1.8  x  !03  to  4.2  x  10s  in  the  nonequilibrium  range  of  altitudes  and  velocities  from  Table  2.  Boundary  layers  will 
be  laminar  under  these  conditions.  However.  Reynolds  numbers  based  upon  fuselage  length  become  large  enough 
for  turbulent  flow  to  be  expected. 

The  viscous  interaction  parameter  M3/Rg*  ,  based  on  a  20  ft  chord  and  conditions  behind  a  60°  shock  wave, 
has  values  of  0.S  and  less  in  the  nonequilibrium  regime  from  Table  2.  It  is  concluded  that,  in  this  particular  example, 
the  boundary  layer  on  the  lower  surface  of  the  wing  will  be  predominantly  in  the  weak  interaction  regime 
(M3/Re3  <  4  (Ref.  15)}.  On  the  other  hand  M3/R^  ,  based  on  a  20  ft  chord  and  free  stream  flow  properties,  can 
be  as  large  as  270  In  the  same  (light  regime,  showing  that  upper  surfaces  of  wings  and  also  lower  surfaces  at  small 
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angles  of  attack  will  meet  Hows  with  strong  viscous  ir  arac  ion  effects.  Without  a  more  detailed  specification  of 
geometry  and  trajectory  information,  it  is  not  clear  whethe.  important  viscous  interaction  and  nonequilibrium  flow 
effects  will  occur  simultaneously  in  flow  past  wings. 


4.  INFLUENCE  OF  NONEQUILIBRIUM  FLOW  ON  VEHICLE  DESIGN 

4.1  Aerodynamic  Forces  and  Moments 

A  iwo-dimensional  wedge  provides  a  simple  starting  point  for  a  discussion  of  nonequilibrium  flow  effects  in 
lifting  re-entry  aerodynam.es.  Below  the  shock  wave  detachment  angle,  equilibrium  flow  and  frozen  flow  each 
consists  of  a*o!ane  oblique  shock  wa*e  followed  by  uniform  flow  at  constant  pressure  (Fig  1 1).  The  density  rise 
across  the  shock  wave  is  larger  in  the  equilibrium  flow,  ar-d  therefore  the  shock  layer  is  thinner,  the  shock  wave 
more  oblique,  and  the  pressure  on  the  wedge  is  lower.  A  real,  nonequilibrium  wedge  flow16  involves  a  transition 
from  frozen  flow  to  equilibrium.  The  flow  is  frozen  at  the  wedge  vertex,  so  the  wave  angle  and  surface  pressure 
appropriate  to  frozen  flow  apply  there.  The  shock  wav„  is  convex  in  shape,  its  angle  decreasing  towards  the  equi¬ 
librium  angle  ai  large  distances  downstream  of  the  vertex.  Similarly  the  surface  presrure  falls  from  the  frozen  value 
towards  the  equilibrium  value.  The  flow  between  the  shock  and  the  wedge  is  no  longer  uniform,  and  solutions  must 
be  obtained  from  the  method  of  cnaractenstics  for  nonequilibrium  now1’.  Reference  !8  includes  results  of  extensive 
oblique  shock  wave  calculations  for  frozen  and  equilibrium  air. 

Figure  1 1  (Ref.19)  shows  the  lift  coefficient  CL  of  two-dimensional  wedge-section  wings,  plotted  against  the 
angle  a  presented  b»  the  wedge  to  the  flow.  Curves  for  perfect  gas  (frozen  flow)  and  real  gas  (equilibrium  flow) 
are  shown,  for  flight  at  M  =  1 5  at  an  altitude  of  200.000  ft.  Because  both  of  these  flows  produce  constant  pressure 
on  the  wedge  surface,  the  percentage  difference  in  CL  between  perfect  gas  and  real  gas  flow  at  given  a  is  the  same 
as  the  percentage  drop  in  surface  pressure  as  the  actual  nonequilibrium  flow  approaches  equilibrium  For  example, 
under  the  conditions  of  Figure  12,  the  fall  in  pressure  along  the  surface  of  a  wedge  in  nonequilibrium  flow  with 
a  =  40°  is  10%  of  the  pressure  at  the  vertex.  This  percentage  increases  rapidly  with  a  .  It  also  increases20  with 
velocity  and  altitude  and  values  in  excess  of  20%  are  possible.  A  similar  phenomenon  occurs  due  to  vibrational 
relaxation,  involving  a  fall  in  pressure  of  up  to  about  5%. 

The  hypersonic  flow  past  a  wing  of  rectangular  planfomi  will  be  very  similar  to  that  past  a  wedge  ~rue  lift 
will  be  influenced  by  nonequilibrium  flow  as  illustrated  in  Figure  12.  and  the  pressure  will  fall  with  ini  >g 
distance  from  the  leading  edge,  as  described  above.  This  fall  in  pressure  will  also  cause  a  nose-tip  pitching  moment 
whose  magnitude  depends  on  chemical  reaction  rates. 

A  caret  wing  has  an  undersurface  shape  which  supports  a  plane  oblique  shock  wave  and  a  uniform  flow  past  its 
lower  surface,  for  flight  under  design  conditions.  Nonequilibrium  flow  will  produce  a  curved  shock  wave  and  a  non- 
uniform  flow,  for  which  solutions  are  not  at  present  available.  However,  the  caret  wing  close  to  the  design  condition 
has  a  flow  very  similar  to  a  wedge  flow,  and  it  may  be  expected  that  nonequilibrium  effects  will  be  of  similar  magni¬ 
tude  in  the  two  flows  under  comparable  conditions. 

Frozen  flow  past  slender  wings  at  large  angles  of  attack  has  been  studied  by  Mcssiter51  using  an  extended 
Newtonian,  thin-shock-layer  theory.  The  analysis  has  been  extended  by  Squire19  and  applied  to  a  variety  of  wing 
shapes  in  both  perfect  gas  (frozen)  and  rejl  gas  (equilibrium)  flow.  Some  results  are  shown  in  Figure  12  It  may  be 
seen  that  under  the  conditions  stated  for  a  fiat  delta  wing  of  aspect  ratio  0.8.  the  lift  in  equilibrium  flow  is  only 
very  slightly  less  than  in  frozen  flow.  For  example  the  reduction  is  1.6%  at  a  =  40°  (c.f.  10%  for  the  wedge)  The 
reason  why  the  slender  delta  is  influenced  so  little  by  real  gas  effects  is  that,  because  of  the  spanwise  component  of 
velocity,  the  shock  wave  for  the  delta  lies  much  closer  to  the  surface  than  for  the  wedge.  Therefore  the  flow  past 
the  delta  approaches  more  closely  to  the  true  Newtonian  limit  which  is  independent  of  gas  properties  Although  the 
caret  wing  is  more  susceptible  to  real  gas  losses  of  lift  it  remains  superior  to  the  flat  delta  in  terms  of  CLnm  and 
also  L/D  . 

It  is  concluded  that  noncquilibnum  flow  effects  on  pressure  distribution  and  aerodynamic  forces  are  likely  to 
be  negligible  for  wings  of  slender  delta  pi, inform  at  large  angles  of  attack,  but  may  not  be  negligible  for  wings  pro¬ 
ducing  nearly  two-dimensional  flows.  Available  methods  of  analysis  for  honequilibrium  flow'4-11,51'55  do  not  appear 
to  be  entirely  suitable  for  this  situation,  particularly  if  viscous  interaction  and  wing/body  interference  effects  must 
also  be  taken  into  account. 

4.2  Heat  Transfer 

As  noted  from  Figure  7.  a  large  fraction  of  the  stagnation  enthalpy  of  the  air  passing  through  a  strong  shock 
wave  becomes  invested  in  dissociation  and  other  reactions,  at  velocities  and  altitudes  of  present  interest  An 
immediate  consequence  is  that  the  rate  of  heat  transfer  from  real  air  is  several  times  greater  than  would  occur  from 
an  ideal  gas  at  the  same  temperature.  Reynolds  number,  etc. 
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Finite  rate  gas-phase  chemical  reactions  occur  in  the  flow  both  outside  and  inside  the  boundary  layer.  Surface 
reactions  also  occur,  involving  catalytic  recombination  of  atoms  or  possibly  degradation  of  the  surface.  Departures 
from  chemical  equilibrium  can  either  decrease  or  increase  the  real  gas  heat  transfer  rate.  The  influence  of  finite 
rate  chemistry  arises  partly  .'.om  its  effects  on  the  distributions  of  temperature  and  density  around  the  vehicle,  and 
partly  from  its  influence  on  the  number  of  atoms  diffusing  to  the  wall  and  recombining  there. 

Some  of  the  possible  effects  may  be  illustrated  by  considering  the  case  of  heat  transfer  to  the  stagnation  point 
of  a  blunt-nosed  body  If  chemical  reactions  arc  frozen  within  the  boundary  layer  but  finite  rate  catalytic  recombina¬ 
tion  occurs  at  the  wall,  the  rate  of  heat  transfer  is16 


1 

qw  =  0.763(/Jpepc)wV-6Ah|l  +  (L|6  -  1) 


hch 


cm 


Ah  1  +  C 


(4.1) 


where  0  =  inviscid  velocity  gradient  at  stagnation  point 
pe  =  density  at  edge  of  boundary  layer 
pe  =  viscosity  coefficient  at  edge  of  boundary  layer 
PR  =  Prandtl  number 
Ah  =  enthalpy  difference,  he  —  hw 
he  =  enthalpy  at  edge  of  boundary  layer 
hw  =  enthalpy  ar  wall 
hchem  =  chemical  contribution  to  h* 

LE  -  Lewis  number 

C  =  surface  reaction  rats  divided  by  convective  diffusion  rate. 


it  may  be  seen  that,  if  LE  =  1  or  if  C  =  0  (no  reaction  at  wall)  the  heat  transfer  rate  is  simple  proportional  to 
the  enthalpy  difference  Ah  .  However,  if  LE  >  1  and  C  >  0  (a  more  realistic  situation),  the  chemical  enthalpy 
hchem  increases  the  heat  transfer  rate  through  the  curly  bracket  term  in  Equation  (4.1),  in  addition  to  its  direct 
effect  in  the  term  Ah  .  This  occurs  became,  with  Ll  >  l  ,  the  diffusion  of  atoms  transports  energy  through  the 
boundary  layer  more  efficiently  than  thermal  conduction.  With  C  >  0  some  of  this  energy  is  given  up  to  the  wall. 


IS' 
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The  analogous  equation  when  gas-phase  reactions  in  the  boundary  layer  are  fa.>t  enough  to  maintain  equilibrium 


qw  =  Ojea^PePe^PR^Ab  <1  +  aE  -  1) 


hchcm 

Ah 


06 


(4.2) 


for  a  cold  wait.  U  will  be  noted  that  this  equation  is  very  similar  to  Equation  (4. 1 ).  The  two  equations  arc  identical 
if  LE  -  1  or  if  hchcm  =  0  •  ^Vfn  when  LE  is  not  equal  to  unity,  the  two  equations  give  very  similar  results,  so 
long  as  C  is  much  greater  than  unity.  Thus  the  stagnation  point  heat  transfer  rate  is  not  significantly  influenced 
by  the  gas-phase  reaction  rate  in  the  boundary  layer,  so  long  3s  the  wall  reaction  rate  is  fast.  On  the  other  hand  if 
the  wall  reaction  rate  is  small  (C  -*  0)  ‘he  frozen  flow  Equation  (4.1)  gives  a  much  smaller  heat  transfer  rate  than  the 
ium  flow  Equation  (4.2).  Nonequilibrium  flow  outside  the  boundary  layer  influences  through  its  effect 
P(.  ,  pj  and  hcjjCn,  .  The  effects  on  the  first  three  tend  to  cancel,  for  stagnation  point  flow,  and  if  is  not 


equilib 
on  0  , 


until  departures  from  equilibrium  reduce  hchfm  that  a  significant  effect  on  heat  translcr  is  to  be  expected  for  a 
catalytic  wall. 

5t  may  be  noted4  that  rnetal  surfaces  tend  to  be  efficient  catalysts  for  recombination  of  oxygen  and  nitrogen 
atoms.  Oxide  surfaces  may  be  much  less  catalytic,  and  some  materials  such  as  pyrcx  glasses  arc  almost  non-cataiytic. 

The  situation  becomes  more  complicated  when  we  move  away  from  the  region  adjacent  to  the  stagnation  point. 
Nonequiiibrium  flow  boundary-layer  theory r  is  not  yet  complete  for  the  general  case.  However,  the  following  trends 
are  expected: 

(i)  at  altitudes  so  grea*  ’’  dissociation  does  not  have  time  to  occur,  the  heat  transfei  rate  will  be  less  than 
would  be  cxpectc  .  „.<e  basis  of  equilibrium  real  gas  calculations: 

(ii)  at  lower  altitudes  wnerc  some  dissociation  docs  occur  but  gas  phase  reactions  in  the  boundary  layer  remarn 
frozen,  a  large  reduction  in  heat  transfer  may  be  achieved  by  the  use  of  a  non-catalytic  wall; 
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(m)  it  seems  likely  that  heat  transfer  will  be  influenced  by  the  large  changes  in  velocity,  density  and  temperature 
at  the  boundary-layer  edge  caused  by  nonequilibrium  flow  outside  the  boundary  layer,  these  effects  cannot 
be  predicted  with  confidence  at  present. 

It  is  concluded  that,  while  the  heat  transfer  rate  in  the  vicinity  of  a  stagnation  point  is  well  understood  and  can 
be  predicted  accurately,  the  situation  is  much  less  satisfactory  for  other  parts  of  the  vehicle.  Of  course  the  heat 
transfer  rates  are  much  lower  than  at  the  stagnation  point,  but  predictions  must  still  be  made.  The  following  aspects 
of  the  problem  await  solution: 

(i)  three-dimensional,  invircid,  nonequilibrium  flow  past  realistic  vehicle  shapes,  to  provide  flow  properties  at 
the  boundary-layer  edge; 

(11)  three-dimensional  nonequilibrium  laminar  (and  possibly  turbulent)  boundary-layer  analysis,  for  realistic 
shapes,  including  surfaces  of  finite  catalytic  efficiency; 

(in)  nonequilibrium  flow  viscous  interaction  effects  for  realistic  shapes,  including  self-induced  pressure  gradients, 
and  the  rate  of  ingesting  of  dissociated  air  from  the  bow  shock  region  into  a  thick  boundary  layer. 

4.3  Radio  Communication  Blackout  During  Re-Entry 

The  desire  to  communicate  with  earth  during  re-entry  requires  the  placing  of  an  aerial  at  a  suitable  forward- 
facing  position  in  the  vehicle.  Electromagnetic  waves  arc  strongly  attenuated  by  the  plasma  sheath  surrounding  the 
vehicle,  so  it  is  necessary  to  locate  the  aerial  in  a  position  where  this  effect  may  be  minimised.  For  this  purpose  it 
is  necessary  to  know  the  electron  number  density  and  collision  frequency  throughout  the  relevant  parts  of  the  plasma 
sheath.  Nonequilibrium  flow  has  a  very  large  effect  on  these  properties.  Calculations2,25  must  take  account  of  the 
very  large  number  of  reactions  which  occur  among  the  charged  species  in  high  temperature  air  (Table  1).  Boundary- 
layer  effects  may  be  important1.  Available  methods  of  analysis  arc  perhaps  adequate  in  the  vicinity  of  blunt-nosed 
stagnation  points,  but  difficulties  might  be  expected  if  it  proved  necessary  to  extend  the  calculations  far  downstream 
for  complex  shapes. 


5.  WIND  TUNNEL  TESTS 

It  has  been  suggested  above  that  available  methods  of  analysis  are  not  adequate  for  predicting  some  aspects  of 
vehicle  aerodynamics  in  the  nonequilibrium  flow  regime.  Wind  tunnel  testing  will  therefore  be  desirable.  Figure  13 
shows  the  reservoir  pressure  p0  and  reservoir  temperature  T0  required  in  a  wind  tunnel  to  duplicate  flight  condi¬ 
tions,  assuming  that  full  equilibrium  is  maintained  in  the  wind  tunnel  nozzle.  It  may  be  seen  that  enormous  values 
of  p„  and  T0  are  required  in  order  to  duplicate  conditions  corresponding  to  high  velocity  flight. 

A  second  difficulty  arises,  because  departure  from  chemical  equilibrium  occurs2*  during  expansion  of  the  test 
air  in  the  wind-tunnel  nozzle.  The  composition  freezes  with  excess  0  and  N  atoms,  and  sometimes  excess  NO 
molecules,  and  the  test  medium  then  docs  not  properly  represent  the  chemical  properties  of  atmospheric  air  For 
example,  dissociation  equilibrium  will  be  achieved  more  rapidiy  behind  a  shock  wave  in  a  frozen  wind  tunnel  flow 
than  behind  the  equivalent  shock  wave  in  flight.  A  convenient  measure  of  the  importance  of  chemical  freezing  in  a 
wind-tunnel  nozzle  is  the  ratio  hf/h0  ,  where  hf  is  the  chemical  enthalpy  of  nonequilibrium  species  in  the  test 
section,  and  h„  is  the  reservoir  enthalpy.  Figure  14  shows  hf/h0  plotted  as  a  function  of  altitude  and  flight 
velocity.  The  data  was  taken  from  Reference  29  for  large  wind-tunnel  nozzles*,  but  a  tenfold  decrease  in  nozzle 
size  increases  the  frozen  enthalpy  by  only  about  30%.  It  may  be  seen  from  Figure  14  that  the  fraction  of  reservoir 
enthalpy  frozen  in  chemical  energy  increases  rapidly  with  altitude  to  be  simulated. 


Figure  15  shows  the  reservoir  requirements  for  a  wind  tunnel  to  duplicate  flight  conditions  along  the  lifting 
vehicle  trajectory  of  Figure  2.  Also  shown  is  the  ratio  hf/h0  from  Figure  14.  It  may  be  recalled  from  Table  2 
that,  for  this  trajectory.,  the  nonequilibrium  flight  regime  extends  approximately  from  25,000  fVscc  down  to 
9.000  ft/sec.  Figure  15  shows  that  at  the  peak  reservoir  condition  of  about  12,000°K  and  10*  atmos,  only  about 
3%  of  the  reservoir  enthalpy  is  frozen.  However,  these  conditions  cannot  be  generated  in  present-day  wind  tunnel' 
At  higher  and  lower  velocities  p0  and  T0  fall  to  more  accessible  values  but  at  the  same  time  hf/h0  rises  rapidly 
to  10%  or  more.  Vibrational  freezing  also  becomes  important  at  the  lower  end  of  the  rlocity  -ange,  because  the 
relevant  range  of  reservoir  temperatures  occurs  along  with  very  low  reservoir  pressures,  for  which  vibration  is  almost 
completely  frozen.  At  around  10,000  ft/scc  the  fraction  hv/h0  rises  to  around  1 2%,  sec  Figure  1 5,  where  hv  is 
the  enthalpy  locked  up  in  vibrational  freezing  of  nitrogen.  It  is  concluded  that  difficulties  arise  in  the  duplication 
of  conditions  throughout  the  nonequilibrium  flight  regime,  due  cither  to  the  need  for  high  reservoir  temperatures 
and  pressures  or  to  freezing  in  the  wind-tunnel  nozzle. 

In  the  absence  of  complete  duplication  of  flight  conditions,  is  it  possible  to  simulate  the  most  important  condi¬ 
tions  in  wind  tunnel  tests?  Simulation  can  be  successfully  achieved  for  nonequilibrium  flow  in  the  vicinity  of  the 
stagnation  point  of  a  blunt-nosed  body,  through  the  application  of  “binary  scaling".  According  to  this  scaling,  the 

•  Characteristic  flow  time  at  freezing  point:  r  =  10'*  sec,  see  Refetence  29. 
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ratio  of  the  dissociation  length  scale  to  a  flowfield  dimension  will  be  correctly  simulated  in  the  wind  tunnel  if  the 
product  (density)  x  (body  dimension)  is  the  same  in  flight  as  in  the  tunnel  test.  Thus  small  models  may  be  tested 
in  high  density  nonequilibrium  flow.  This  scaling  law,  together  with  the  Mach  number  independence  principle  of 
hypersonic  flow19,  has  permitted  the  simulation  of  stagnation  point  heat  transfer  in  shock  tubes  and  electric  arc 
flows.  Binary  scaling,  which  allows  the  simultaneous  scaling  of  dissociation  and  Reynolds  number  effects,  assumes 
that  chemical  reactions  result  from  binary  collisions  only.  This  is  correct  so  long  as  only  dissociation  is  occurring. 
However,  as  soon  as  recombination  starts  to  be  important  three  body  reactions  come  into  play,  and  binary  scaling 
fails.  This  occurs  as  soon  as  the  gas  expands  round  the  shoulder  of  the  blunt  nose,  and  applies  to  the  remainder  of 
the  flow  field.  With  both  binary  and  three-body  reactions  taking  place,  no  density-length  scaling  is  possible,  and 
the  only  valid  simulation  is  full  scale.  Also,  chemical  equilibrium  occurs  at  too  low  a  degree  of  dissociation,  due  to 
the  higher  density,  in  a  binary-scaled  model  test. 

In  the  absence  of  either  flight  duplication  or  correct  flow  simulation,  wind  tunnel  tests  must  resort  to  one  or 
more  of  the  following  expedients: 

(i)  correct  simulation  of  only  a  part  of  the  nonequilibrium  flow  field  (e.g.  flow  in  the  vicinity  of  a  stagnation 
point); 

(ii)  partial  simulation  (see  for  example  Reference  30)  in  which  not  all  of  the  similarity  parameters  of  the  flight 
situation  are  properly  matched,  but  attempts  are  made  to  choose  condition*  which  minimise  the  resulting 
errors; 

(iii)  nonsimulation,  in  which  tests  are  made  under  conditions  known  to  be  unrepresentative  of  flight  (e.g.  partly- 
dissociated  free  stream  or  incorrect  velocity):  results  arc  used  to  validate  nonequilibrium  flow  computer 
programmes,  which  may  then  be  applied  also  to  the  real  flight  conditions. 


6.  CONCLUSIONS 

1.  A  regime  of  nonequilibrium  flow  will  occur  during  re-entry  of  a  lifting  vehicle. 

2.  Departure  from  equilibrium  will  influence  forces,  moments  and  heat  transfer  rates  to  a  significant  extent,  order- 
of-magnitude  effects  are  generally  not  expected,  but  the  results  of  departure  from  equilibrium  arc  large  enough 
to  require  consideration. 

3.  Nonequilibrium  flow  determines  the  plasma  sheath  properties  which  control  radio  blackout. 

4.  Knowledge  of  the  chemical  kinetics  of  high  temperature  air  is  adequate  for  these  purposes,  at  least  in  the 
absence  of  effects  from  products  of  ablation. 

5.  Further  theoretical  study  is  required  of  both  inviscid  and  viscous  noncquiiibrium  flows  past  complex  three- 
dimensional  shapes. 

6  Correct  wind-tunnel  simulation  of  the  complete  nonequilibrium  flow  field  past  lifting  re-entry  vehicle  shapes 
under  conditions  of  interest  appears  to  be  impossible  at  the  present  time.  Techniques  involving  incomplete 
simulation  must  be  employed. 
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table  2 

Approximate  Extent  of  Norequilibrium  Region  of  Re-Entry  Flight 
for  Lifting  Traj^'tory  Shown  in  Figure  2 


Part  cf  Vehir 

Type  of  Flow 

Ni*. 

Near  Frozen 

Small  Dissociation 

Leading  Edge 

1 

Near  Frozen 

Small  Dissociatrr  r 

wing  Chord 


Near  Frozen 
Small  Dissociation 


Altitude 

k.ft 


Velocity 
k.  ft /sec 


TABLE  3 

Approximate  Extent  of  Nonequilibrium  Region  of  Re-Entry  Flight 
for  Zero-Lifting  Trajectory  Shown  in  Figure  2 


Part  »f  Vehicle 

Type  of  Flow 

Nose 

Near  Frozen 

Near  Equilibrium 

Leading  Edge 

Near  Frozen 

Near  Equilibrium 

Wing  Chord 

Near  Frozen 

Near  Equilibrium 

Altitude 

k.ft 


Velocity 
k.ft  l sec 
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Fig.7  Ratio  of  dissociation  energy  to  freestream  kinetic  energy  for  equilibrium  conditions  behind  a  shock1 
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Fig.8  Conditions  along  lifting  trajectory  of  Figure  2,  for  normal  shock  wave 
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LECTURE  10 


VISCOUS  INTERACTION  EFFECTS  ON  RE-ENTRY  AEROTHERMODYNAMICS: 
THEORY  AND  EXPERIMENTAL  RESULTS 


NOTATION 
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speed  of  sound 
constants 

5(7  —  1)  0.664  ( 1  4-  2.6  Tw/T0) ,  see  Equation  (2.4)  et.  s*;q. 
constants 

(i>U/x)1/J  ,  velocity  characterising  the  spread  of  vorticity 

constant  of  proportionality  in  the  linear  viscosity-temperature  relation,  see  Equation  (!.?) 
skin  friction  coefficient 
pressure  coefficient 
thickness  of  shock  wave 

a  constant,  or  the  nose  drag  coefficient,  sec  Equation  (2.27) 

Moo(dye/dx) 


—  1  J^| 

— - —  Moo3  —  ,  a  parameter  controlling  the  biuntncss  effect 


a  characteristic  length,  defined  in  die  text 
extent  of  upstream  influence 

distance  from  leading  edge  to  compression  corner,  see  Section  6. 

constant 

Mach  number 

constant 

pressure 

pressure  ratio  p/pM 

Prandtl  number 
nose  radius 
Reynolds  number 
Stanton  number 
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x,  y 
z,  f 

a 

«i 

7 

r 

6,  5* 

«. 

A 

f 
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Subscripts 

b 

e 

s 

t 

w 

0 


time  or  thickness  of  leading  edge 
temperature 

velocity  in  the  x  direction 
free  stream  velocity 
velocity  in  the  y  direction 

rarefaction  parameter  Moo/fRe*)172  or  MooC^/Rex*72 

rectangular  coordinates  along  and  normal  to  the  free  stream  direction 

variables  related  to  ye  and  x  as  defined  in  the  text 

local  surface  slope  dyw/dx 

incipient  separation  angle 

ratio  of  the  specific  heats 

Ke*Ma/2(Ax)J  a  parameter  governing  the  interaction  between  the  effects  of  bluntness, 
displacement  and  shape  (incidence) 

boundary  la>  ^r  and  displacement  thicknesses  respectively 

thickness  of  subsonic  part  of  the  boundary  layer 

shock  stand-off  distance 
see  under  z 

mean  free  path 
sweep  back  cnglc 
viscosity 

kinematic  viscosity 
dummy  x  variable 
density 

hypersonic  viscous  interaction  parameter 


edge  of  boundary  layer 

equivalent  body  (but  note  Ke  above) 

shock 

thickness  or  bluntncss 
wall 

total  (but  note  St0  defined  in  Equation  (2.15)) 
free  stream 
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1.  INTRODUCTION 

A  Definition 

Viscous  interaction  may  be  defined  as  the  mutual  interaction  between  the  external  flow  field  and  the  boundary 
layer  growth  around  a  body  of  given  shape.  Two  important  examples  are  hypersonic  viscous  interaction  near  a 
sharp  leading  edge  and  shock-boundary  layer  interaction  at  both  supersonic  and  hypersonic  speeds. 

Though  viscous  interaction  is  present  to  some  degree  in  all  flight  situations,  we  need  to  highlight  the  conditions 
under  which  these  effects  are  large. 


1.1  The  significance  of  V 

Rayleigh’s  problem  of  an  infinite  flat  plate  jerked  into  motion  in  its  own  plane  demonstrates  very  well  how  the 
spread  of  vorticity  can  be  characterised  by  a  velocity  c  =  \JvJi  ■  Similarly  the  spreading  velocity  of  a  laminar 
boundary  layer  is  given  by 

5  U6  /UIT 


c  = 


(1.1) 


Thus  V  = 


M 


may  be  written  as 


V  = 


u  rv  _  yni/x  =  £ 

a  J  Ux  a  a 


(1.2) 


or 


spread  of  the  vorticity  field 
spread  of  the  pressure  field 

viscous  diffusivity 


pressure  diffusivity 


This  type  of  argument  is  perhaps  more  familiar  in  comparing  the  spread  of  heat  and  vorticity.  The  appropriate 
non-dimensional  parameter  is  then  the  Prandtl  number. 


v  _  viscous  diffusivity 
K  thermal  diffusivity 


(1.3) 


when  Pr  =  0[  1  ]  we  anticipate  the  thermal  and  velocity  boundary  layers  to  be  of  similar  size. 

Similarly  when  V  =0(1]  we  expect  the  boundary  layer  and  shock  layer  to  be  “merged”.  At  somewhat 
lower  values  of  V  the  boundary  layer  will  be  separately  distinguishable  within  the  shock  layer  but  will  occupy 
a  significant  fraction  of  it  and  viscous  interaction  will  be  important. 

In  subsonic  and  most  supersonic  flows  Re  »  M*  and  the  effect  of  boundary  layer  growth  in  changing  the 
effective  shape  may  be  ignored.  Under  hypersonic  high  altitude  conditions  this  is  no  longer  true  and  viscous 
interaction  effects  become  increasingly  important. 


The  importance  of 
(1961). 

defining  Re*  as 


V  can  also  be  demonstrated  for  hypersonic  blunt  body 
U„r 

-  then  with  reference  to  the  figure  on  the  next  page 

^OO 

i_  ~  Mf!.  and  -  ~  — 

A  >/Re«  r  Rcoo 


flows,  sec  for  example  Van  Dyke 
it  can  be  shown  that 


assuming  (i«T. 

Again  6  is  a  measure  of  the  spread  of  the  viscous  field  and  A  a  measure  of  the  pressure  field.  If  V  is 
0(  1  ]  then  the  two  fields  will  be  of  similar  size  and  hence  to  some  extent  “merged”  making  separate  regions  hard 
to  distinguish. 


(1.21) 
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Once  again  x  is  the  relevant  parameter  and 

—  =  !  +  b,x  +  b2x3  + 

Poo 

1.2.2  Turbulent  flow 

A  similar  analysis  for  turbulent  How  putting 
6 
x 

gives  the  following  results: 

Strong  Interaction  X  = 

Weak  interaction  X  ~ 

Transition  Reynolds  numbers  are  so  high  at  hypersonic  Mach  numbers  that  strong  turbulent  viscous  interaction  is 
unlikely  to  occur. 

1.3  TSe-  various  flow  regimes 

The  character  of  the  flow  field  near  rhe  leading  edge  of  a  sharp  fiat  plate  in  rarefied  hypersonic  How  is 
sketched  below. 


(Re.)- 1/5 


/M»C\ 
Wx  I 


M»C\ 
,Ri\  / 


vs 


(1.22) 


(1.23) 


(1.24) 


Prandt) 

Strong  W«k  Snundiry 

Inlifoctlon  InttMcBon  liy* 


These  particular  notes  concentrate  on  the  continuum  regime  and  in  particular  on  strong  and  wea!;  viscous  inter¬ 
action.  Experiment  shows  that  strong  interaction  is  valid  for  V  <  0.  IS  and  that  above  this  value  (i.c.  closer 
to  the  leading  edge)  the  pressure  and  heat  transfer  rate  drop  away  as  shown  in  Figure  1.  The  various  flow  regimes 
are  plotted  in  Figure  2.  The  V  =  0.15  boundary  shows  that  at  low  Mach  number  (M  <  6  say)  there  is  no 
strong  interaction  zone,  the  flow  moving  through  the  rarefied  region  straight  into  weak  viscous  interaction. 


The  significance  of  V  in  continuum  flow  has  already  been  described.  Its  utility  in  rarefied  flow  (V  is  often 
called  the  rarefaction  parameter)  has  been  demonstrated  experimentally  but  there  is  as  yet  no  widely  accepted 
theoretical  reason  for  its  significance  though  one  "explanation"  is  given  below. 


1 A  Knudscn  number  (Kn)  3nd  the  rarefaction  parameter  V 

In  a  rarefied  gas  flow  which  cannot  be  regarded  as  a  continuum  the  dominant  variable  is  Kn 

a _ mean  free  path _  _ 

/  some  characteristic  length  in  the  (low  field 


Kn  = 

but 

v  ~  >. 

so  that 

Kn  = 

If  the  gas  is  only  slightly  rarefied  then  the  typical  linear  dimension  is  better  taken  to  i»e  thr  boundary  layer 
thickness  (5) .  Since  6  ~  t'A/Re/  we  have 


X  N1 
5  </Ri/ 


a  V  . 


(1.25) 


1.5  The  effects  of  bluntness 

So  far  the  discussion  has  centred  on  bodies  with  a  sharp  leading  edge  whereas  all  real  shapes  are  to  some 
extent  blunt.  In  order  to  compare  the  relative  importance  of  bluntness  and  strong  viscous  inteiaction  we  will 
compare  the  pressure  distributions  induced  by  both  near  the  leading  edge. 

For  viscous  flow  on  a  sharp  flat  plate 


—  —  y  ,  see  Equation  (1.17) . 

Pc 


For  inviscid  How  past  a  blunt  fiat  plate  blast  wave  theory  predicts  that 


Using  suffices  (t)  for  bluntncss  effect  and  (v)  for  viscous  effect  and  replacing  x/r  by  Rex/Ret  then 


jh  ^  J  X1*  Re,  1/3 
Pv  ]  Mi 

If  the  plate  is  to  be  effectively  sharp  (i.c.  the  pt  «  Py)  then 

Mi  »  (X)'n  Rs,  . 


(1.27) 


i.e.  Re,  «  Mi/v/f  .  (1.28) 

Taking  Mm  =  ?0  and  noting  that  x  for  strong  viscous  interaction  is  0[I0]“  then  this  criterion  implies 

Ret  <  1 00  say  . 

The  line  Mi/>/x~  =  500  is  marked  on  Figure  2.  Below  this  line  it  will  bt  difficult  to  satisfy  the  relation  ( 1.28) 
and  hence  bluntness  effects  may  be  important. 


2.  THE  GENERAL  PROBLEM  OF  VISCOUS  INTERACTION  IN  2D  FLOW 


Entropy  tayar 
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Ir  the  most  general  case  it  is  necessary  to  consider  the  combined  effect  of: 

(i)  incidence  (body  shape) 

(ii)  displacement  (boundary  layer  growth) 

(iii)  bluntness  (entropy  layer). 

We  shall  follow  the  classic  work  of  Cheng  (1961)  with  subsequent  modifications  and  extensions  by  Sulliva 
(1968)  and  Stolleiy  (1970). 


2.1 


Plate  with  a  sharp  leading  edge  (ye  =  ;  0) 


We  need 

ye 

=  f,(6*) 

(2.1) 

6* 

=  l2(Pe) 

(2.2) 

Pj 

=  tj(yci  . 

(2.3) 

Many  choices  for  these  three  basic  equations  are  possible-,  we  shall  adopt  rather  simple  relations  for  all  three 
For  Equation  (2.1)  we  assume 


so  that 
Since  5* 


ye  =  yw  +  . 

dye  _  dy*  +  dir 
dx  dx  dx 

is  not  a  streamline  this  simple  expression  is  only  approximate.  The  correct  coupling  equation  is 


(2.1a) 


dye 

dx 


dyw  t  d6* 
dx  dx 


_  (5  ~  6*)  —  (/ n  peue) 


as  shown  for  example  by  Lees  and  Reeves  (1964).  The  last  term  is  small  and  6*  -*  6  as  Mw  -*■  °°  . 

For  Equation  (2.2)  the  local  flat  plate  similarity  solution  for  hypersonic  boundary  layers  is  adopted.  First 
derived  by  Lees  (1956)  for  blunt  body  flows  under  cold  wall  conditions  it  was  later  used  by  Cheng  and  critically 
re-examined  by  Moore  (1961).  Readers  are  referred  to  these  papers  for  a  full  discussion  of  the  derivation.  For  unit 
Frandtl  number  the  results  are: 


where 

and 


(2.4) 


(2.5) 

(2.6) 

(2.7) 


For  Equation  (2.3)  Cheng  used  the  Newton-Busemann  law 

p  =  >M^(y;j  +ycyj' )  =  7k£(yey;)'  (2.8) 

«nich,  though  mathematically  a  reasonable  approximation,  docs  not  allow  P  -*  1  as  y^  -»  0  and  leads  to  physically 
unrealistic  oscillatory  solutions  in  some  cases.  Thus  Equation  (2.8)  is  only  suitable  for  strong  viscous  interaction. 


Using  (2.1a),  (2.4)  and  (2.8)  gives  the  fundamental  equation  for  yc  given  an>  shape  of  wall  yw(x)  . 

AJxJx 


(ye  ~yw>  j(ycy;>,'J 

A  number  of  examples  can  now  be  considered. 


(2.9) 


n 


*r«**rr  •'tr'fm&tZKZi 


2.1.1  Flat  plate  at  zero  Incidence 
With  yw  =  0  and  writing 

z  =  y  e/l  and  f  =  x// 


converts  Equation  (2.9)  to 

z  [{zz'),/:]  =  1 
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(2.10) 


(2.11) 


piovidcc’  that 


AJxJx 

^MJ.  ' 


(2.12) 


t 

* 

i 

1 


1 

i 


This  scaling  immediately  emphasises  that,  to  the  degree  of  approximation  implie.t  in  the  analysis,  the  important 
parameter  is  Ax/M -  AV  . 

Substitution  of  z  =  kfm  in  Equation  (2.11)  shows  that  the  familiar  strong  interaction  solution  is  given 
by  n.  =  3/4  and  k  »  25'7  /3 1/4  so  that 


,.  **  =  2 
X  (37)' 


(AX)W  or  -  =  -~(AV)W 
x  (3y)‘ 


(2.13) 


— -  P  =  (jy)1'2  Ax 

Poo 


(2.14) 


Jil 

St0 


j(3y)M*(AX)w 


0  33"> 

or  St  =  (AV)"*  (2.15) 


where  St0  ~  0.332  fC/Re8)w  . 

The  weak  vjscot's  interaction  solution  where  P  -*  I  as  y’  -*  0  docs  not  satisfy  the  Newton-Busemann  relation 
and  hence  is  nor  a  solution  cf  (2.11). 


2.1.2  Surfaces  described  by  yw  =  kxn 
The  family  of  shapes 


is  of  some  interest  and  includes  the  flat  plate  at  Doth  positive  and  negative  incidence,  (n 
governing  Equation  (2.11)  may  now  be  written  as 

(z  ±  fn)  [fzz')1'2]  =  1 

provided  that  aj^j  x 

4yMio* 


±  1)  .  The 


(2.16) 

(2.17) 


In  terms  of  the  new  variables  the  required  physical  quantities  arc 


£ 

nl 


(z  T  fn) 


(2.18) 


1 


=  (zz'V 


(2.19) 


The  most  significant  point  about  the  analysis  is  that  it  immediately  highlights  the  important  parameter  when 
both  strong  interaction  and  incidence  (shape)  effects  are  present,  namely, 


Ax/MooCt2  or  V/aJ 


(2 


2.2  Plate  with  a  blunt  leading  edge  ye  =£  y^ 

A  further  relation  is  now  required  to  relate  the  equivalent  body  shape  (ye)  to  the  displacement  body 
shape  (y),  =  yw  +  6*)  in  terms  of  the  body  bluntness.*  This  is  done  most  simply  by  applying  the 
momentum  equation  to  the  control  volume  sketched  below. 


-  au  J 

Pb  yb  dx  +  p^yj  -  f  *  p  dy 

=  j  5  puJdy  -  p„Uiys  . 

\  2  J 

0  / 

Tb 

J>'b 

The  continuity  equation  is 

PooU 

«,ys  =  fXl  pu 

dy. 

‘*b 

Using  the  continuity  equation  and 

recognising  that 

sufficiently  far  ftom 

the  nose  u  =*  then  the  RHS  of 

(2.22)  becomes  negligible  and 

Dn 

2 

+  J01  Pb  yt> dx 

fys 

=  p«.  y$  ~  p 

dy  . 

The  energy  equation  with  u  “  U*,  becomes 

7 

_(  P°2  _  JL  \- 

vJ  7  / 

.  _P _ )  _  pv: 

y- 

~\\  Poo  P  / 

2  °r  7-l\P~ 

Poo  P  /  2 

Integrating  with  the  use  of  continuity  gives  finally 

that 

I,  may  be  noted  here  that  the  effects  of  bluntness  and  displacement  arc  similar  in  so  i«r  as  they  envelope  the  geometric  body  in 
layers  of  high-icmperai'trc,  low-density  fluid  across  which  the  pressure  is  approximately  consta  t. 


S3 


In  this  equation  the  mqjor  contribution  to  the  LHS  is  the  nose  drag  and  on  the  RHS  the  first  term  is  dominant. 
Hence  to  a  first  approximation,  putting  ys  =*  ye  , 

ik  =  rYc  _P  .... 


L  y-'1 


Cheng  showed  by  an  order  of  magnitude  analysis  that  pressure  changes  across  the  entropy  layer  are  negligibly  small 
so  it  is  possible  to  use  the  simplification  that  p  is  constant  across  the  layer,  hence  pe  =  pj,  =  pw  =  f(x)  only. 

The  important  bluntness  equation  is  then 

/  ,  Pe  1  y  —  1  , 

(ye  “  yh)  —  ‘  T77"  =  kt  (2.27) 


and  t  is  the  nose  thickness. 
The  relevant  equations  are  now 


iBt. 

1 

-  7_1kt 

Poo 

tmT 

4 

Dn 

oUit 

p 

y-  1 . 

1  7 

7ML 

— kt 

P 

= 

tM L  (yey'e)' 

Vb 

= 

yw  +  6* 

M»6* 

Ax  f  rx  p  dt 

X 

r  U  « 

2.3  The  flat  plate  with  bluntness  and  displacement 
Equation  (2.28)  reduces  to 

z(zz')'  —  s/zz"  =  1 

provided  that 

z  =  8Mm  (Ax/Ke)J(ye/Kex)  and  f  =  16(Ax/K|'5)6  . 

•  Av 

Once  again  the  analysis  emphasises  the  important  parameter,  i.e.  7577 

Ke 


K«  -  •  it 

2  x 


is  the  relevant  ratio. 


For  small  values  of  Ax/K*0,  i.e.  bluntness  dominant,  the  solution  of  (2.29)  gives 


r  -(*«.)" 

>  -arc. 


. Vvic  ■ 


(2.30) 


w^pwr^t^ 


which  are  the  blast  wave  solutions  for  two-dimensional  flow. 


2.4  The  flat  plate  with  bluntness  and  incidence 


Equation  (2.28)  now  becomes 


(z  ±  f)(zz')'  =  1 


z  =  <kt2ye/(y—  l)kt  and  £  =  4 1 or |3 x/(-y  -  l)kt 


The  important  parameter  is  then  —  •  a3  perhaps  better  written  as 


2.5  The  flat  plate  with  bluntness,  incidence  and  displacement 


The  governing  equation  becomes 


(z  —  rf)(zz')'  -y/z 7  =  1 


z  =  8M(A2x2/!(c)2  (fe/Kex) ,  £  =  16 


T  =  - ,  independent  of  x  . 

2A2x2 


One  of  the  major  accomplishments  of  this  analysis  is  to  point  out  the  significance  of  the  three  parameters 


M£,a2  ,  Ax  and  M£,l  — 


It  is  perhaps  not  surprising  that  they  turn  out  to  be  those  associated  with  (i)  inviscid  hypersonic  flow  over  a  sharp 
edged  slender  body  (hypersonic  small  disturbance  theory),  (:i)  viscous  flow  on  a  flat  plate  (viscous  interaction  theory), 
(iii)  flow  around  blunt  nosed  slender  bodies  (blast  wave  theory).  Cheng  himself  noted  that  often  the  empirical 
linear-combination  laws  gave  results  reasonably  close  to  the  more  exact  analysis  described  above. 


2.6  Alternative  expressions  for  the  pressure  law  P(yc) 


The  Newton-Busemann  rule  for  pressure  suffers  two  great  disadvantages,  it  docs  not  asymptote  to  the  correct 
downstream  limit  (P  -*  1  as  yj  -*  0)  and  it  often  over-corrects  Tor  centrifugal  effects  giving  rise  to  unrealistic 
highly-oscillatory  solutions.  The  scope  of  the  theoretical  analysis  already  described  can  therefore  be  greatly  enhanced 
by  using  a  prcssuic  law  which  is  capable  of  embracing  ooth  the  strong  and  weak  viscous  interaction  regimes  and 
which  ignores  centrifugal  effects.  For  example  a  simple  Newtonian  law  could  be  used,  i.c. 


P  =  I  +  7MLyl2  . 


One  of  me  most  successful  approximations  at  hypersonic  speeds  i:  the  tangent-wedge  rule 


p  =  I  +  7M^y;2  +■  ( 


M«ylJ 


and  both  Sullivan  and  Stollery  have  used  this  to  examine  a  number  of  different  flows.  Though  the  use  of  either  of 
the  above  pressuu  relationships  decreases  the  mathematical  elegance  there  is  a  great  gain  in  practical  utility  and  the 
subsequent  analysis  is  straightforward.  Readers  are  referred  to  the  paper  by  Stollery  ( 1970)  for  details. 


3.  COMPARISONS  WITH  EXPERIMENTAL  DATA 


Comparisons  are  made  between  some  experimental  data  and  various  theoretical  predictions  in  Figures  3  to  9. 

am  whcri“ 


individual  predictions  compared  with  raw  experimental  data  often  look  very  bad.  There  is  no  doubt  that  use  of 
the  tangent-wedge  rule  improves  the  comparison  and  removes  the  oscillatory  nature  of  the  solutions  for  the  flow 
over  concave  surfaces. 


4.  THE  EFFECTS  OF  SWEEP 


Boger  and  Aiello  (1970)  showed  that  Cheng’s  theory  could  be  successfully  developed  to  treat  the  yawed  case 
for  a  two-dimensional  wedge  with  leading  edge  bluntncss  and  viscous  interaction.  The  additional  assumption  then 
made  was  that  there  should  be  no  variation  in  the  flow  along  the  span. 

For  the  combined  effects  of  bluntness,  incidence  and  viscous  interaction  the  governing  equation  is  identical 
to  (2.33)  namely 


(z  —  Pf)(zz')'  - =  1 


but  now 


Ke(M„cosA)a 


SfM^cosAHAx)4  y’e 


v>  nl.H 


Kc  =  (MooCOsA)3  ’  ~  .  f  =  16(Ax  •  Kc"2/3)6  , 


X  =  (M„cosA)3(C/Rex)1'3  , 


Rc\  =  P„( U^cosAJ/p*  . 


Equation  (4.1)  can  be  solved  and  expressed  in  scries  form.  Boger  and  Aiello  quote  the  pressure  as 


—  =  0.382  7  Ks/3  j  1  +  i.04  fw  +  (0.505  +  0.162)?w 


Because  of  the  swccd  the  effective  values  of  x  an*!  K  arc  decreased  significantly  so  that  pw  and  the  form 
drag  are  greatly  reduced,  Under  these  conditions  skin  friction  may  be  more  significant. 

Tests  were  made  on  a  blunt  wedge  and  a  blunt  fiat  plate,  see  Figure  10,  at  sweep  angles  of  60°  and  70°.  A 
selection  of  results  is  shown  in  Figure  1 1 . 


-S*- 
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Provided  that  the  normal  component  of  Mach  number  (M„ 
and  experiment  appears  to  b?  good. 


,cosA)  is  hypersonic,  agreement  between  theory 


5.  EFFECT  OF  FINITE  CHORD  AND  FINITE  SPAN 

5.1  Finite  chord 

Whatever  the  freestream  Mach  number  there  will  always  be  a  subsonic  region  in  which  signals  may  propagate 
upstream.  A  recent  analysis  of  compression  corner  flows  showed  that  the  upstream  influence  (before  separation) 
was  constrained  to  a  distance  (/j)  and  that  (/j/5)  decreased  with  Mach  number.  A  similar  study  by  Bogdonoff 
(1969)  on  trailing*edge  effects  indicated  the  same  trend.  The  dimensional  distance  (/j)  is  often  still  significant 
because  6  ~  M3  .  In  both  the  studies  mentioned  an  attempt  was  made  to  correlate  /j/6,  where  6,  is  the 
thickness  to  the  sonic  line.  So  far  the  scatter  precludes  v/orthwhile  comment.  What  is  expected  and  what  is 
found  experimentally  is  shown  in  Figure  12,  the  pressure  changing  ahead  of  the  trailing  edge  so  as  to  reduce  the 
pressure  difference  between  top  >nd  bottom  surfaces. 

5.2  Finite  span 

Nardo  and  Cresci  (1970)  have  reported  some  machine  calculations  of  merged  layer  flow  over  a  finite  width 
plate.  Some  of  their  results  are  shown  in  Figure  13.  Although  a  region  of  constant  (spanwise)  pressure  exists  in 
the  middle  of  the  plate  it  can  be  considerably  less  than  the  two-dimensional  value  and  is  therefore  no  guarantee  of 
2D  flow.  Their  report  serves  as  a  sober  warning  but  results  are  too  limited  to  give  any  overall  picture  of  finite  span 
effects. 


6.  CORNER  FLOWS 
6.1  Compression  corners 


For  the  simplest  corner  flow  sketched  above  the  adverse  pressure  gradient  will  depend  on  (M^a)3  whilst  the 
boundary  layer  growth  along  the  plate  will  be  governed  by  x  •  Hence  there  is  some  reason  to  correlate  incipient 
separation  data  by  plotting  MMa,  vs  xj_  and  indeed  the  experimental  data  currently  available  support  a  relation 


=  k  •  xl' 


(6.1) 


The  effect  of  wall  ’*mpcrature  is  harder  to  gauge  but  wind  tunnel  tests  show  that  cooling  the  wall  inhibits  separation. 
Reasonable  predictions  can  be  made  using 


M^a,  =  1.4(1 -Tw/2T0)xl 


OT 


(6.2) 


see  Needham  (1967). 


6.2  Axial  corners 

Here  the  situation  is  much  more  complex  and  the  reader  is  referred  to  the  survey  by  Korkcgi  (1970).  Charwat 
and  Redekopp  made  detailed  experiments  in  a  comer  constructed  from  intersecting  wedges.  Their  measurements  at 
2.5  <  M  <  4  laid  the  foundation  for  the  inviscid  flow  model  shown  in  Figure  14.  Subsequent  investigations  with 
intersecting  wedges  in  hypersonic  flow  have  revealed  the  same  basic  flow  features. 

Currently  (and  probably  quite  rightly)  the  emphasis  is  on  careful  experiment  though  a  theoretical  merged  layer 
analysis  by  Bloom  et  al  (1969)  shows  promise  for  low  density  flows.  For  the  higher  density  flows  however  there 
exists  no  adequate  method  of  predicting  even  the  inviscid  flow  rtructurc. 


7.  APPLICATIONS  OF  VISCOUS  INTERACTION  THEORY  TO  SPECIFIC  SHAPES 


7.1  Straight  wing  designs 

Reasonable  estimates  of  the  pressure,  heat  transfer,  force  and  moment  coefficients  can  be  made  by  using  the 
modification  to  Cheng’s  theory  (employing  the  tangent-wedge  rule  for  P(ye) )  already  described. 

The  effect  of  viscous  interaction  is  to  increase  the  lift-curve  slope  above  the  inviscid  value  but  the  pressure 
drag  is  also  increased  as  is  the  skin  friction.  The  usual  result  is  a  loss  of  maximum  lift/drag  ratio. 


7.2  Caret  wing  designs 

When  “on  design”  the  flow  field  is  essentially  two-dimensional  and  the  remarks  made  above  apply  to  strips 
parallel  to  the  root  chord.  For  convenience  it  may  be  useful  to  adopt  the  method  due  to  Davies  (1970)  described 
under  the  section  on  delta  wings. 


7.3  Delta  wing  designs 

Conventional  strip  theory,  as  applied  to  an  infinite  yawed  wing  or  to  a  swept  edge,  considers  the  normal 
components  of  velocity  and  Mach  number  (Un  =  UM  cosA  and  Mn  =  cosA)  as  the  effective  quantities 
for  a  subsequently  two-dimensional  approach.  This  approach  fails  in  the  neighbourhood  of  the  root  chord  which  is 
of  course  unswept.  For  highly  swept  delta  wings  in  hypersonic  flow  the  roci  area  is  dominant  and  it  is  more 
appropriate  to  apply  2D  theory  to  strips  parallel  to  the  root  chord.  Thus  the  flow  is  assumed  to  lie  in  strips 
parallel  f.c  the  centre-line  with  each  strip  independent  of  the  other  strips  as  shown  in  the  sketch  below. 


This  assumption  is  admittedly  somewhat  precarious  in  view  of  the  observed  delta  wing  flow  patterns  which 
indicate  important  three-dimensional  effects  particularly  at  incidence. 

7.3. 1  Sharp  leading  edge  delta  wings 

At  moderate  incidence  (up  to  say  20°)  simple  strip  theory  gives  reasonable  estimates  on  the  windward  or 
compression  surface  as  far  as  heat  transfer  rate  and  skin  friction  is  concerned.  The  prediction  of  pressure  seems 
less  accurate  as  shown  for  example  in  the  study  by  Wallace  and  Burke  (1963). 

On  the  lee  side  of  a  delta  wing  3D  effects  appear  significant  even  at  low  incidence.  Whitehead  (1970)  reported 
heating  rates  on  the  leeward  meridian  of  a  75°  swept  delta  wing  at  5°  incidence  in  M  =  6  flow  which  were 
approximately  three  times  the  two-dimensional  value. 

If  2D  strip  theory  is  used  for  estimates  on  a  delta  wing  then  a  convenient  way  of  applying  it  has  been 
described  by  Davies  (1970)  and  is  shown  in  i:igurc  IS.  By  taking  strips  parallel  to  the  leading  edge  the  value  of 
V  ,  X  .  etc.  is  constant  along  the  strip  though  its  numerical  value  is  of  course  estimated  using  properties  and 
distances  measured  in  the  frecstrearn  direction.  He  has  estimated  viscous  interaction  effects  in  this  way  and  shows 
that  there  can  be  significant  increases  in  the  normal  force  coefficient  of  the  lower  surface  and  a  forward  movement 
of  the  C.P. 


/ 


7<!Sf 


7.  J.2  Blunt  leading  edge  delta  wings 

Again  strip  theory  can  be  applied  but  the  question  arises  of  how  to  modify  the  nose  drag  coefficient  for  sweep. 
One  solution  is  to  treat  the  leading  edge  as  part  of  a  yawed  cylinder  and  put 

cDn  =  CD  x  cos3  A  . 
na  na=o 


However  the  data  of  Wallace  and  Burke  show  better  agreement  with  estimates  made  using 

cDn  =  CD 
na  na=o 

i.c.  making  no  sweep  correction  whatsoever. 

7.4  Viscous  interaction  on  high  L/D  vehicles  (L/Dmax  >  2) 

The  effect  of  viscous  interaction  on  any  but  the  simplest  complete  configuration  is  extremely  difficult  to 
estimate.  As  for  example  Koppenwallner  (1970)  has  shown,  the  lift  coefficient  is  usually  slightly  improved  but 
the  drag  coefficient  substantially  increased.  The  net  result  is  a  significant  reduction  in  lift/drag  ratio  as  V  or 
X  is  increased.  The  necessity  for  accurate  knowledge  of  high  altitude  aerodynamics  depends  on  the  vehicle 
mission  but  as  Hidalgo  and  Vaglio-Laurin  (1967)  point  out,  the  influence  of  low  Reynolds  number  effects  can 
reduce  the  lateral  range  of  a  high  performance  space-shuttle  by  up  to  45%  and  cause  even  greater  reductions  in 
longitudinal  range. 

7.5  Viscous  interaction  on  low  L/D  vehicles 

Boylan  and  Potter  (1967)  tested  a  number  of  different  shapes  shown  in  Figure  16.  In  all  these  cases  not  only 
did  CD  rise  but  the  Cl  fell  with  increasing  V  so  that  the  lift/drag  ratio  was  again  reduced.  More  recent  tests 
by  Kussoy  et  al  (1970)  on  the  Faget  SSV  (Figure  17)  at  re-entry  incidence  (a  =*  50-60°)  show  a  40%  reduction 
of  L/D  between  altitudes  of  200,000  and  340,000  ft.  In  this  case  the  decrease  is  primarily  due  to  the  increased 
skin  friction  drag  significantly  reducing  Cl  • 

A  similar  effect  has  been  noted  on  the  Gemini  and  Apollo  re-entry  capsules.  Since  these  vehicles  fly  at  an 
angle  of  attack  the  stagnation  point  is  off  centre,  the  flow  around  the  blunt  fac.  is  asymmetric  so  that  pressure 
and  shear  forces  do  not  balance  out  about  the  vehicle  centre  line.  As  shown  in  Figure  18  the  surface  shear  on 
the  front  face  produces  a  major  component  in  the  lift  direction  (tending  to  decrease  the  overall  lift)  and  a  smaller 
component  whjch  increases  the  drag.  At  high  Re  these  shear  effects  arc  small  but  under  high  altitude  low  Re 
conditions  they  are  very  significant.  Their  neglect  was  the  probable  explanation  as  to  why  the  three  earliest 
manned  Gemini  flights  all  fell  consistently  short  of  the  predicted  splash  points.  Goldberg  (1966)  investigated 
these  effects  theoretically  and  his  findings  have  recently  been  confirmed  by  Boylan  and  Griffith  1 1 969)  during 
extensive  tests  on  the  Apollo  Command  Module. 

Figure  19  attempts  to  summarise  the  influence  of  high  altitude  effects  on  (L/D)max  for  various  types  of 
vehicle.  Though  individual  estimates  arc  difficult  the  trend  is  both  obvious  and  significant. 
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Strong  viscous  interaction 


Fig.4  Boundary-layer  growth  over  a  cubic  concave  body,  (yw  =  x3/ 150  ,  where  x  and  y,v  are  in  inches). 

- 1,8*  Newtor.-Rusemann  pressure  law;  - 2,8*  tangent-wedge  rule;  — O — ,  shock  position  from 

photograph;  — A — ,  "edge”  of  boundary  layer  as  measured  from  schlierer.  photograph 


Fig.Sa  The  pressure  distribution  on  a  concave  surface  of  the  form  yw  =  kx5 .  - 1,  strong  interaction,  flat 

plate  at  a  =  0  ; - 2,  Cheng's  theory; - 3,  96yJ[M’0a5/Axr  .  Tangent  wedge,  x,  0.1; 

C.  1.0.  pe/p„  =  1  +  ,  M„a:  □,  1.0  . 


Fig.5b  The  heat  transfer  to  a  concave  surface  of  the  form  yw  =  kxs .  - 1,  Cheng’s  theory;  - 2,  solution 

using  tangent-wedge  rule,  M„,a  =  1  ; - 3,  edyJ'^M’.aVAx  ;  -  —4.  asymptotic  value,  ye  =  yw  . 
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Fig.Sa  Pressure  distribution  over  an  expansion  comer  model  at  zero  incidence  -  a  comparison  between  theory 
and  experiment.  — O — ,  measurements,  Mw  =  14.8,  x  =  18.9  at  the  corner.  Theory: 

— ,  Sullivan;  - ,  Cheng;  — ,  inviscid. 
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Fig.8b  Pressure  on  a  sharp  flat  plate 
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Fig.8c  Pressure  on  a  very  blunt  flat  plate 
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Fig.  1 1  The  pressure  distribution  over  a  swept  wing  -  the  data  correlation  of  Bogcr  and  Aiello 

(s  =  slab,  w  =  wedge,  see  Fig.  10b) 
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Fig.  12  Surface  pressure  distribution  on  centre  of  flat  plate  at  7°  incidence  and  M„  =  2.1  (Re  -  180  per  inch) 
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(bl  Lateral  surfac*  pressure  variation  for  different  plate  widths 


Fig.  13  site  effect  of  finite  span 
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All  dimeneione  in  Inehit 


L-bait  diameter 
L'-rf.od*!  length 
Sr  -  bate  area 
Rft/Rb«<H>S 


Model  A,  fdeg  right  circular  tharp-noeed  cone 


L  abate  diameter 
L'-modcl  length 
Sr»b3te  area 
i?ft/ab»0-JO 

Model  ft,  Meg  right  circular  olunt-noeed  cone 

/_ 

♦  oc 

X 

Model  C,9-dcg  flat-topped  blunt-nosed  half-cone 


L> bate  diameter 
L'xmodel  length 
Sr-bate  area 

W0”4 


L-maximum  diameter 
L' -maximum  diameter 
Sr-maximuRt  cross- 
sectional  area 


Modal  D,  Gemini  type  model 


L -0-667  Ld 
L'  umodel  length 
Sr  -planform  area 


Model  F,  high  lift  body 


Fig.  16  The  shapes  tested  by  Boylan  and  Potter 
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